OURNAL

de Théorie des Nombres

| &« BORDEAUX

anciennement Seminaire de Théorie des Nombres de Bordeaux

associated to certain genus 2
curves over totally real fields

Tome 36, n° 2 (2024), p. 637-660.
https://doi.org/10.5802/jtnb.1291

© Les auteurs, 2024.

Cet article est mis a disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION — PAS DE MODIFICATION 4.0 FRANCE.
http://creativecommons.org/licenses/by-nd /4.0 /fr/

<

4
>
CENTRE
MERSENNE
Le Journal de Théorie des Nombres de Bordeaux est membre du
Centre Mersenne pour I’édition scientifiqgue ouverte
http://www.centre-mersenne.org/
e-ISSN : 2118-8572



https://doi.org/10.5802/jtnb.1291
http://creativecommons.org/licenses/by-nd/4.0/fr/
http://www.centre-mersenne.org/

Journal de Théorie des Nombres
de Bordeaux 36 (2024), 637-660

Automorphy of mod 2 Galois representations

associated to certain genus 2 curves over totally
real fields

par ALEXANDRU GHITZA et TAkuyA YAMAUCHI

RESUME. Soit C' une courbe hyperelliptique de genre 2 sur un corps tota-
lement réel F. Nous montrons que la représentation galoisienne modulo 2,
Poo: Gal(F/F) — GSpy(Fs), associée & C' est résiducllement automorphe
lorsque l'image de pe o est un groupe isomorphe a S et transitif par rap-
port & un isomorphisme fixé GSp,(F3) ~ Sg. Plus précisément, il existe une
forme parabolique h de Hilbert—Siegel sur GSp,(Ar) de poids parallele 2,
propre pour les opérateurs de Hecke, dont la représentation galoisienne pj, o
est isomorphe a pe 5.

ABSTRACT. Given a genus two hyperelliptic curve C over a totally real field F',
we show that the mod 2 Galois representation po,: Gal(F/F) — GSp,(F2)
attached to C is residually automorphic when the image of p¢ 5 is isomor-
phic to S and it is also a transitive subgroup under a fixed isomorphism
GSp,(F3) ~ Sg. More precisely, there exists a Hilbert—Siegel Hecke eigen cusp
form h on GSp,(AF) of parallel weight two whose mod 2 Galois representation
Ph,2 18 isomorphic to pe .

1. Introduction

Let K be a number field in an algebraic closure Q of Q and p be a
prime number. In proving automorphy of a given geometric p-adic Galois
representation

p: G = Gal(Q/K) — GL,(Q,),
a first step would be, typically, to observe residual automorphy of its mod
p reduction
p: G — GLn(Fp)

obtained after choosing a suitable integral lattice. However, proving residual
automorphy of g is hard unless the image of p is reasonable so that one can
apply the current results in the theory of automorphic representations. For
instance, if the image is solvable, one can use the Langlands base change
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argument to find an automorphic cuspidal representation as is done in many
known cases (cf. [11, 29, 35, 42, 45]). Another natural problem is to find
geometric objects whose residual Galois representations have suitably small
images in question so that one can apply the various known results for
automorphy of Galois representations.

In this paper, we study residual automorphy of mod 2 Galois representa-
tions associated to certain hyperelliptic curves of genus 2. Let us fix some
notation to explain our results. Let F' be a totally real field and fix an em-
bedding F' C Q. Let us consider the hyperelliptic curve over F of genus 2
defined by

(1.1) C: y*=f(z): =2+ a2x® +---+asx +as, a1,...,a6 € F.

Let D; be the discriminant of f. If we write f(z) = [[%_;(z — a;) over Q,
then Dy = [];<;-j<¢(i — a;)®. By abusing the notation, we also denote
by C a unique smooth completion of the above hyperelliptic curve. Let
J = Jac(C) be the Jacobian variety of C' and for each positive integer n,
let J[n] be the group scheme of n-torsion points. Let T)jo be the 2-adic
Tate module over Zy associated to J. Let (x,%): T)yo X Tyo — Z(1) be the
WEeil pairing, which is G p-equivariant, perfect, and alternating. It yields an
integral 2-adic Galois representation

pc2: Gp —> GSp(Tya2, (%, %)) =~ GSpy(Z2)

where the algebraic group GSp, = GSp is the symplectic similitude group

in GL4 associated to (923 032) , 8= ((1) (1)) Put

T2 =Ty ®z, F2 = J[2)(Q).
This yields a mod 2 Galois representation
(1.2) P Gr — GSp(T 2, (*,%)F,) ~ GSpy(Fa).

On the other hand, we can embed the Galois group Gal(Fy/F) of the
splitting field of f over F' into Sg by permutation of the roots of f(x); we
denote this embedding by ¢¢: Gal(Fy/F) < Se. Here S,, stands for the n-
th symmetric group. Since T ;5 is generated (cf. [33]) by divisors associated
to the points (z,0) in C(Q), po o factors through Gal(Fy/F); we denote it
by poo: Gal(Fy/F) — GSpy(F2) again. A subgroup H of S is transitive
if it acts on the set {1,2,3,4,5,6} transitively. Let us fix an isomorphism
GSpy(F2) ~ S¢ commuting with po o and ¢y.
In this situation we will prove the following:

Theorem 1.1. Keep the notation as above. Suppose that Im(p¢ 5) >~ S5 and
it is a transitive subgroup of Sg via the fixed isomorphism between GSp,(F2)
and Se. Further assume that for any complex conjugation c in G, pco(c) is
of type (2,2) as an element of Ss. Then there exists a Hilbert—Siegel Hecke
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eigen cusp form h on GSpy(Ar) of parallel weight 2 such that pj, 5 >~ pc o
as a representation to GL4(F2), where Ph2 s the reduction modulo 2 of the
2-adic representation pp 2 associated to h (see Section 3.1 for pp2).

