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Adding Level Structure to Supersingular Elliptic
Curve Isogeny Graphs

par SARAH ARPIN

RESUME. Dans cet article, motivés par la cryptographie & base d’isogénies,
nous étudions les courbes elliptiques supersingulieres munies d’une structure
de niveau. De la méme maniere que la correspondance classique de Deuring
associe a une courbe elliptique supersinguliére un ordre maximal dans une
algebre de quaternions, on associe & une courbe elliptique supersinguliere
avec une structure de niveau un ordre d’Eichler. Nous étudions cette cor-
respondance et les ordres d’Eichler eux-mémes. Nous examinons également
les graphes d’isogénies des courbes elliptiques supersinguliéres avec structure
de niveau et leur lien avec les graphes des ordres d’Eichler.

ABSTRACT. In this paper, we add the information of level structure to su-
persingular elliptic curves and study these objects with the motivation of
isogeny-based cryptography. Supersingular elliptic curves with level structure
map to Eichler orders in a quaternion algebra, just as supersingular elliptic
curves map to maximal orders in a quaternion algebra via the classical Deur-
ing correspondence. We study this map and the Eichler orders themselves. We
also look at isogeny graphs of supersingular elliptic curves with level structure,
and how they relate to graphs of Eichler orders.

1. Introduction

Supersingular elliptic curve isogeny graphs have a rich underlying math-
ematical structure, and yet they appear to be difficult to navigate in a com-
putational sense. The recent appearance of these graphs in cryptographic
protocols which aim to be safe against classical and quantum attacks has
led to a resurgence of interest in the mathematical properties of supersin-
gular elliptic curves. In this work, we study supersingular elliptic curves
endowed with level-N structure:

Definition 1.1 (Supersingular elliptic curve with level-N structure, see
Definition 3.1). Let p be a prime and N an integer coprime to p. Let |Sy/|
denote the set of pairs (F,G), up to isomorphism, where E' is a supersin-
gular elliptic curve over F, and G C E[N] is a cyclic subgroup of order N.
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To better understand supersingular elliptic curves with level-N structure,
we study maps on these curves, in particular their endomorphisms:

Definition 1.2 (Endomorphisms of (E, G), see Definition 3.2). As a sub-
ring of End(E), we define the ring of endomorphisms of the pair (E,G) €
|Sn| as follows:

O(E,G) :={a € End(F) : a(G) C G}.

The endomorphism rings of supersingular elliptic curves are maximal
orders in a quaternion algebra. This correspondence is an explicit equiv-
alence of categories called the Deuring correspondence [14]. Research into
this correspondence has greatly expanded our understanding of supersingu-
lar elliptic curves, and in this work we extend these tools to supersingular
elliptic curves with level-IN structure. In Theorem 3.7, restated below, we
prove that the endomorphism rings O(F, G) are Eichler orders of level-N
in the quaternion algebra End(E) ®z Q.

Theorem 1.3 (See Theorem 3.7). O(E,G) is isomorphic to an Eichler
order of level |G| = N.

The correspondence between isomorphism classes of supersingular ellip-
tic curve endomorphism rings and isomorphism classes of maximal orders
in a quaternion algebra is not a priori an injective map. The failure of
injectivity comes from curves which are related by the p-power Frobenius
map, as these curves have isomorphic endomorphism rings. In the case of
supersingular elliptic curves with level-N structure the failure of injectivity
is more complicated, but also reveals more information about the structure
of the supersingular elliptic curves. In this case, we restrict to N squarefree
and we study the failure of injectivity via involutions which we define on
the isomorphism classes in |Sy|. This complete description can be found
in Section 4, culminating in Theorem 4.13 which completely describes the
failure of injectivity of the map from |Sy| to isomorphism classes of Eichler
orders of level-IV. In addition to understanding the fiber size of the map
taking supersingular elliptic curves with level-N structure to their Eichler
order endomorphism rings, we also understand the structure on the quater-
nion side which dictates this fiber size. We restate a version of Theorem 4.13
below:

Theorem 1.4. Fix an Eichler order O of level N = ¢; - - - ¢» squarefree
and coprime to p. The number of isomorphism classes of supersingular
elliptic curves with level-N structure (E,G) € |Sy| with endomorphism
ring isomorphic to O is equal to the size of the two-sided ideal class group
of O, which equals 2* for some k € {0,1,...,r +1}.
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With all of this structure understood, we prove a formal equivalence of
categories for supersingular elliptic curves with level-INV structure, in the
style of the classical Deuring correspondence:

Theorem 1.5 (Equivalence of Categories, see Theorem 6.5). Fix a super-
singular elliptic curve E defined over F, and a cyclic subgroup G C E[N]
of squarefree order N, coprime to p. There is a contravariant functor ﬁ( E,G)
from the category Sy of supersingular elliptic curves with level-N struc-
ture to the category LM of invertible left O(F, G)-modules. This functor
defines an equivalence of categories.

Finally, we consider maps between supersingular elliptic curves with
level-N structure in the form of f-isogeny graphs, which are defined and
explored in Section 7. We briefly recap some highlights of isogeny-based
cryptography as motivation for studying this isogeny graph variant. Super-
singular elliptic curve {-isogeny graphs were first proposed for use in post-
quantum cryptography in 2006 by Charles, Goren, and Lauter [8] with
a hash function based on walks in the f-isogeny graph. This was swiftly
followed by papers of Rostovtsev—Stolbunov and Couveignes whose work
(which was actually from 1997, but not made public at that time) took the
perspective of using a class group action to walk the f-isogeny graph. These
works formed the basis for CSIDH [7], a key exchange protocol based on iso-
genies of supersingular elliptic curves over IF,,. Perhaps the most well-known
isogeny-based cryptographic protocol was SIKE [12] (a variant of SIDH),
a key exchange protocol which made public the images of certain torsion
subgroup generators under certain isogenies. In 2022, Castryck—Decru [6],
Maino-Martindale [22, 23], and Robert [28] were able to use this informa-
tion to break the protocol and SIDH in general. This break has shaken
trust in isogeny-based cryptography, but the reliance on the extra torsion
point information was key to the break; this highlights the importance of
understanding isogeny graphs which are enhanced by additional structure.
Another protocol of mathematical interest is OSIDH [11], in which the
supersingular elliptic curves are endowed with the information of an endo-
morphism in the form of an “orientation”. These graphs have been studied
extensively [3, 4, 33|, and in future work we hope to explore the connection
between orientations and level structure.

1.1. Historical context of level structure. The notion of extending
the Deuring correspondence to a supersingular f-isogeny graph with level
structure is not new. However, there has yet to appear a detailed descrip-
tion of an equivalence of categories for supersingular elliptic curves with
level structure. The idea has been called “folklore” [18, Section 4]: Papers
have been written about related concepts in the context of modular forms
(Ribet), or about different choices of level structure (Goren—Kassaei [1],
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with a choice of torsion point, Roda’s thesis [29] with full level structure).
In this paper, the author hopes to provide the details of theorems that
many have suspected, as well as some which are perhaps less expected. To
begin this work, we provide a brief overview of what we have found in the
literature to date.

Voight [32, Remark 42.3.10] notes that a generalization of the Deuring
correspondence is possible through mild adjustments. Ribet, in [27], also
notes that the Deuring correspondence as phrased by Mestre—Osterlé can
be extended to “oriented” Eichler orders, but does not prove the correspon-
dence explicitly.

Eichler [15, 16] and Pizer [26] provide the foundational theory of Eichler
orders.

More recently, work of Goren and Kassaei [1] takes the perspective of
Hecke operators to prove properties of the supersingular ¢-isogeny graph
with the added level-N structure of a choice of N-torsion point.