We give some remarks on the above theorem. The transitivity of the im-
age implies f(z) is irreducible over F. Put L = F'(,/Dy). It is correspond-
ing to the kernel of sgnoiy o pry: Gp — {£1} where sgn: S — {£1} is
the usual sign character. The assumption on p¢ 5(c) shows f(x) has only
two real roots and the other four complex roots are permuted by an ele-
ment of type (2,2) in Sg. Therefore, Dy € I is totally real and it is not
a square element since Im(p¢ o) ~ Ss. In conclusion, L/F' is a totally real
quadratic extension. Then it will turn out that po 5 is an induced repre-
sentation to G of a certain totally odd 2-dimensional mod 2 Galois rep-
resentation 7: G, — GLo(F2) whose image is isomorphic to As. Applying
Sasaki’s result [34] (or Pilloni-Stroh’s result [28]), the Jacquet-Langlands
correspondence, and a suitable congruence method, one can find a Hilbert
cusp form g of parallel weight 2 on GL2(Af) whose corresponding mod 2
Galois representation py o is isomorphic to 7. Then the theta lift of the
corresponding automorphic representation 7, to GSp,(Ar) yields a cusp-
idal automorphic representation II of GSp,(Ar) which is generated by a
Hilbert—Siegel Hecke eigen cusp form h of parallel weight 2 on GSp,(Af).
By Theorem 1.1 of [44], for each p in a set of primes of Dirichlet density
one, the Hodge—Tate weights at p of the p-adic Galois representation at-
tached to II are {0,0,1,1}. It is also true for p = 2 when Il is unramified
and the roots of the 2-nd Hecke polynomial of II are pairwise distinct (see
Theorem 3.3 of [44]). On the other hand, the Hodge-Tate weights of pc 2
at the place dividing 2 are always {0,0, 1,1} and this is why we seek a form
h of such weight.

We note that J is potentially automorphic by Theorem 1.1.3 of [7] and
the potential version of Theorem 1.1 is already known in a more general
setting.

Remark 1.2.

(1) The construction of Hilbert—Siegel modular forms in Theorem 1.1
is similar to the one in [41]. However, to apply theta lifting to GSpy,
we need to carefully look at the central characters after a congruence
method (see Proposition 3.8).

(2) In the main theorem, we do not specify the levels of the Hilbert—
Siegel forms because of the lack of level-lowering results (see Re-
mark 3.9). However, h could be a paramodular form by using the
method of [22] at least when F' = Q so that the situation is com-
patible with the paramodular conjecture [8, Conjecture 1.4].



640 Alexandru GHITZA, Takuya YAMAUCHI

(3) In the course of the proof for the main theorem, we do not use
the results in [17] to associate a form with a Galois representation
though it is necessary to state Theorem 3.1. Instead, we apply the
unconditional result in [30] to construct a corresponding automor-
phic cuspidal representation. Hence Theorem 1.1 is true uncondi-
tionally.

(4) The central character of h can be read off from Theorem 3.6 and
Proposition 3.8.

(5) We can weaken the condition on the image of g 5 by requiring that
the image be isomorphic to Fyg := C4 X Cs, or isomorphic to As
with F'/Q of even degree. In the Fyj case, we have a similar cuspidal
representation. In the As case, po o is reducible so we can naively
attach a non-cuspidal automorphic representation. By using a con-
gruence method, we may hope to obtain a cuspidal representation
in either case but we do not pursue it in this article.

This paper is organized as follows. In Section 2, we consider some basic
facts about mod 2 Galois representations to GSp,(F2). We devote Section 3
to the study of the automorphic forms in question and to various congru-
ences between several types automorphic forms, and apply this to the proof
of automorphy of our representations in 3.3. Finally, in Section 4 we de-
scribe how to obtain explicit families of examples using two constructions:
the first coming from a classical result of Hermite, and the second from
5-division points on elliptic curves following Goins [19].

2. Certain mod 2 Galois representations to GSp,([F2)

In this section, we study some properties of mod 2 Galois representations
to GSpy(F2). We refer to [9, Section 5] and [41, Section 3]. We denote by
Sy, the n-th symmetric group, by A, the n-th alternating group, and by C),
the cyclic group of order n.

2.1. GSpy. Let us introduce the smooth group scheme GSp, = GSp; over
Z which is defined as the symplectic similitude group in GL4 associated to

J = (02 v ) , s=(9}). Explicitly,

—s 09
GSpy = {X € GL4|"XJX = v(X)J, Iv(X) € GL1}.
Put Sp, = Ker(v: GSp, — GL1, X — v(X)).

2.2. An identification between GSp,(F2) and Sg. Let s: F§ — Fy be
the linear functional defined by s(x1,...,z¢) =1+ +x6. Put V.= {x €
FS | s(x) = 0} and W = V/U where U = {(1,1,1,1,1,1)). Let us consider
the bilinear form on F§ given by the formula

(x,y) = 2191 + -+ + T6Ys, T,y € FY.
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It induces a non-degenerate, alternating pairing (x, x)y on W, where being
alternating means that (z,x)y = 0 for each x € W. The symmetric group
Sg acts naturally on F§ and it yields a group homomorphism
@: S¢ — GSpp, (W, (*,%)w) ~ GSpy(F2).
The action of Sg on W is faithful. In fact, we can check it only for (12) and
(123456) generating Sg. By direct computation,
|GSpy(F2)| = Spy(F2) = 720 = |Sg|

and therefore, ¢ is an isomorphism.

It is easy to find a basis of W. For instance, we see that
91 €1 = (17170707070)7 62(0707071717())7
(2.1) es = (0,0,0,1,0,1), eq = (1,0,1,0,0,0)

form a basis of W. The representation matrices with respect to the above
basis for the generators (12) and (123456) of Sg are given respectively as
follows:

1 001 1 110
0100 1101
(2:2) 001 0| 0110
00 01 10 01

2.3. Ss-representations to GSp,(F2). It follows from [9, Section 5] (in
particular, the table in Lemma 5.1.7 in loc. cit.) that, up to conjugacy, there
are two embeddings from S5 to GSp,(F2) ~ Sg which are absolutely irre-
ducible as representations to GL4(F3). We denote the images by Ss(a), S5 (b)
respectively; they are characterized in terms of the trace as follows:

(1) (type Ss(a)) the elements of order 3 have trace 0 and are of type (3, 3),
(2) (typeS5(b)) the elements of order 3 have trace 1 and are of type (3).

Under the identification GSp,(F2) ~ Sg, these subgroups are given ex-
plicitly as

Ss(a) = <O’6 = (12346), 093 := (12)(34)(56)>7
S5(b) = {0 € S | o(6) = 6}.

Notice that oys(ogogsog ') is of type (3,3) and (o0
0

(2.3)

2
1
viously of type (2,2) which is explicitly given by ((1) 1

10

the basis (2.1). By direct computation, one can check it is conjugate to J
10
by (84

) € Gy ().
0001

Let G be a group and p: G — GSp,(F2) a representation of G. Since any
element of GSp,(F2) = Spy(F2) has determinant one, p is automatically
self-dual.

s (
10
11
10
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Lemma 2.1. Assume that Im(p) ~ Ss. Then p is absolutely irreducible.
Furthermore, there exist an indezx 2 subgroup H of G, a generator . of G/H,
and an absolutely irreducible representation 7: H — GLa(F4) which is not
equivalent to ‘7 defined by ‘“T(h) = 7(tht™Y) for each h € H such that

(1) Im(?) = SLQ(F4) ~ As;

(2) if Im(p) is of type Ss(a), then p~ Ind% 7;

(3) if Im(p) is of type S5(b), then p is isomorphic to a twisted tensor

product with respect to G/H (see [41, Section 3] ).

Proof. Put H := p~!(As). Clearly it is a subgroup of G of index 2. Since
Im(p) ~ S5, by Dickson’s result [43, p. 128, (2.1)], p is absolutely irre-
ducible. Then by Clifford’s theorem, it follows that p|g is either absolutely
irreducible (by Dickson’s result again) or a sum of two 2-dimensional irre-
ducible representations 7,7 : G — GLy(FF3) after base extension to Fs. In
the latter case, by Schur’s Lemma and Frobenius reciprocity,

1 < dim Homp (p|g, 7) = dim Homg(p, Ind% 7) < 1,

therefore both have the same dimension and p is irreducible. Further, irre-
ducibility implies that 7 cannot be isomorphic to ‘7. Since A5 ~ SLy(Fy)
(cf. [41, Section 3.3]), we may assume 7 takes values in Fy as desired. Fur-
ther, by using (2.2) and (2.3), one can distinguish the types in terms of the
trace.

The remaining (absolutely irreducible) case follows from [41, Proposi-
tion 3.5(1)]. O

Fix an isomorphism GSp,(F2) ~ Sg as in Section 2.2.

Remark 2.2. Keep the notation as above (recall that Im(p) ~ S5). The
type of the image Im(p) can also be characterized in the following way:

(1) (type Ss(a)) it is a transitive subgroup of Sg;
(2) (type S5(b)) it is not transitive, hence up to conjugacy, it fixes 6 as
a subgroup of Sg.

In this article, we focus on the case of type S5(a); the other case is studied
in [41].

Proposition 2.3. Let F' be a totally real field. Let p: Gp — GSpy(F2)
be an irreducible mod 2 Galois representation. Suppose that Im(p) is of
type Ss(a). Assume further that for each complex conjugation ¢ of Gp, p(c)
is of type (2,2). Then there exist a totally real quadratic extension L/F
with Gal(L/F) = (1) and an irreducible totally odd Galois representation
7: G, — GLo(Fy) which is not equivalent to ‘T satisfying

(1) Im(7) ~ SLa(F4) ~ As;
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(2) p~ Indgf T as a representation to GL4(Fy);
(3) for each complex conjugation ¢ of G, T(c) is conjugate to s = (}).

Here the totally odd-ness for T exactly means the third condition above.

Proof. Let L/F be the quadratic extension corresponding to the sign char-
acter sgn: Im(p) ~ S5 — {+1}. By assumption L/F is a totally real qua-
dratic extension and we have p(Gp) ~ As (see the explanation right after
Theorem 1.1). The first two claims follow from Lemma 2.1. Further, by
assumption, for each complex conjugation ¢ of G, p(c) is conjugate to J
(see the paragraph right after (2.3)). The third claim follows from this. [

3. Automorphy

Fix an embedding Q — C and an isomorphism @p ~ C for each prime
p-Let t =1,: Q — @p be an embedding that is compatible with the maps
Q — C and Q,, ~ C fixed above.

3.1. Automorphic Galois representations. Let F' be a totally real
field. For each place v of F, let F, be the completion of F' at v. In this
section we recall basic properties of cuspidal automorphic representations
of GSp,4(Ar) such that each infinite component is a (limit of) discrete series
representation. We basically follow the notation of Mok’s article [27] and
add ingredients necessary for our purpose.

For any place v of F, we denote by Wg, the Weil group of F. Let
m1, Mo, w be integers such that

mp>mo >0 and mj+me=w+1 (mod 2).

Let a = (m1 + mg)/2, b = (m1 — m2)/2, and consider the L-parameter
Blwimi,ms): Wr — GSpy(C) defined by

(31)  Plumyma)(2) = |2 diag(@a’ (g)b @fb, @)

and

Dl mz) () = <(—1())12““3 52) C T ((1] (1)> '

The archimedean L-packet TI(@(y;m, ms)) corresponding to ¢ (.m; m,) under
the Local Langlands Correspondence consists of two elements

H w
{Tr(w;mlmm)’ 7-‘-(111;7711#'12)}

whose central characters both satisfy z — 2z~ for z € RZ,. These are
essentially tempered unitary representations of GSp,(R) and tempered ex-
actly when w = 0. Let K be a maximal compact subgroup of Sp,(R).

When mga > 1 (resp. mg = 0) the representation W(va;ml,mﬂ is called a
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(resp. limit of) holomorphic discrete series representation of minimal K-
type k = (k1,k2) := (mq1 + 1,ma + 2) which corresponds to an algebraic
representation V := Sym® %2 Sty @ det”? Sty of K¢ = GL2(C) where Sto
stands for the 2-dimensional standard algebraic representation of K¢. If
mg > 1 (resp. mg = 0), the representation W(%;mlymz) is called a (resp.
limit of) large (or generic) discrete series representation of minimal K-
type Vim,+1,—my)- We say that a cuspidal automorphic representation m
of GSp,(Af) is regular if for each infinite place v, m, is a discrete series
representation.

Fix an integer w. Let m = ®! 7, be an automorphic cuspidal representa-
tion of GSp,(Ar) such that for each infinite place v, m, has L-parameter
Blwimi.p,ma,,) With the parity condition mi1, +ma, = w +1 (mod 2). Let
Ram(7) be the set of all finite places at which 7, is ramified.

For the existence of Galois representations attached to regular alge-
braic self-dual cuspidal representations for general linear groups, see Theo-
rem 1.1 of [1], which is the main reference for knowing the main contributors
(Harris—Taylor, Shin, and others) as well as the latest results up to the time
when loc. cit. appeared. In order to attach Galois representations for GSpy,
both Sorensen [38] and Mok [27] use Langlands functoriality from GSp, to
GL4 and reduce the problem to the known cases for general linear groups
(specifically GL4). Sorensen focused on the case when the representation
at any infinite place is generic (large discrete series) while Mok treated the
limit of discrete series via a congruence method. Mok relied on results of
Arthur that were at the time expected but not yet proved, and which are
now guaranteed by [17] though remaining conditional on Arthur’s classi-
fication. We summarize here the known results taken from Theorem 3.1
(for the regular case) and Theorem 4.14 of [27] (see also Theorem 3.1 and
Theorem 3.3 of [44] as a good summary):