The SqiSign authors [18] have most recently published a version of the
Eichler order Deuring correspondence, motivated by commutative isogeny
diagrams of supersingular elliptic curves: Under suitable conditions for p,
the authors prove a bijection between the class set of a fixed Eichler order of
squarefree level N and the set of all N-isogenies between supersingular el-
liptic curves over F,,. This bijection is essentially the same as the underlying
bijection on objects of the equivalence of categories proved in Section 6.

Since the first appearance of this paper, Codogni and Lido [10] have
continued to understand the spectral properties of isogeny graphs with
level structure. Page and Wesolowski [25] introduced a framework to study
a generalized notion of level structure.

1.2. Conventions. In this paper, p is a (cryptographic size) prime, ¢ is
a small prime, and N is an integer which is coprime to pf. In Sections 4
and 6, we restrict NV to be squarefree. In Section 5, we require N to be
prime.

Acknowledgments. The author is deeply indebted to her advisor, Kather-
ine E. Stange, for continuous guidance on this paper from the very start.
The author would like to thank John Voight for promptly answering emails
to provide very helpful exposition and clarification. Many thanks to David
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this work. Additional thanks to Leo Herr, Soumya Sankar, and Jaap Top
for helpful discussions. Many thanks to the reviewer for their encouraging
feedback and helpful suggestions, especially in Sections 4 and 6.
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2. Background

Let Bp denote the unique (up to isomorphism) quaternion algebra
ramified precisely at p and infinity.

2.1. The Classical Deuring Correspondence. Deuring provides a cor-
respondence between the endomorphism rings of supersingular elliptic
curves over Fp and maximal orders in the appropriate quaternion alge-
bra. The connection to the quaternions provides an important avenue for
studying the structure of the isogeny graphs.

Theorem 2.1 (Deuring Correspondence). Fix a maximal order R of the
quaternion algebra B, . There is a bijection between isomorphism classes

of supersingular elliptic curves over EJ and the left class set of the maximal
order R.

Deuring’s original statement depends on a choice of maximal order R
in B, o, which is implicitly a choice of supersingular elliptic curve whose
endomorphism ring is isomorphic to R. For every maximal order, the right
orders of ideals in the left ideal class set of that order will run through
all of the maximal orders of the quaternion algebra. In this way, one can
think of mapping the supersingular elliptic curves over F, to the maximal
orders of B . The fibers of this map have either one or two elements,
depending on the field of definition of the supersingular elliptic curve, or
equivalently the size of the two-sided ideal class group of the maximal order.
This perspective removes the necessity of an initial choice of maximal order,
but it no longer describes a bijection: If E is defined over F2 \ Fp, then
E 2 EP, but End(F) = End(E?) map to the same maximal order of B, .
If E is defined over F,, then £ = EP and End(F) is the maximal order
uniquely identified with the isomorphism class of E.

Ribet [27] credits an unpublished manuscript of Mestre—Osterlé for this
basepoint-free version of the Deuring Correspondence: He writes that
Mestre—Osterlé take a perspective of “oriented” maximal orders to achieve
this result. The basepoint-free perspective is also how Kohel presents the
Deuring correspondence in his thesis [19]:

Theorem 2.2 ([19, Theorem 44]). Given a maximal order of the quaternion
algebra B), o, there exist one or two supersingular j-invariants over F,, such
that the corresponding endomorphism ring is isomorphic to a maximal
order of the given type.

Kohel also presents the basepoint dependent version of the Deuring Cor-
respondence as a categorical equivalence [19, Theorem 45]. In Section 6, we
prove a categorical equivalence in the level structure context.
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2.2. Translating Isogenies to the Quaternion Algebra Side. Isoge-
nies of supersingular elliptic curves also have a corresponding object in the
quaternion algebra Bj, o.. A thorough reference for the correspondence be-
tween isogenies and left ideals of a maximal order O = End(F) is described
in detail in [32, Section 42.2]. We briefly recall this theory here: suppose
¢ : E — E' is a separable isogeny between supersingular elliptic curves
over FFp. Let I, be the left ideal of End(E) in B, o which corresponds to ¢
in the following way:
ker(p) = ﬂ ker(a).
a€l,

The norm of I, is equal to the degree of ¢. The ideal I, is also a right
End(E’) ideal, by the same theory.

2.3. Embedding Multiple Endomorphism Rings in Bj . If one
wishes to compare more than one supersingular elliptic curve over F, to
the corresponding maximal order in B, , one must be careful to choose
compatible maps into the same copy of B, . A detailed discussion is found
in [32, Section 42.2], and we provide a summary of the details which will
be necessary for this paper. Fix a supersingular elliptic curve E/F,. The
endomorphism ring of E, End(E), is a maximal order in the quaternion
algebra BE  := End(E) ®z Q = Bp. All supersingular elliptic curves
are isogenous. To map the endomorphism ring End(E’) of another super-
singular elliptic curve E’/F, into B]foo, we choose an isogeny ¢ : £ — FE’.
As described above, ¢ corresponds to a left ideal I of the maximal order
End(F). Any left ideal in the class of I corresponds to an isogeny F — FE'.
We map the endomorphisms of E’ into B]foo via

End(E') — B,

(2.1) P

T g@(%ﬁw)-
The image of End(E’) is the maximal order of BEOO which is the right
order of I. In this way, we are viewing the endomorphism rings of £ and
E’ inside the same copy of B, o, namely BpEm as defined above. Note that
this map depends on a choice of ¢. If instead we had chosen an isogeny
¢ :==noy: E — E' where n € Aut(E’), the image of End(E’) in BE
would remain the same, but the map itself would be different.

2.4. Fp-Endomorphism Rings. While computing the full endomorphism
ring of a given supersingular elliptic curve is generically a hard problem, this
is not the case for computing the subset of endomorphisms which are de-
fined over F),, for curves which are defined over F,. Delfs and Galbraith [13]

show that Endr, (E) = Z[\/—p| or Z[H‘Q/Tp], depending on the congruence
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class of p modulo 4 and the action of the p-power Frobenius on the two-
torsion points of E. We condense and re-state this theorem below for ease
of reference:

Proposition 2.3 ([13, Section 2]). Let E/F, be a supersingular elliptic
curve, and let 7, denote the p-power Frobenius map on E. If p=1 (mod 4),
then End(E) = Z[\/—p]. If p = 3 (mod 4), then there are two possibilities
for Endg, (E): if m,(P) = P for all P € E[2], then Endp,(£) = Z[@].
Otherwise, Endy, (£) = Z[\/—p].

3. Elliptic Curves with Level Structure and Their
Endomorphism Rings

Definition 3.1. Let p be a prime and N an integer coprime to p. Let |Sy/|
denote the set of pairs (E,G), up to equivalence ~, where F is a supersin-
gular elliptic curve over F, and G C E[N] is a cyclic subgroup of order N.
Two pairs (E1,G1), (B2, G2) are equivalent under the equivalence relation
~ if there exists an isomorphism p : E; — Es such that p(G1) = Gs. The
pairs in |Sy| are supersingular elliptic curves with level-N structure.

We define the notion of an endomorphism ring of a pair in |Sy| (Sec-
tion 3.1) and describe the structure of this endomorphism ring as an object
in the quaternion algebra B~ (Section 3.2).

3.1. Endomorphism Rings O(E, G).

Definition 3.2 (O(E,G)). As a subring of End(E), we define the ring of
endomorphisms of the pair (E,G) € |Sy| as follows:

O(E,G) :={a € End(E) : a(G) C G}.

Since |Sy| is a set of equivalence classes, we need to check that O(-,-)
is well-defined on these equivalence classes.

Proposition 3.3. Let (E,G), (F, H) € |Sy| and suppose that there exists
an isomorphism 7 : E — F such that n(G) = H. Then, the map O(F, H) —
O(E, G) defined a +— n~tan is an isomorphism.

Proof. If n : E — F is an isomorphism, then we have an isomorphism
End(F) — End(E) given by a — n~tan. Since n(G) = H, o(H) C H is
equivalent to n~tan(G) C G. We have:
O(F,H)={a € End(F):a(H)C H}
= {B € End(E): B(G) C G}
=0O(E,G). O
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In Theorem 3.7, we show that O(E, Q) is an Eichler order of level N of
By . We consider O(-,-) as a map that we apply to elements (E,G) of
|Sn|. Just as supersingular elliptic curves are mapped to the set of maximal
orders of By, o, we map elements of |Sy| to Eichler orders of level N of B, .
By Proposition 3.8, the map O( -, -) is surjective onto isomorphism classes
of Eichler orders of level N in B, o, but injectivity fails in an interesting
way. We describe this completely in Section 4.

Proposition 3.4. Let (£, G) be an element of |Sy|. Let ¢ : E— E/G be an

isogeny with ker(¢) = G. Then, O(E,G) = End(E) N (@@End(E/G)gp)

where the intersection is taken in B;;E,oo via the embedding described in

equation (2.1) and is independent of choice of .

Proof. We proceed by showing containment in both directions. To

see O(E,G) 2 End(E) N (go;z¢ End(E/G)y), take o € End(E) N

(de}g@@End(E/G)go). Immediately we have o € End(FE), so it remains to

show a(G) C G. There exists § € End(E/G) such that ¢ oaw = o ¢. This
guarantees that a(G) C G, as p o a(G) = B0 ¢(G) = {Og/c}-

To see O(E,G) C End(E) N (g9 End(E/G)p), take o € O(E,G).
To show a € delgwgﬁEnd(E/G)go, we will show that there exists a 3 €
End(E/G) such that poa = foy. Since a(G) C G, we have ker(p) = G C
ker(p o). We apply Corollary I11.4.11 of [31] to guarantee the existence of
a (unique) §: E/G — E/G such that poa = o .

Our choice of ¢ : E — E/G is unique up to post-composition with an
automorphism of E/G. If we replace ¢ above with 1 := 1o ¢ for some

n € Aut(E/G), we obtain the object:

1 ~
—— ¢ End(E/G)Y = ————pnEnd(E/G)ne.
degww nd(E/G)y dogn - deg o nd(E/G)ne
Since 7 is an automorphism of E/G, nEnd(E/G)n = End(E/G) and
degn = 1. This gives an equality:

1 -~ 1
@wEnd(E/G)z/} = @@End(E/G)gp. O
3.1.1. The effect of extra automorphisms on |Sy|. Counting the
number of elements of |Sy| with j(E) = 0,1728 is not as straightforward
as counting subgroups of Z/NZ x Z/NZ of order N, due to the presence of
extra automorphisms. The automorphisms [£1] of any E necessarily map G
to itself. In the case where Aut(E) = {[£1]}, this means a fixed Weierstrass
equation for a curve E will have (E,Gp) ~ (E,G)) if and only if Go = G.
In particular, every supersingular j-invariant not equal to 0 or 1728 will
have the same number of equivalence classes in |Sy|: we refer to this as the
generic case.
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This is not necessarily the case for the extra automorphisms of £ with
Jj(E) = 0,1728. The automorphisms of these curves can provide equiva-
lences (E,Gp) ~ (E,Gy) for Gop # Gi. In these cases, the j-invariants 0
and 1728 may have fewer equivalence class representatives in |Sy| than the
generic case.

Example 3.5. Let p =3 (mod 4), F2 :=Fpy[s]/(s* + 1), and Fi7gs : y* =
23 + x. The order-two subgroups of E(F,) are:

Go = {(070)70E1728}7 Gy = {(870)70E1728}7 Gy = {(_870)70E1728}‘

The curve Fj728 has automorphism group isomorphic to Z/47 and is gen-
erated by [s] : (z,y) — (==, sy). The automorphism [s] in particular sends
G1 to G2 and vice versa, meaning (E,G1) ~ (E,G2). Here, the j-invariant
1728 only has two distinct equivalence classes in |Sa| instead of three, which
is the generic case.

In order to better understand the number of elements (E,G) € |Sn|
with j(F) = 1728, we write down a matrix representation for the action
of [i] on E[N| =2 Z/NZ x Z/NZ for any N. A similar procedure works for
J(E) = 0 as well. For simplicity of enumerating the subgroups, we restrict
to the case N prime, but we hope that even with these simplifications the
general principle will be clear to the reader.

Proposition 3.6. Let E/F, be an elliptic curve with j(E) = 1728, and let
N # p be prime. The action of [i] on the set of order N subgroups of E[N]
is as follows:

(1) If N is odd and (5}) = —1, then [i] permutes the order N subgroups
in 2-cycles.

(2) If N is odd and (5}) = 1, then [i] fixes two order N subgroups, and
permutes the remaining N — 1 order N subgroups in 2-cycles.

(3) If N is even, then [i] fixes one order N subgroup and permutes the
remaining two.

Proof. We begin by choosing a basis of E[N] in order to write down a matrix
representation of the action of [i] on F[N], for any integer N > 1. Begin by
noting that the action of [;] on E[N] cannot be the same as the action of
[m], the multiplication-by-m map for any integer m. Assume m < N, as the
action on the N-torsion is not changed by reducing m modulo N. If it were,
then E[N] C ker([m] —[4]), which implies N? | deg([m] — [i]) = m?+1. This
contradicts the assumption that m < N. Thus there exists some P € E[N]
such that [i](P) is not a scalar multiple of P. We choose P, Q@ := [i|](P) as
our basis for E[N]. The matrix representation of [i] with respect to this

basis is then:
0 -1
My = (1 0 ) .
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Enumerate the subgroups of order N with respect to this basis as follows:
Go=(P),Gi=(P+Q),...,.Gno1=(P+(N—-1)Q),Gn = (Q).

By construction, M;(Go) = Gy and M};(Gn) = Go.
Suppose N is odd. Take k € {1,2,..., N —1}. The group G}, is generated
by (}), which [i] maps to:

0 -1\ [1\ [~k

1 0 k) \1 )"
The map [i] fixes G}, precisely when (_lk) = (), for some integer s, modulo
N. This gives the system of congruences:

s=—k (mod N)
1=sk (mod N)

which leads to the equation —1 = k2 (mod N). There are either 0 or 2
solutions to this equation, depending on the value of the Legendre symbol
(=)- Note that 12 = 1 and (—1)* = 1, so k cannot be 1 or N — 1 for this
to be true, so these subgroups are never fixed.

For N = 2, direct computation shows that [i] will fix precisely one sub-
group of order 2 and permute the remaining two. O

3.2. Eichler Orders. The classical origins of Eichler orders can be traced
to papers of Eichler himself [15, 16]. The theory of Eichler orders was fur-
ther developed by Pizer [26]. Eichler orders of squarefree level are called
hereditary. For relevant properties and background on Eichler and heredi-
tary orders, see [32].

Any Eichler order in a quaternion algebra is the intersection of two (not
necessarily distinct) maximal orders. The level of an Eichler order in Bj, o
is given by its index in one of the maximal orders whose intersection defines
the order (this index will be the same for either order). In [20, Lemma 8§,
the authors describe how an Eichler order of level N is equivalent data to
two maximal orders with a connecting ideal of reduced norm N. We let
Nrd(I) denote the reduced norm of the ideal I.