Theorem 3.1. Assume that w is neither CAP nor endoscopic. For each
prime p and tp: @p 5 C there exists a continuous, semisimple Galois rep-
resentation pr,,: Gr — GSpy(Q,) such that
(1) v o pry,(coo) = =1 for any complex conjugation co in Gp.
(2) pry, is unramified at all finite places that do not belong to the set
Ram(7) U {v|p};
(3) for each finite place v not lying over p, the local-global compatibility
holds:

recST (7, @ |v|77) ~ WD (prs,lr,)
WD (pw,LP‘GFv) Otherwzlsq

F—ss ., .
)T if s regular,

with respect to t,, where recST stands for the local Langlands cor-

respondence constructed by Gan—Takeda [16];
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(4) for eachv|p and each embedding o: F,, — @p, letvy: F — C denote
the embedding vy == 1) 0 o|p. Then the representation Pmp‘GFv has
Hodge—Tate weights

HTG' (pﬂ'?LP |GFv> = {5Ua ) 5’Ua- + m27”a‘7 5”0 + ml,v(rﬁ 51}0‘ + m27”0 + mlﬂ)o‘}

where 6, = $(w+ 3 — M1, — Moy, );
(5) further,

(a) if my is discrete series for all infinite places v', then for each
finite place v of F, pr |Gy, is of de Rham and the local-global
compatibility also holds up to Frobenius semi-simplification;

(b) for each finite place v such that m, is unramified and the Sa-
take parameters of m are distinct from each other, pr, |Gy, s
crystalline and the local-global compatibility also holds up to
semi-simplification.

Remark 3.2.

(1) Regarding the fourth statement of the above theorem, when 7 is not
regular, in general, we do not even know if pr, |G, is Hodge-Tate
for each v|p such that m,, is not discrete series. We remark that the
case (b) of the fifth claim follows from [44, Theorem 3.3 (vi)]. (see
Remark 3.4 of [44]).

(2) A priori, by construction, pr,, takes values in GL4(Q,). However,

by [3, Corollary 1.3], it factors through GSp,(Q,) as stated.
(3) Notice 3 — k; — ko = —(m1 + m2). Regarding Theorem 3.1(3), if we

3 3—k1—kg
put w = 0 and consider the twist 7, ® || 2 @ |v|® = 7, ®|v| " 2

which yields the setting in [44, Theorem 3.1 (vii)]. Accordingly, our
Hodge-Tate weights are also shifted by —d,, and they give the
Hodge-Tate weights in [44, Theorem 3.1 (v)].

Definition 3.3.

(1) Let p: Gp — GSpy(Q,) be a p-adic Galois representation. We say p
is automorphic if there exists a cuspidal automorphic representation
7 of GSp,(AF) with 7, a (limit of) discrete series representation for
any v|oo, and such that p ~ pr, as a representation to GL4(Q,).

(2) Let p: Gp — GSpy(F,) be an irreducible mod p Galois representa-
tion. We say p is automorphic if there exists a cuspidal automorphic
representation 7w of GSp,(Ar) with 7, a (limit of) discrete series rep-
resentation for any v|oo, and such that p ~ Pr.,., as a representation

to GL4(FP) .

Remark 3.4. Let h be a holomorphic Hilbert—Siegel Hecke eigen cusp
form on GSp,(Af) of parallel weight 2. Let 7, be the corresponding cusp-
idal automorphic representation of GSp,(Ar). Then for each infinite place
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v, the local Langlands parameter at v is given by ¢(y:1,0) and 7 o0 is a
limit of holomorphic discrete series. Conversely, if a cuspidal automorphic
representation m of GSp,(Ar) is neither CAP nor endoscopic and its local
Langlands parameter at v|oo is given by ¢, o) for some integer w, one can
associate such a form h by using [17]. Note that the results in [17] are con-
ditional on the trace formula (see the second paragraph on p. 472 of [17]).
However, in the course of the proof of Theorem 1.1, we apply the uncon-
ditional result in [30] to construct a corresponding automorphic cuspidal
representation. Hence Theorem 1.1 is true unconditionally.

3.2. Hilbert modular forms and the Jacquet—Langlands corre-
spondence. We refer to [40, Section 1] and [23, Section 3] for the theory
of (p-adic) algebraic modular forms corresponding to (paritious) Hilbert
modular forms via the Jacquet—Langlands correspondence.

In this section, p is any rational prime but we remind the reader that we
will later consider p = 2. Let M be a totally real field of even degree m.
For each finite place v of M, let M, be the completion of M at v, O, its
ring of integers, w, a uniformizer of M,, and F, the residue field of M,,.
Let D be the quaternion algebra with center M which is ramified exactly
at all the infinite places of M and Op be the ring of integral quaternions
of D. For each finite place v of M, we fix an isomorphism

Ly: Dy i =D ®p M, >~ MQ(MU).

We view D* as an algebraic group over M so that for any M-algebra A,
D*(A) outputs (D®pr A)* and similarly as an algebraic group scheme over
O such that D*(R) = (Op ®0,, R)* for any Ops-algebra R.

Let K be a finite extension of Q, contained in @p with residue field &
and ring of integers Ok, and assume that K contains the images of all
embeddings M — @p.

For each finite place v of M lying over p, let 7, be a smooth represen-
tation of GL2(O,) acting on a finite free Og-module W, . We also view
it as a representation of D) via ¢,. Put 7 := ®y|pTv Which is a repre-
sentation of GL2(Op) = [I,, GL2(O,) acting on Wr = ®,,Wr,. Sup-
pose ¥: M*\(A33)* — O is a continuous character so that for each v|p,
Zpx(0y) ~ OF acts on W, by ¢*1|OX4 where Zpx ~ GL; is the center

of D* as a group scheme over O);. Note that we put the discrete topology
on OF and therefore, such a character is necessarily of finite order. Let
U = II, U, be a compact open subgroup of D*(AS7) ~ GL2(A%;) such
that U, C D*(Op,) for all finite places v of M. Put U, := [],, Uy and
Uw = ]_[v;(p Uy. For any local Og-algebra A put W, 4 := W; ®p, A. Let
Y be a finite set of finite places of M. For each v € X, let x,: U, — A*
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be a quasi-character. Define xx: U — A* whose local component is x, if
v € %, the trivial representation otherwise.

Definition 3.5 (p-adic algebraic quaternionic forms). Let S; (U, A) de-
note the space of functions

f: DX\D*(AFf) — Wra

such that
o f(gu) = 7(up)~ " f(g) for u = (uP) uy) € U = UP) x U, and any
g9 € D*(A3p);

o f(zg) =¢(2)f(g) for z € Zpx(ATy) and g € D*(AY).
Similarly, let S; (U, A) denote the space of functions

f: D*\D*(A37) — Wr 4

such that
o f(gu) = x5 (u)T(up) " f(g) for u = (u®, u,) € U =UP x U, and
g € D*(Ag7);

o f(zg) =¢(2)f(g) for z € Zpx(AFy) and g € D*(AS).
We call a function belonging to these spaces a p-adic algebraic quaternionic
form.