Theorem 3.7. O(E, G) is isomorphic to an Eichler order of level |G| = N.

Proof. Proposition 3.4 shows that O(FE, G) gEnd(E)ﬂ(delg@gEEnd(E/G)go),

where E/G is the codomain of ¢. Fix BpE7oo := End(F) ®z Q. By the Deur-

1
deg

ing correspondence End(E) and ¢ End(E/G)y are maximal orders in

the quaternion algebra Bfoo. The intersection of two maximal orders is an
Eichler order, so it remains to show that the level of O(E,G) is N.

In Proposition 3.4, we introduced the isogeny ¢ : E — E/G with ker-
nel G. This isogeny corresponds to a left ideal I of the maximal order
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End(E), where Nrd(I) = deg ¢ = N. See Section 2.2 for a detailed descrip-
tion of this association between isogenies and left ideals. The left order of I,
which we denote Or (1), is End(E). Analogously, let Or(I) denote the right
order of I. The image of End(E/G) in B;foo under the embedding (2.1)
is the right order of I. Together with Proposition 3.4, this shows that
O(E,G) = Or(I)NOg(I). By [20, Lemma 8], this is an Eichler order of level

Nrd(I) = N. 0

The following proposition shows that our map O(-,-) to Eichler orders
of level N of B,  is surjective.

Proposition 3.8. Every Eichler order O of level N in B,  is isomorphic
to O(F, Q) for some pair (E,G) in |Sy|.

Proof. Every local Eichler order O of level N is the intersection of two
uniquely determined maximal orders O, Oy such that O is of index N in
both O; and Os [32, Proposition 23.4.3]. Eichler orders of prime level are
only non-maximal at primes which divide level, so all three orders O, O1, Os
lift uniquely to the global setting [32, Theorem 9.1.1]. By the Deuring cor-
respondence, fix an isomorphism End(E;) = O; for a supersingular elliptic
curve E1 /F,. Let BJL = End(E) ©z Q.

By [20, Lemma 8], there exists a unique ideal I of Bgcl,o which is a left
O1-ideal and a right Os-ideal of reduced norm N. This ideal determines a
group G of order N given by the scheme theoretic intersection

G = ﬂIEl[a]

where Fjla] is the kernel of the endomorphism «. By equation (2.1) of

Section 2.3, the right order of I is given by delgSD@End(Eg)@. Since O is

the right order of I, we have Oy = @@End(Eg)cp.
By Proposition 3.4,

O(El, G) = End(El) N L@End(Eg)(p =20,N0; =0. O
deg ¢

The failure of injectivity of O(-,-) reveals structural properties of both
the supersingular elliptic curves with level-N structure and the Eichler
orders of level N. We address this completely in Section 4.

3.3. f-isogenies on the Quaternion Side. Fix a small prime ¢ coprime
to pN. The correspondence between (-isogenies and left ideals of a maximal
order O = End(F) of reduced norm ¢ is well-known, as we recalled in
Section 2.2. Let E be a supersingular elliptic curve over F, with level-N
structure G. Let ¢ : E — E’ be a degree-{ isogeny. Then G C E[N], ¢(G) C
(E")[N]and |G| = |p(G)| = N. Let I be the left ideal of the maximal order
isomorphic to End(E) in BE__ which corresponds to ¢. The degree of the

p?oo
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isogeny is the norm of the ideal. The isogeny ¢ : E — FE’ is also a morphism
between elements of |[Sy|, as ¢ : (E,G) — (E',¢(G)). In this section, we
describe isogenies between elements of |Sy| as quaternion objects.

Proposition 3.9. Let O be an Eichler order of level-N specified by the
intersection M N M’ of two maximal orders M and M’. The integral left
ideals I of M of norm coprime to IV are in bijection with the left ideals of

O of norm coprime to N. This bijection is realized by the map I — INO
and if Nrd(I) is coprime to N, then Nrd(/) = Nrd(O N I).

Proof. Let O C M be as above. At ¢{ N, O, = M,, so the ideals of O, are
precisely the ideals of M, intersected with O,. At ¢|N, M, and O, each
have a unique ideal of norm coprime to N, namely M, and O, respectively.
The intersection O, = M, N O, thus realizes the bijection.

By [32, Theorem 9.1.1], the local bijection realized by intersection with
O is in fact global. O

We have a way of associating the ideals I of maximal orders to isogenies
E — FE'. To extend this picture to the level structure context, we need to
show that a left ideal of O(FE, G) has right order O(E’, G"), for some isogeny
¢ : E — FE' such that ¢(G) = G'.

By Proposition 3.9, every left-ideal of O(E, G) of norm prime to N is of
the form INO(E, G), where [ is a left ideal of the maximal order End(E) 2
O(E,G). Let ¢; : E — E’ be the isogeny determined by I as in Section 2.3,
and let G’ := ¢1(G).

Proposition 3.10. Let I N O(E,G) be a left ideal of O(F,G) of norm
prime to N. Then,

OR(IQO(E, G)) = @[O(E/,G/)(pj.

deg oy

Proof. We proceed by showing containment in both directions. By Propo-
sition 3.9 I N O(FE, G) is a left ideal of the Eichler order O(FE, G).
Take @@]OK@] € @@[O(E’,G/)QD[, for some o« € O(F',G"). To

show that (INO(FE, G))WIW{O\]OZSO[ C INO(E,G), note that the elements

of INO(E,G) are characterized by the following two properties:

(i) Every v € I N O(FE,G) must be of the form f o ¢y, for some
B € Hom(E', E). This property is equivalent to being in I, by [32,
Lemma 42.2.7].

(ii) Every v € I N O(E,G) must satisfy v(G) C G. This property is
equivalent to being in O(E,G), by definition. Note that this is
equivalent to requiring that S(G’) C G, when we write v in the
form v = B o yy.
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For any fopr € INO(E,G) we have:
1
O o
Boer (degw

The element (3 o v o @ satisfies condition (i). To check condition (ii):
Boaoyp(G)=poalG)CB(G) CG.

To see Or(INO(E,G)) C WIWSBIO(E',G/)%OI, recall that I N O(E, G)
is a left ideal of an Eichler order of level N, and the right order of this ideal
must also be an Eichler order of level N (see [32, Lemma 17.4.11]). Since
Or(INO(FE,R)) contains the Eichler order @@IO(E’, G')py of level N,

this containment is equality. O

roaonr) =soase:

For an explicit example illustrating the correspondence between super-
singular elliptic curves with level-N structure and Eichler orders, we refer
the reader to Example 7.2.

4. Failure of Injectivity of O(-,-)

We have shown how to associate supersingular elliptic curves with level-
N structure to Eichler orders of By o of level N via the map O(-,-). This
map is not usually bijective, and we study the properties of supersingular
elliptic curves with level structure which result in the various possible fiber
sizes. In this section, we restrict to the case where N is squarefree, in addi-
tion to being coprime to p. Eichler orders of level NV are in fact hereditary.
In Section 4.1 we describe two involutions corresponding to a dualizing ac-
tion and the p-power Frobenius action. These involutions help us determine
the fibers of O(F, G) in Theorem 4.13 of Section 4.2.

4.1. Involutions. In this section, we will define two group involutions
on the set |Sy| of equivalence classes of supersingular elliptic curves with
level-N structure.

We begin by defining a dualizing involution on the equivalence classes
(E,G) € |Sn|. For N = ¢q1q2 - - - ¢, we will have r dualizing involutions. The
initiated reader will recognize these dualizing involutions as Atkin—Lehner
involutions, and the author would like to thank Jaap Top in particular for
this helpful perspective. First, we will define and illustrate this involution
when N is prime:

Definition 4.1 (Dualizing Involution on |Sy|, prime case).
D(E,G) = (E/G,G),

where pg : E — E/G is an isogeny with kernel G, and G denotes the kernel
of the dual isogeny ¢¢ : E/G — E. In particular, G = pg(E[N]).
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The data of (F,G) is equivalent to that of an isogeny, and that isogeny
has a unique dual. In this way, the data of (E,G) is equivalent to the
data of (E/G, CA}) When N factors as N = q1¢2 - - - g, the kernel G factors
as G = G P Ga P -+ D G,. There is a D; dualizing involution for each
1=1,2,...,r, defined as follows:

Definition 4.2 (Dualizing Involution on |[Sy|). Let N =¢q1--- ¢, 50 G =
G1®G2®---®G,. Take i € {1,...,r} and without loss of generality let i =
1. The isogeny with kernel G can be factored as pg = ¢rop,_10---0pr0¢;
with kezgol = G1, ker s = ¢1(G2),. .., kerp, = 907*—1(901—2(‘ N (1(Gr))))-
Define G := ¢1(E[q1]), which is the kernel of ¢;. Define G := G1®¢1(G2)®
01(G3) B+ - - ®¢1(Gy), which is a subgroup of ¢ (E)[N] of order N. Finally,
we define:

~

Dl(Ea G) = (sol(E)v G)
For N = ¢;--q,, there are r distinct dualizing involutions. First, we

show that they are compatible with the equivalence relation on |Sy| and
then we show that they are commutative.

Lemma 4.3. If (E,G) ~ (E',G') as in Definition 3.1, then D;(E,G) ~

D;(E",@).

Proof. Without loss of generality, we take i = 1. We can factor N = q1 - - - gy,

G=G1&--®G,and G =G| & &G, with |G;| = |G}| = ¢,.
Suppose i : E — E’ is the isomorphism sending G to G’. This gives the

following commutative diagram:

PGy

OE G E E/G1 — OE/G1

P b e

OE’ G E SOG/I
1

Since w o g, = ®a; o and deg pg, = deg e and 7 is an isomorphism,
the map w : E/G; — E’/GY is an isomorphism. Moreover, ¢g, = va, =
10 ¢g ow. Comparing the kernels on the left and right, we see w(@l) -
1
ker Y and so w(Gq) = GY.
We also have n(G;) = G/, for all i # 1, so we can construct:
G =C1® 96, (G2) ® ¢, (Gy) ® - @ 96, (Gr)
and
G' =G @ pa (Gy) @ 9ar (G3) & -+ ® ¢ (G7)

where G = G’ via w, and so we have D;(E,G) ~ D(E',G"). O
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Lemma 4.4. Let (E,G) € |Sy|for N =¢q;---¢, and factor G =G 1 &--- P
G, with |G;| = ¢;. Let D;, D; be any two dualizing involutions with ¢ # j.
Then, D](DZ(E, G)) ~ Dl(DJ(E, G))

Proof. Without loss of generality, we may reorder the factors of N =
q1---¢qr in such a way that ¢ = 1 and 7 = 2. Let ¢; denote the isogeny
from E with kernel G1 and let o denote the isogeny from E with kernel
Go. Let ¢), denote the isogeny from E/G; with kernel p1(G2) and let ¢}
denote the isogeny from E/Gy with kernel ¢o(G1).

By definition, we have:

Dy(D1(E,G))

= ((B/G1)/¢1(Gz), #h(G1) @ ker 9 @ ¢h(121(G)) @ - @ (1 (Gr) )
Dy (Dy(E,Q))
)

= ((B/Ga)/¢2(Gr), ker ¢ @ ¢(Ga) ¢ (2(G3)) @ -+ @ @) (92(Gr)).
There exist isomorphisms

m: (E/G1)/e1(G2) — E/(G1® Ga),

n2 1 (E/G2)/p2(G1) — E/(G1 & Ga),
since G1 ® G4 is the kernel of the composition of the two quotients, in both
cases. So 7 := 1y ‘onp is an isomorphism (E/G2)/pa(G1) = (E/G1)/¢1(Gx).
This is summarized in the following commutative diagram where we see
1010 P2 = Py o1

P BJGy 2 EJ(Gr @ 91(Ga))

E
| o
E

2, E/Gy — E/(p2(G1) ® Go)

We will show that the isomorphism 7 satisfies the following three properties:

(1) n(ker 1) = ¢5(G1),
(2) n(#1(G2)) = ker @),
(3) n(¢1(w2(Gi))) = ¥h(p1(Gy)) for all i = 3,4,...,7.

For the first property, plug the gi-torsion of E into both sides of the

equation 70 ¢} 0 2 = ©h 0 py:
no ) o pa(Elq1]) = ¢y 0 p1(Elq1])
no @ ((E/Ga)q1]) = ¥5(G1)



420 Sarah ARPIN

£ a E E' & E
e v wf
14 s B Ep
p T p
e %

(E')P (E")
(A) Given an isomorphism o : E' — E (B) By inseparable degrees of the right
and the p-power Frobenius 7, : E' — and left sides of Ao = 775 , we decom-
(E')?, there exists a unique isogeny A :  pose A\ = S o7Z where 8 : EP — (E')?
E — (E')? such that Aoa =) . is an isomorphism.

FIGURE 4.1. Diagram to support Lemma 4.6 in proving F,
is well-defined on equivalence classes of |Sy/|.

The second property follows symmetrically after applying n~' to both
sides. The third property is immediate by plugging G; into both sides of
the equation 1o ¢} oy = @hopy, forie {3,...,r}.

We have established D1 (D2(E, G)) ~ Da(D1(E,G)) via the isomorphism

n(D1(D2(E, G))) = D2(D1(E, G)). O

The p-power Frobenius map ﬂf : ' — EP defines another involution map
F,, on supersingular elliptic curves with level-IV structure in the following
manner:

Definition 4.5 (Frobenius Involution on |Sy|).
FP(E7 G) = (Epa Gp)v
where EP is the codomain of 7} : E — EP and GP = 7} (G).

Lemma 4.6 shows that this Frobenius involution gives an involution F,
on the set of equivalence classes |Sy/|.

Lemma 4.6. If (E,G) ~ (E',G’) as in Definition 3.1, then F,(E,G) ~
F,(E',G").

Proof. Suppose a : E' — FE is the isomorphism such that «(G') = G.
Let 775/ : E' — (E')? denote the p—power Frobenius map of E’. Since

« is separable and kera = Opgr C ker 7Tp , there exists a unique isogeny

A: E — (E')P such that 7rE/ = Ao« [31, Corollary II1.4.11]. See Figure 4.1a.

By comparing the total and inseparable degrees of the left and right sides
of 7rp = doa, we see that A\ decomposes as A = Bo , where  is separable
and of degree 1. See Figure 4.1b.
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. . . /!
Thus, 8 : EP — (E')P is an isomorphism. Moreover, 8o ¥ o o = 7

P P
and plugging in G’ we have:

2 (G) =Bomy oa(d)

(G’)p = fom (G)

(G')F = B(GP)
s0 B realizes (EP,GP) ~ ((E')?, (G')P). -
Lemma 4.7. Foralli=1,...,r,

Di(Fp(E, G)) ~ Eyp(Di(E, G)).

Proof. Without loss of generality, we assume D; = D; corresponding to the
factorizations N = ¢q - - - ¢, with ¢; distinct primes and G=G1 ® --- ® G,
with ‘Gz’ = q;.

With the notation established, we wish to show that

(B/G)P, (G1)P @ o1(Ga)’ & -+ & 1(Gr)P)
~ (B? |G, Gh ® o (G) @ -~ o (GP)).