Let S be a finite set of finite places of M containing all places v t p such
that U, # D*(O,). We define the (formal) Hecke algebra

(32) Tg = A[Tva S’U]vQSU{U\p}
where

T, = [D* (Ov)gl(diag(ﬂ'w 1))D*(Oy)],

Sy = [D* (Ov)éqjl(diag(ﬂ'vv 7)) D™ (Oy)]
are the usual Hecke operators. It is easy to see that both of S; (U, A) and
Srpxs (U, A) have a natural action of T% (cf. [13, Definition 2.2]).

Let U = U®) x U, be as above. As explained in [40, Section 1], if we

write GLa(AS}) =11, D*t,UZpx (AS}), then

—1nx x
’¢ UA @ (UZDX(A )l"‘|t D t)/M

The group (UZpx(AS3) N ti_lDX ti)/M* is trivial for all ¢ when U is suffi-
ciently small (see [23, p. 623]). Henceforth, we keep this condition until the
end of the section. It follows from this that the functor Wr — S; (U, A) is
exact (cf. [24, Lemma 3.1.4]).

Fix an isomorphism ¢: @p ~ C. Let

Sr (U, A) 1= lim S, o, (UW) x U, A)
U®)
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where U®) tends to be small. _

We consider (k,w) = ((ko)o, (We)o) € Zgim(M’Qp) x ZHom(M.Qp) with the
property that k, 4+ 2w, is independent of o. Set § := k, + 2w, — 1 for some
(any) o. A special case we will encounter later is (k,w) = (k- 1,w-1) with
keZoi,weZ and 1 =(1,...,1) € ZHMQ)  where § = k + 2w — 1.
Let ¢c: M*\A}; — C* be the character defined by

(33) ve(2) = 1 (N(2) 71(2%) ) N(z00)'

for z = (2P, 2,,25) € A}, where the symbol N stands for the norm.
For each 0 € Hom(M, @ ), there exists a unique pair of v|p and an em-
bedding o,: M, — Q such that o,|psr = o. Therefore, we can rewrite
(U)UEHom(M,@p) = ( )v|p, oveHom(Mv,@p)'

Since w, € Z for each o, we can define the algebraic representation

34)  Trwa=Q) X Sym*ov =2 Sty(A) ® det®ov A
v[p o, eHom(M, @p)

where Sty is the standard representation of dimension two. We often drop
the subscript A from 7(; ) 4 Which should not cause any confusion. Notice
that 7(4.w),0, ®0y,. C is the algebraic representation of GL2(C) of highest
weight (k,w) so that the center acts by z + 2°71, § = ks + 2w, — 1 for
z € C*. We write

(3.5) Sk, (Up, A) := Sz ) 0 (Up, A)

for simplicity.
By [40, Corollary 1.2, Lemma 1.3-2], we have an isomorphism

(36)  (Skaww(Up Ok)/SE 4 (Up, O)) €0y, C = P 7% @ 7l

of D*(AP*>°)-modules, where 7 runs over the regular algebraic cuspidal
automorphic representations of GLa(Ajs) such that 7 has central character
¢ and S,Erg¢(Up, Ok) is defined to be zero unless (k,w) = (2-1,w-1), in
which case we define it to be the subspace of Sr, . (Up, Ok) consisting
of functions that factor through the reduced norm of D*(Ap).

For 7(;.),c as above we can also consider the space of Hilbert cusp
forms on GLao(Aps) of level U and of weight (k,w) and their geometric
counterparts (see [14, Section 1.5]). Thanks to many contributors (see [20]
and the references there), to each (adelic) Hilbert Hecke eigen cusp form
f of weight (k,w) and level U, one can attach an irreducible p-adic Ga-
lois representation py, : Gy — GLQ(@p) for any rational prime p and

fixed isomorphism @p ~ C. The construction also works for £ > 1 (in
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the lexicographic order). In particular, in the case when k£ = 1 (parallel
weight one), its image is finite and it gives rise to an Artin representation
ps: Gar — GLa(C) (see [31]). Taking a suitable integral lattice, we consider
the reduction p; ,: Gy — GLg (Fp) of psp or py modulo the maximal ideal
of Zy.

Let F be a totally real subfield of M such that [M: F| = 2. This is
possible since M/Q is a Galois extension of even degree. Let s be the
generator of Gal(M/F). Put Sy := Homg(M, Q) and let S](Vl[) be a subset
such that Sy = 51 1152 where S := (%) o 5. Further, we identify S
with Sp = Homg(F, Q) via 0 — o|p.

Let °f be the twist of f by s which is defined by the composition of f
and the automorphism of D*\D*(A%;) induced from s. We denote by ws ¢
the central character, which satisfies ws; = ®wy. Let 7y (resp. msf) be the
corresponding cuspidal representation attached to f (resp. f).

Changing the subset S](\}[) if necessary, we may write k = (k;)res,, as
k= (k1o k2.0)gesty,, With k1o > ko for each o € S\, where &, = ki -

if 7 €Sl and ky = by, if r=0o0s e S,
Applying [4, 30, 37], we have the following unconditional theorem:

Theorem 3.6. Keep the notation as above. Suppose k = (ki - 1, ko - 1) is

mn ZSJ(\}) X Zsl(ff) for some integers ki > ko > 2 with ki = ko mod 2. For
each o € S](\}[), put we = 0 and Wwgos = % Further, suppose sy is not
isomorphic to s (equivalently, f does not come from any Hilbert cusp form
on GLa(AFr) via base change) and suppose the central character wy satisfies
wsy = wy. Then, there exists a Hilbert-Siegel Hecke eigen cusp form h on
GSp4(AFp) such that the corresponding cuspidal automorphic representation
II = I1;, satisfies the following:

1) for each infinite place v € Sp and o € SW such that o F =, the
M

L-parameter of 1, is given by ¢(_g, imy o.ma.0) @ |+ | with

_k1,0+k2,0_2 _kIU_kQU_

Mo =5 > M= 45—

(2) for each p and v, there exists an irreducible p-adic Galois represen-
tation pp,,: Gr — GSpy(Q,) enjoying the following properties:

(a) pni, = Indgt, pr,;

(b) pn,, satisfies (1), (2), (3) of Theorem 8.1;