Since ¢1 : B — E/Gy is separable and ¢gr o T (Gy) = Oppjcr, there
exists a unique isogeny A : E/Gy1 — EP/GY such that Ao ¢y = Pgr © ﬂf.
See Figure 4.2a. By comparing the total and inseparable degrees of the
left and right sides of Ao @1 = pgr © ﬂf , we see that A\ decomposes as

oo 7Tp/ ', where 7 E/GL 5 the p-power Frobenius map on E/Gp and « is

an isomorphism. See Figure 4.2b.
Finally, to establish that Dy (F,(E,G)) ~ Fy(D1(E,G)), we must show

A(G1) @ 1(G2)? @ -+ & 1(Gr)?) = G & pgn(Gh) & - o (GD),
which can be accomplished by showing the following two properties:

(1) a((G1)?) = C/J\ﬁ) and
(2) a(p1(Gi)P) = pep(GY) foralli=2,...,r

For the first property, plug the gi-torsion of E into both sides of the
joylen

equation a o mp, 01 = pgr O 775:
a ol o v (Elgi]) = var oy (Elq))
a om0 (Gh) = par (Ea1))
a((G1)P) = GY.
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nE S06‘117 rE PP

E—F2 - FP EP/GY E—"— EP — EP/GY
1
e /
©1 )\ P1 (E/G1)P

E/Gy E/Gy
(A) Given the separable isogeny o1 : (B) By inseparable degrees of the right
E — E/G: and the isogeny $gr © and left sides of Ao 1 = par o 7rpE, we
71'},37 there exists a unique isogeny A : decompose A = a o wf/Gl, where « :
E/Gy ; EP/GY such that Ao 1 = (E/G1)? — EP/GY is an isomorphism.
(pG;f o ﬂ'p .

FIGURE 4.2. Diagram to support Lemma 4.7 in proving
that F, and D; commute on equivalence classes of |Sy|.

For the second property, we proceed in the same way by plugging G; into

both sides of the equation o o WE/GI o1 =pgp 0 s

« O ﬂ'pE/Gl o gpl(GZ) g SOGZf [e) TI'E(GZ)
a(p1(Gi)’) = @G{(Gf)-
[

4.2. Fibers of O(-,:). The involutions D; and F), descend to well-
defined involutions on isomorphism classes of Eichler orders via the map
O(-,-) as defined in Definition 3.2. In this section, we show that these
descended involutions are all trivial on isomorphism classes of Eichler or-
ders. As in the previous section, we factor N into distinct prime factors
N =gq1 -+ qr, we decompose G = G; @ - -- ® G, with |G;| = ¢;, and we let
D; denote the dualizing involutions for i € {1,...,7}.

Lemma 4.8. For any (E,G) € [Sy|and any i € {1,...,7}, O(D;(E,G)) =
O(E,G). Moreover, the isomorphism is given by an isomorphism of the

quaternion algebras Bb?éoGi — BZEOO.

Proof. Without loss of generality, reorder the factors of N, G such that
D; = D;. By definition of the dualizing involution, we have:

Di(E,G) = (E/G1,G1 @ ¢1(G2) @ -+ ® 1(Gy)),

where ¢ : E — E/G1 is the isogeny with ker o1 = G; and where @1 =
ker 1. To ease notation,

Di(G) == G1® ¢1(Ga) ® - ® p1(Gy).
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By Proposition 3.4,

O(E,G) =End(E)N ( Ba End(E/G)apG> C B,

deg oc
where pg : E — E/G is an isogeny with ker o = G. Likewise,

[O(D1(E, G))
1
= End(E — E E D
nd( /Glm( Tog o D@ End((E/G)/ 1<G>>wD1<G>)
C By

where pp, () : E/G1 — (E/G1)/D1(G) is the isogeny with kernel D1 (G).

E o . : ~
The map from B/péoGl — BEOO is given by conjugation by qilgol(—)gpl.

Mapping O(D;(E, G)) into BpEpo by this map, we wish to show
1
4 PIODIE, G)))er = O, G).

We will achieve this by showing containment in one direction. As these are
Eichler orders of the same level, this suffices to show equality.

Take o € O(D;(E, G)). By definition, « satisfies the following two prop-
erties:

(1) a(G1) C Gy, and
(2) a(v1(Gy)) € p1(G;) fori=2,...,7.
We need to show that q%@l o a0 (py satisfies the following two properties:
(1) ;@10ao0pi(Gr) C Gy, and
(2) qil@ oaop(Gy) CGifori=2,...,r.
For the first property, we plug G into the equation and use the fact that
G1 = ¢1((E/G1)qn]) and o((E/G1)|q]) € (E/G1)[q]:
1 1 ~
PRI p1(G1) = PR e1(@1((E/G1)[a]))

= @roa((E/G)q]) € a1((E/G1)|a]) = G

For the second property, take G; with i € {2,...,r} and plug into the
equation and use the fact that a(p1(Gi)) C ¢(Gi):

1 1
—proaocp(Gi) € —@i(p1(Gi)) = Gi.
q qa

This establishes that qilgﬁl(’)(Dl(E, G))p1 = O(E,G), and thus

O(D1(E,Q@))) = O(E,G), where the isomorphism is the map BE,ég;l —
B]foo given by conjugation by ;. O
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Denote an arbitrary composition of D; involutions as Dj(E,G) =
(ps(E),Gy), where J C {1,...,7} (including the possibility J = @), to
ease notation. There are 2" possible compositions of dualizing involutions:
(E,G),D1(E,G),Dy(E,G),...,DyoD1(E,G),..., etc. For every arbitrary
composition Dj(E,G), we have O(E,G) = O(D;(E,G)).

Lemma 4.9. For any (E,G) € [Sn|, O(F,(E,G)) = O(E,G). Moreover,
the isomorphism is given by an isomorphism of the quaternion algebras

EP E
Bp,oo — Bp,oo.

Proof. By Proposition 3.4,

O(E,G) =End(E)N ( Pa End(E/G)wg> CBF.,

deg p¢

where g : E — E/G is an isogeny with ker o = G. Likewise,

O(EP,GP) = End(EP) N (d ey End(Ep/Gp)SOGp> C BYY .

g paGr

where @gr : EP — EP/GP is an isogeny with ker pgr = GP = m,(G), where
7p is the p-power Frobenius isogeny from E to EP. By Lemma 4.7, we have
a relationship between g and pgr:

B
parom, = Aoygq,

where A = a o WE/G for an isomorphism « : (E/G)? — EP/GP.

Next, we map O(EP,GP) into BEOO. For what follows, write m, := WZ;E .
Since m, : E — EP, we have 7, : EP — E. This map gives an isomorphism
%7?; End(EP)m, = End(FE). Conjugating O(EP, GP) by this map, we obtain

the image of O(EP,GF) in B .:

1
E@O(Ep7 Gp)ﬂ-p

1
= ];7?; (End(Ep) N ( Par End(Ep/Gp)cpgp)> mp C BEOO

deg YaGr
1
pdeg ocr

oc End(Ep/Gp))\gog>

1 —
= 57?; End(E?)m, N ( ParTp End(Ep/Gp)goGpwp)

= End(E m(
(B) pdeg oc
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TABLE 4.1. j-invariants and Weierstrass equations for the
computations of Example 4.10.