(c) for each finite place v of ' dividing p, ph,.,|cp, is de Rham and
it satisfies the local-global compatibility up to Frobenius semi-
stmplification. Further, it has the Hodge—Tate weights as in (4)
of Theorem 3.1.
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Proof. The condition on the central character is equivalent to wy factor-
ing through the norm map Ny p via a (Hecke) character of Ay (cf. [18,
Lemma 5.2]). Applying [30, p. 251, Theorem 8.6 (1)], the theta lifting from
fe® |det|&i4 gives an automorphic representation II' of GSp,(Ap) such
that for each v € Sy, I} is a (limit) of holomorphic discrete series and
IT =II' ® |det| is the desired one (the assumption on 7 guarantees IT' (or
IT) is, in fact, cuspidal). For each o € S](\}), by the parameter in [4, p. 71,
Definition], the local Langlands parameters of 77, ®|det| ™!, 77 y0s®|det| !
are given, respectively, by

174 diag (/)5 (2/2) 7).

k2 o—1

2174 ding (/) "5, (2/2) ),

where z € C C Wyy,. By (3.1), we see the local L-parameter of II/
(resp. Ily) is given by @i, imyoimae) (€SP Oy oimy oimay) @ [det]).
Therefore, we have the first claim.

For the rest, we have only to check the claim (2)(a),(c) since the other
one follows from Theorem 3.1. The claim (2) (a) follows from the matching
of the Satake parameters at unramified places and Chebotarev density.
By [37, Theorem 1 with the footnote 7 in p. 252}, pys.,, |G, is de Rham and
80 i8 pp, |Gy, - Hence we have the claim (2) (c). O

Remark 3.7. The claim (c) of Theorem 3.6 above is much stronger than (5)
of Theorem 3.1 when ki = ko because as explained in the proof, the local-
global compatibility holds for any Hilbert modular forms and any finite
places by [37, Theorem 1].

The following proposition is a minor modification of [10, Corollary 2.12].
The proof itself is well-known to experts but we give the details for com-
pleteness; we also look carefully at what happens to the central characters
in the process of the congruence method.

Proposition 3.8. Let p = 2. Let M be a totally real field of even degree m
over Q. Let f be a Hilbert Hecke eigen cusp form on GLa(Apr) of parallel
weight one such that py,, is irreducible. There exists a Hilbert Hecke eigen
cusp form g on GLa(Aps) such that

(1) Pfuy = Pguy @ for some continuous character ¢: Gy — F ;

(2) the character corresponding to the central character of g under (3.3)
is trivial;

(3) g is of weight (2,0) with 2 :=2-1 (parallel weight 2). Here we write
0=1(0,...,0) € Z™.

Further, if det(py,,) is trivial, then ¥ can be taken to be trivial.
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Proof. Let U be a sufficiently small open compact subgroup of GLa(Ar)
that fixes f. Since f is of parallel weight one, we have (k,w) = (1,w-1) for
some w € Z. By twisting if necessary, we may assume w = 0. Let K be a
finite extension of Qy in Q, with ring of integers O such that K contains
all Hecke eigenvalues of f for T%K. Let F be the residue field of K. As in [14,
Section 1.5, we can view f as a geometric Hilbert modular form over O
via a classical Hilbert modular form associated to f and consider its base
change f to F. After multiplying by a high enough power of the Hasse
invariant, we have another form g, of weight (k,0) with k =%k -1, k>0
such that

(1) h=gy;

(2) g, is liftable to a geometric Hilbert Hecke eigenform ¢; over Ok by

enlarging K if necessary;

(3> ﬁgl,Lg = pf,LQ'
We view g; as a classical Hilbert Hecke eigen cusp form and by the Jacquet—
Langlands correspondence, we have a 2-adic algebraic quaternionic form h;
in Sr, o (U, Ok) corresponding to g1; here 1p: M>\AF; — Of is the finite
character corresponding to the central character of g; under (3.3). For each
finite place v of M lying over 2, let Uy, be the subgroup of U, consisting
of all elements congruent to (§7). Put Ui := [[,}2 U, By definition,

hi € Sr )0
be written as a successive extension of the trivial representation of Uj .
This successive extension commutes with the Hecke action and one can

find a Hecke eigenform hy € S, (U(2) x Uy 2,F). Further, notice that

(F*)? = FX and by twisting, we may assume that the reduction 1 of 1
is trivial. Since U is taken to be sufficiently small, there exists a lift ho €
ST(2 0) M (U(Q) x Uy 2, Ok ) of hy where "™V stands for the trivial character.

In fact, the Hecke eigen system of hs is liftable to Ok by the Deligne-Serre
Lemma [12, Lemma 6.11] and by multiplicity one, we can recover a Hecke
eigenform ho from the Hecke eigensystem. Further hs is non-trivial since
7 is absolutely irreducible. Therefore, by [40, Lemma 1.3-2] the form g is
taken to be the image of ho under the Jacquet—Langlands correspondence.

The remaining claim on the central character is obvious by construction.

g

(U(Q) x Uy 2,F). Since Uy 2 acts on 7(;,0) ¢ unipotently, it can

(2.0):%

3.3. Mod 2 automorphy. In this section we prove Theorem 1.1.

Proof. By assumption and Lemma 2.1, Im(p¢ ) is of type S5(a). Apply-
ing Proposition 2.3 there exist a totally real quadratic extension L/F and
an absolutely irreducible totally odd two-dimensional Galois representation
7: G — GLy(Fy) such that p ~ Indgf 7. Notice that 7 is not equivalent
to ‘7 for any lift ¢ of the generator of Gal(L/F) and Im(7) = SLa(F4).
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Since SLg(F4) ~ As we have an embedding SLa(F4) — PGL2(C). Let
W = W(Fy4) be the ring of Witt vectors of Fy and take a sufficiently large
finite extension K /Q9 containing W. Then by using an explicit realization
of the complex representation of Az, we have an embedding SLy(F;) —
PGL2(Ok). Applying Tate’s theorem [35, Section 6], we have a representa-
tion 7': G — GL2(Ok) whose reduction modulo the maximal ideal my of
Ok is a twist of 7 ®p, Ok /m by a finite character of Gr. It follows from
this that 7/ is totally odd and the projective image is isomorphic to As.
By [34, Theorem 2] or [28, Theorem 0.3], 7/ is modular, hence there exists
a Hilbert cusp form f; of parallel weight 1 such that p;, ,, ~ 7. Since 7 has
trivial determinant, det(ﬁfwz) is trivial. Further, applying Proposition 3.8,
there exists a Hilbert cusp form f of GLa(ApL) of (2,0) with trivial central
character such that pso >~ 7. Let m be the cuspidal automorphic represen-
tation of GLgo(Af) corresponding to f. For each infinite place v of L, the
local Langlands parameter of 7y, is given by

ony )= aim((2)2.(5) 7).

Applying Theorem 3.6, we have a cuspidal automorphic representation
IT of GSp,(AF) corresponding to Indgf Pt 1t follows that the local Lang-
lands parameter of II, is ¢(1;1,0) ® | - |~1. Therefore, II, is a limit of holo-
morphic discrete series and there exists a Hilbert—Siegel cusp Hecke eigen
form h of parallel weight 2 generating II as desired. O

Remark 3.9. In the course of the proof, we apply Sasaki’s (or Pilloni—
Stroh’s) modularity lifting theorem which requires raising the level. There-
fore, we cannot specify the levels of the Hilbert modular forms appearing
there. This implies that we are also unable to specify the levels of our
Hilbert—Siegel modular forms. However, there is some hope and a sub-
stantial expectation for further development of the level-lowering method.
Indeed, [10, Conjectures 4.7 and 4.9] indicate that we should be able to take
the Hilbert cusp forms in question to have the correct level corresponding
to the Artin conductor of p.

4. Examples

We are looking for monic irreducible polynomials f € Q[z] of degree 6
such that

(1) there is an isomorphism o from the Galois group of f to the sym-
metric group Ss;

(2) for any complex conjugation c in the Galois group of f, the element
o(c) € S5 has type (2,2).
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We shall give two families of such polynomials. A general approach to
produce them is to compute the sextic resolvent polynomial f of an irre-
ducible quintic polynomial over F' with Galois group S5. This can be done
using symbolic computation, in a straightforward but very tedious way;
also, writing down an explicit form would take considerable space. To get
around this, we apply classical results of Hermite and Klein.

4.1. Using generic polynomials. Let ' = Q. Hermite proved that the
polynomial P € Q(s,t)[z] given by

P(z)=a2° +sa® +tx +t

is generic for S5, which means that every Ss-extension K /Q is the splitting
field of some specialization of P, and that the splitting field of P has Galois
group S5 over Q(s,t). A proof appears in [21, Proposition 2.3.8]. The dis-
cussion in Section 2.4 of the same book contains the following observation:
If h € Q[z] is a quintic polynomial with Galois group Ss, then the Weber
sextic resolvent of h is an irreducible sextic with the same splitting field,
corresponding to the transitive embedding of S5 into Sg. We can apply this
to a specialization h of P with s,t € Q, and get the Weber sextic resolvent

Flz) = (2% 4 byx? + by + by)? — 2'0 disc(h)z,
where disc(h) is the discriminant of h and the coefficients are given by

by = —176s%t% + 28s*t + 4000st> — 5 + 320¢3
by = 3s* — 85t + 240t>
by = —3s% — 20t.

Taking different rational values of s and ¢, we can obtain lots of examples
of f with property (1) above.

Property (2) is easy to verify once s and ¢ are given, as it is equivalent to
h having a unique real root. We determine the relation between the values
of s and ¢t and the number of real roots of h using Sturm’s Theorem [2,
Theorem 2.62], which requires computing the Sturm sequence

ho(z) = h(z) = 2° + s2° + to +

hi(z) = B (z) = 52t 4 3s2? + ¢

ha(x) = —(ho(z) mod hy(x)) = 2 sTd — %tx —t
hs(z) = —(h1(z) mod ho(z)) = 2 22 + LN
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tga N t(5t — s2)(20t — 9s?)

hy(x) = —(ho(x) mod h3(z)) = @ff P
2

hs(z) = —(hs(z) mod hy(x)) = 937357
94

where a(x) mod b(x) denotes the remainder of the polynomial division of
a(x) by b(z), and for future use we define

g3(s,t) = 10t — 3s?
ga(s,t) = 12s* — 88s%t + 1255t + 160t2
g5(s,t) = 108s° + 165t — 900s>t — 1285t + 20005t + 256> + 3125¢2.

Given a polynomial p of degree n in z with leading coefficient a,, we
define the sign of p at +00 to be the sign of a,, and the sign of p at —oo
to be (—1)™ times the sign of a,. For the Sturm sequence hg, h1, ..., hs, we
write V' (—oo) for the number of sign changes in the sequence of signs at
—00, and V(+400) for the number of sign changes in the sequence of signs
at +00. Sturm’s Theorem then says that the number r of real roots of h is
given by

r=V(-00) - V(x0).
We gather some observations that will simplify our analysis:

(1) If t < 0 then g3(s,t) < 0: clear as it is a sum of negative terms.

(2) If s < 0 and t < 0 then g4(s,t) > 0: clear as it is a sum of positive
terms.

(3) If s > 0 and ¢t > 0 then g5(s,t) > 0. This follows from completing a
couple of squares to rewrite:

g5(s,t) = 3s(652 — 25¢)% 4 16t(s> — 4t)2 + 125st% + 3125¢2.
(4) If s > 0, t > 0, and g3(s,t) > 0 then g4(s,t) > 0. To see this, note
that
4, 8
ga(s,t) = 393 (s,t) + 3 tgs(s,t) + 125st.
(5) If s > 0,t <0, and g4(s,t) <0, then gs(s,t) > 0. This follows from

8 16
gs(s,t) = - ga(s, t)t +108s° — ¢ (5 s+ 90053>
64
+ 2 (5 % + 1800s + 3125) :
(6) If s <0,t>0, gs(s,t) >0 and ga(s,t) > 0, then g5(s,t) > 0. This
follows implicitly from Sturm’s Theorem: if g5(s,t) < O then the

sign sequence at —oo is — + — — —— and the sign sequence at oo
is + 4+ 4+ — +—, hence the quantity V(—o0) — V(o0) = —1.
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Table 4.1 gives the number r of real zeros of h(z) in relation to the signs
of the various relevant quantities. We have used the observations made
above to reduce the number of possibilities from 2° = 32 to 15:

TABLE 4.1. Details of the inputs to Sturm’s Theorem, de-
pending on the possible signs of s, ¢, g;(s,t). The output of
Sturm’s Theorem, the number r of real roots of the polyno-
mial h, appears in the rightmost column.

s t g3 g4 gs signsat —oo V(—o0) signsat +oo V(+o0) 7
+ + 4+ + + —++F—+ 3 -4+ 2 1
+ + - 4+ + —++—-—+ 3 4=+ 2 1
+ + - — 4+ —++—-++ 3 tH+-——+ 2 1
-~ 4+ + + + =+ 3 FH+—++ 2 1
-~ 4+ + -+ 4 =4+ 3 AH+-——+ 2 1
-+ + - = —F——4— 4 44t -— 1 3
-~ 4+ — 4+ 4+ —F—+—+ 5 AH++++ 0 5
T e e T
-~ 4+ = =+ —4 =4+ 3 FH++—+ 2 1
-+ - = = 4 —4+— 4 44+t 1 3
- - = 4+ 4+ —F—4++ 3 ++++-+ 2 1
- - = 4+ - —4—44+- 4 444+ -— 1 3
+ — = + + —F++—F++ 3 ++———+ 2 1
+ - — 4 - 44—+ 4 44 -——— 1 3
+ = = — 4+ —++-—+ 3 4=+ 2 1

We can summarize the findings in Table 4.1 as follows:

Proposition 4.1. The polynomial h(x) = x° + sx + tx +t has ezactly 3
real roots if and only if gs(s,t) < 0. If g5(s,t) > 0, then h has exactly 5 real
roots if and only if s <0, t >0, gs(s,t) <0, and ga(s,t) > 0.