J(E) Weierstrass Equation

9 Ey:y? =23 + 532 + 18

41 Eg y? =23+ 62 + 34

50 Eso:y* = 23 + 142 + 36

205 + 32 | Eagstaz : y° = 25 + (305 + 47)z + (485 + 49)
415+ 52 | Egisys2 : y? = 23 + (31s + 16)z + (13s + 36)

Recall that A : E/G — EP/GP factors as A = aowf/G, where o : (E/G)P —
EP/GP is an isomorphism. Substituting this in above gives:

1%;CKEW7Gqu,::End(E)r]<1éawf/GaIMKKEW/CW)QW£VG@G>
p

1 E//-G\ E/G >
= End(F —T End((F p 1 %2
( ) ( le o p PG (( /G) ) P G

—

*

= End(E)N (
=0(E,G),

where the equality () follows from

~

1
>0 End(E/G >
dog oo ¢ (E/G)¢a

1 —_—
];775/ “End((E/G)P)nE/¢ = End(E/G).
We have recovered O(EP,GP) = O(E,G), where the isomorphism is the

map B]fgo — Bfoo given by conjugation by . O

The fiber along O( -, - ) above O(F, G) contains D;(F,G), D ;(EP,GP) €
|Sn|. We will see that these are the only possible elements of the fiber along
O(-,-) in Theorem 4.13. However, this does not mean that the fiber along
O(-,-) is always of the same size: it can happen that two or more of the
equivalence classes listed above coincide.

Example 4.10 (p = 61, N = 2). Let Fgy2 = Fg1[s]/(s2+60s+2). Table 4.1
lists supersingular j-invariants and Weierstrass equations.
Table 4.2 sorts the pairs (E, G) into sets of the form:

{(E,G),(E/G,G),(E”,G),((E/G)",G")}.
The last column indicates the size of the set {(E,Q), (E/G,G), (EP,GP),

((E/G)P,GP)}, ie., the size of the fiber above the corresponding image
under O(-,-).

Lemma 4.11. If (E,G),(F,H) € |Sy| and O(F,G) = O(F,H), then
(F,H) = D;(E,G) or D;j(E?,GP) for some J C {1,...,r}.
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TABLE 4.2. Table of the sets {(E,Q), (E/G,G), (EP,GP),
((E/G)P,GP)} C |Sy| for p= 61, N = 2

(E,G) (E/G,G) (E»,GP) ((B/G),GP) |Set]
(E50, ((59,0))) (Bq,((4,0))) (E50, ((59,0))) (Ea1, (4 ))) 2
(Es0, {((60s + 32,0))) (E20s+32, (25 +58,0))) | (Es0, (s + 31,0))) (E415+452, ((59s + 60, 0))) 4
(Ea1, (435 + 7,0))) (Ea1, (185 + 50,0))) (E41 (185 + 50, 0))) (Ea1, (435 + 7,0))) 2
(Exost32. (405 1 6,0))) | (Eratsz: (2Ls +46,0))) | (Barars. {(2Ls +46,0))) | (Eaosssz. (405 1 6,0)) | 2
(Fa0s+32, (195 + 58, 0))) | (Eo, (505 + 2,0))) (E115452, (425 1+ 16,0))) | (Eoy, (115 +52,0))) 4
(£9,((7,0))) (Ey, (( 0))) (Ey,((7,0))) (E9,((7.0))) 1

Proof. By definition,

O(E,G) = End(E) N ( o End(E/G)ch) c BE_

deg g

O(F,H) =End(F) N ( Or End(F/H)goH> C Bf

deg g

Fix an isomorphism B£ o = Bf’oo and work solely in Bfoo. Our assumption
gives an isomorphism

I
End(E) N (deg oo e, End(E/G)goc;)

1
=~ End(F)N
nd(F) (de

PH End(F/H)(PH> -
H

If we localize at any prime ¢ t IV, this isomorphism is an equality of maximal
orders. At any prime ¢ | N, O(E, G), is a local Eichler order, which is the
intersection of two uniquely determined maximal orders. This gives one of
two possibilities:

End(F), = End(E), or End(F), = ( e End(E/G)cpg> ,

deg ¢c q

where ‘-’ denotes - ®7Z,. Let J = {i € {1,...,r} : End(F), # End(E),, }
and define (Ej,Gy) :== Dj(E,G). Let ¢ : E — Ej denote the isogeny in
the definition of Dj(E,G). Then, End(F), = (degw ¢y End(ps(FE ))gw)q
locally at every prime ¢, so this equality holds globally as well. By the
Deuring correspondence, either F' = ¢ ;(E) or F = 7y 0 ¢ (E).

The proof of Lemma 4.8 gives

O(E,G) = 27O0(E;,Gr)es

deg
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Applying this above:

End(F) N <deg1<pH oH End(F/H)sOH)
— O(E, Q)
1

= 2;O0(E;, G
dog o’ (Ej,Gr)es

= o7 End(E >

1 1
N ) oc, End(E;/G

(deg 0r”” (deg g, 0y End(E/ JMGJ) W) ’
where ¢, : Ej — E;/G; denotes the isogeny with kernel G ;.

Since End(F') = deglw ¢y End(E )ps, the left ideal linking End(F) to

End(F/H) is the same left ideal linking End(F;) to End(E;/Gy), up to
conjugation by ¢ ;. The connecting ideal determines the kernel of a sepa-
rable isogeny, giving either (F,H) = (E;,G) or (F,H) = F,(E;,Gy). O

By [32, Section 23.3.19], above each of the primes dividing the reduced
discriminant pN = pq - - - ¢, of O(E, G), there is a unique two-sided max-
imal ideal of order two in the two-sided ideal class group of O(FE,G), and
the collection of these ideals generates the two-sided ideal class group of
O(E,G). Let p denote the two-sided ideal of O(E,G) above p and let g;
denote the two-sided ideal of O(F, G) above g;.

Lemma 4.12. Let J C {1,...,r}. Then, (E,G) ~ F5(D,;(E,G)) if and
only if p®[];cs g is a principal two-sided ideal of O(F, G).

Proof. For simplicity, we begin with the case J = {1} and e = 0. First
suppose q; is principal with generator ¥ € O(F,G). Then, ¥(G) C G and
deg® = Nrd(q1) = ¢1. Since ¢ is prime, either ¥(G1) = G; or ¥(G1) =
Og. By theory of hereditary orders, q% = (q1), so [q1] = p o ¥? for some
p € Aut(E), and we must have ¢(G1) = Opg. Since kerp; C kerty and
deg p1 = deg, there exists an isomorphism 7 : F/G; — E such that
Top; = 1. Since Y(G;) = G, forall i = 2,...,r, it follows that 7(¢1(G;)) =
G; for all i« = 2,...,r. By separable degree considerations and the facts
that ¢(G1) = Og and [q1] = u o 1%, we conclude that ¥(E|[q]) = G1. By
construction, 1 (E[q1]) = G1, so 7(G1) = G1. Thus, T gives an isomorphism
from Dy (E,G) = (¢1(E),G) to (E,G).

For the reverse implication, assume (E, G) ~ D1 (F, G), so there exists an
isomorphism 7 : E/G1 — E such that n(G) = G. Additionally, 10 ¢, is an
endomorphism of E and nop(G) = G2®---®G, C G,sonop; € O(E,G).
Thus, 1o generates a two-sided ideal of O(F, G) of norm ¢;. To see that
this is the unique two-sided ideal q; of O(FE,G) above ¢, we show that
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(1] € (nopr1)*:

(nowionow)(Ela]) = (noy1on)(Gr)
= (now1)(G1)
= Op.

The above argument establishes that (E,G) ~ Di(E,G) if and only if
qi1 is a principal two-sided ideal of O(E, G).