The complement of the conditions listed in the Proposition gives the
region in the (s,t)-plane of interest to us, namely that where h has exactly
one real root. We note that this occurs everywhere in the first quadrant,
and almost nowhere in the third quadrant. The behaviour in the second
quadrant is by far the most interesting, as can be seen in Figure 4.1.

4.2. Using 5-torsion on elliptic curves. Next we consider the quintic
polynomials arising from 5-division points of elliptic curves. This has the
advantage that an explicit form of the resolvent is well-known: it goes back
to work of Klein. Almost everything that follows is described in [19].
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FIGURE 4.1. Second quadrant (left) and entire (s,t)-plane
(right): blue (resp. yellow, green) points represent polyno-
mials h having precisely 1 real root (resp. 3, 5 real roots).
The boundaries of these regions are given by the black curve

g5(s,t) = 0.

Let F be a totally real field not containing v/5. Let
E: 4+ aizy+ asy = 2° + asx® + asx + ag
be an elliptic curve over F' with the property that the mod 5 representation
Pes: Gp — GLa(F5) is full,! hence surjective. The projective image of
Pgs is PGL2(F5), which is isomorphic to S5. In fact, the faithful action of
PGLy(FF5) on the projective line P1(F5) by fractional linear transformations
yields PGLy(F5) — Aut(P!(F5)) ~ Se. Since |PGL2(F5)| = 120, by the
classification of the subgroups of Sg (cf. GAP), PGL2(F5) is isomorphic to
Ss. Further, there are no fixed points in this action, hence the image of
PGLy(IF5) is a transitive subgroup of Sg. Under this identification, for each
complex conjugation ¢, pp,(c) ~ () corresponds to an element of Sg of

type (2,2).
The corresponding Ss-extension of F'is described by a quintic polynomial

0p5(r) = 2° — 40Az? — 5eyAx — A,
(see [19, Equation (1.24)]) where the invariants A, c4 are defined in [36,
Section III.1, p. 42]. The resolvent of g5 is computed as in [19, Equa-
tion (2.37)] in conjunction with [25, Proposition 3.2.1] and it is explicitly
given by
fE6(z) i= 25 + box® + 10bgx? + 40bs x> + 80bg
+ 16(b2bs — babg)x + (—bababg + b3bs — 5b3),

where by, by, bg, bg are also defined in [36, Section L1, p. 42]. The Galois
group of the splitting field Fy, ; of fre(z) over F'in Q is a priori embedded

IWe say that PE,p is full if End(E) = Z and the image of pp; ), contains SLa(Fp).
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in S¢ by permuting the roots but it is isomorphic to S5 since Fy, o = Fy, .
by construction. Let us consider the hyperelliptic curve C = Cg defined by
y* = fe6(x). The above argument gives a natural embedding of Im(p;5)
into Se. It is well-known that pp 5 is totally odd and it shows that pe o (c)
is of type (2,2) for each complex conjugation of Gp. Further, if fgg(x) is
irreducible, then Im(pg o) is transitive in Sg and hence is of type S5(a).
Summing up, we have

Theorem 4.2. Assume that pg 5 is full and fg e is irreducible. Then pe,, o
18 automorphic in the sense of Theorem 1.1.

We illustrate the method with some explicit examples.

e Let us consider the elliptic curve E: 4% +y = 2% + 22 over Q, of
conductor 43. By [26, Elliptic curve with label 43.al], the repre-
sentation pp 5: Gg — GL2(F5) is full. On the other hand, we have

Ops = ° + 172022 + 3440z + 11008 and it is easy to check (e.g.
using SageMath [32] or Magma [6]) that

(4.1) fre(x) = 2% + 425 + 402° + 8022 + 64x + 11

is irreducible over Q with Galois group isomorphic to S5. By The-
orem 4.2, pc,, o is automorphic.
e For an example where the ground field is not Q, consider

E:y?=23—2+2 over F=Q(V2),

see [26, Elliptic curve 72.1-a3 over number field Q(1/2)]. Once more,
P is full and the resolvent

fre(x) = 2% + 42° + 202" — 8022 — 642 — 16
is irreducible over F', so we conclude that pg, o is automorphic.

4.3. Databases of genus 2 curves. The methods used in Sections 4.1
and 4.2 produce infinite families of examples satisfying the conditions of
Theorem 1.1, but they tend to give hyperelliptic curves with large conduc-
tors. For instance, the conductor of the curve (4.1) is?

4786321400000 = 26 -5° . 7. 43%

and the curve corresponding to the choice of parameters s =0, t = —1 in
Section 4.1 has equation

y? = 2% + 4025 + 8802 + 89602 + 4480022 — 30914562 + 102400

and conductor
82311610000 = 2* - 5%.192 . 1512

2We used the Magma package Genus2Conductor [15] by Tim Dokchitser and Christopher
Doris for the computation of the conductors listed in this section.
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There are however databases of genus 2 curves with conductor that is
her small or has restricted prime factors. Currently the most comprehen-

sive are based on [5], which produced:

e 66158 curves with conductor less than 1000 000, to be found at [26,
Genus 2 curves over QJ; from this list, we verified that the curves
labelled

50000.b.800000.1 378125.a.378125.1 681472.a.681472.1
64800.c.648000.1 382347.a.382347.1 703125.b.703125.1
180625.a.903125.1 506763.a.506763.1

satisfy the conditions of Theorem 1.1;

e 487493 curves with 5-smooth discriminant, to be found at [39]; we
verified that 4885 of these curves satisfy the conditions of Theo-
rem 1.1.

Both databases provide the curves as global minimal models described by
equations of the form y? + h(z)y = f(x).

Acknowledgments. The authors thank the anonymous referee for their
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