Now, suppose e = 1. For simplicity, assume J = &. If p is a principal
two-sided ideal of O(E, G), then by [32, 23.3.19], p is the unique prime two-
sided ideal of O(E,G) above p and p? = (p). Let 7 € O(E,G) denote the
generator of p, which must be of degree p. Recall that F is supersingular,
and so [p] is purely inseparable. By definition, 7(F) = E and n(G) C G.
It follows by degree argument that 7 = a o ﬂf for an isomorphism « :
EP — E sending G? — G, so we have (E,G) ~ Fy(E,G). Conversely,
suppose (E,G) ~ F,(E,G). Let w : EP — E be the isomorphism such that
w(GP) = G. Then wowf generates a principal two-sided ideal of O(E, G) of
norm p, which is necessarily the unique principal two-sided ideal of O(F, G)
above p.

For general J, e, both directions of the proof require us to establish the
existence of an element ¢ € O(E,G) of norm p®[];c;¢; with inseparable
degree p© and ¢(G;) = O and Y(E[q;]) = G; for i € J, and ¢(G;) = G; for
i € J. Such properties are necessary and sufficient to prove the existence
of a unique isomorphism 7 such that 1o ¢y o (7¥)¢) = 4, and 7 establishes

P
the isomorphism required to show (E,G) ~ D;(F7(E,G)). O

Theorem 4.13. Let O be an Eichler order of B, o, of squarefree level N.
The size of the two-sided ideal class group of O is equal to the number of
distinct pairs (E,G) of |Sy| for which O(E,G) = O. Moreover, the fiber
above O(FE,G) along the map O(-,-) contains precisely the equivalence
classes (E,G), D;j(E,G), F,(E,G), and D;(F,(E,G)), where D; denotes
the composition of dualizing involutions for some J C {1,...,r}. This fiber
is of size 2% for some k € {0,1,...,r +1}.

Proof. By Proposition 3.8, O = O(FE,G) for some (FE,G) € |Sy|. By
Lemma 4.8 and Lemma 4.9, the fiber above O along O(-,-) contains
Dj(E,G) and Dj(EP,GP) for all J C {1,...,7}: O = O(D;(E,GQ)) =
O(Dj(EP,GP)). Lemma 4.11 shows these are the only possible elements of
the fiber above O along O( -, - ). Lemma 4.12 shows that the two-sided ideal
class group of O(E, G) dictates when F7'(Dy, (E,G)) ~ F2(Dy,(E,GQ)).
Since O is a hereditary order of level N, the only possible non-principal
two-sided ideals of O are the 2! products of the ideals above primes di-
viding pN, and the information of Lemma 4.12 completely determines the
number of distinct pairs of |Sy| with isomorphic images under the map
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O(-,-). Since D;(D;(E,G)) ~ (E,G) and F,(F,(E,G)) ~ (E,G), any re-
lation among the elements of the fiber above O(F, G) along O( -,-) can be
phrased as (E,G) ~ -, and the fiber size is equal to size of the two-sided
ideal class group of O(E, G). O

For example, if q; is the only principal two-sided ideal of O(E, G), then
(E,G) ~ Di(FE,G) and the fiber above O along O(-,-) is of size 2" con-
taining the inequivalent elements Fij(D,(E,G)) for all (e, J) € {0,1} x
P({2,...,7}), where P denotes the power set.

Example 4.14. We fix p = 1123 and N = 2-3 -5 and use Magma [5]
to enumerate the isomorphism classes of Eichler orders of level N in the
definite quaternion algebra ramified at p and co. There are 456 such classes.
Then, we can use built-in functions of Magma to determine the sizes of the
two-sided ideal class groups of these orders:

No isomorphism classes have two-sided ideal class groups of sizes 1 or 2.
Three isomorphism classes have two-sided ideal class groups of size 4.
Sixty-six isomorphism classes have two-sided ideal class groups of size 8.
The remaining three hundred and eighty-seven isomorphism classes
have two-sided ideal class groups of 16.

This indicates the expected “generic” behavior when p is large relative
to IN: the fiber size is in general as large as possible, as collisions via the
involutions we have defined do not often occur.

5. Counting N-isogenies £ — EP

In this section, we require N to be a prime N # p, and we will note
where we use the fact that NV << p. We apply the results of Section 4
to provide a new approximate upper bound on the number of N-isogenies
between pairs of distinct supersingular elliptic curves with conjugate j-
invariants. We contrast this to approximate counts and bounds provided
in [8, Lemma 6] and [17, Theorem 3.9] in Section 5.2.

Let an denote the number of pairs (E,¢) € |Sy| where ¢ : E — EP
is a degree-N isogeny from FE to its p-power Frobenius conjugate EP. Let
o'y < a be the count of the subset of pairs (E, ) as above with E defined
over F2 \ .

5.1. An Approximate Upper-Bound From Eichler Orders. For this
section, we assume p = 1 (mod 12) unless otherwise stated. This is to
avoid the case where there are fewer than (N + 1) level-N structures on
a supersingular elliptic curve E (see Section 3.1.1). In this case, we have
#|Sn| = (N +1)(#8S,), where #(S,) denotes the number of supersingular

J-invariants over IF,,.
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Let Fi, Fa, F4 denote the number of isomorphism classes of Eichler orders
whose fibers along O(-,-) are sizes 1, 2, and 4, respectively. Let T denote
the number of isomorphism classes of Eichler orders of level N of B, .

Proposition 5.1. The following relations hold between the quantities
-F17‘F27F47T7 (#Sp)

(5.1) Fi+Fo+F,=T

(5.2) F1+2F + 4Fy = #|Sn| = (N + 1)(#Sp).

Proof. For (5.1): every Eichler order of level N has fiber size 1, 2, or 4
along O(-,-) by Theorem 4.13. For (5.2): the size of |[Sy/|is (N +1)(#S,),
and every element of |Sy| lies in a fiber above some isomorphism class of

Eichler order of level N along O(-,-). O
Combine the equations in Proposition 5.1 to solve for JFo:
N+1 3
(5.3) Fo=2T - %(#sp) et

When the fiber above O(FE, G) is size one, all of the involutions described
in Section 4 act as the identity: In particular, the isogeny g is an en-
domorphism with kernel stable under the p-power Frobenius. For N much
smaller than p, curves with degree-N endomorphisms are rare: The number
of curves with a non-scalar endomorphism of degree less than or equal to
N is O(N®/2) (see for example [21]). Example 4.14 provides some empirical
evidence to this claim. Assuming F; = 0, we obtain an approximate upper
bound for F» from Equation (5.3):

(5.4) o7 — %(#sp).

The number of degree-NN isogenies between conjugate curves oy is also
generically counted in F3. To see this, begin by noting that if £ is de-
fined over F,2 and not F,, then the fiber above O(E, G) is either of size 2
or 4. Furthermore, if G is the kernel of an N-isogeny from F to EP, then
E/G = EP. From here, either GP = G or GP #* G. In the first case, the fiber
above O(F, Q) is size 2. If GP # CA?, then there are two separate degree-
N isogenies from EP to E: one with kernel GP and the other with kernel
G. This corresponds to a double-edge in the N-isogeny graph, which is a
rare occurrence (as discussed in [2]). Therefore, Equation (5.4) gives an ap-
proximate upper-bound for the number of conjugate pairs of supersingular
curves over 2 \IF;, connected by an N-isogeny, namely o'y /2. We conclude
that an approximate upper-bound for o/y is:

(5.5) AT — (N + 1)(#S,).

This approximate upper-bound for oy can be compared with the data
computed in [2], which we discuss in Section 5.2.
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5.2. Comparison With Other Bounds. The author’s first interest in
the question of counting N-isogenous conjugate curves began with research
as part of the collaborative work in [2]. We wished to identify the frequency
of mirror paths, which are invariant under the Frobenius conjugate. These
mirror paths necessarily have a central point of symmetry, which either
corresponds to a j-invariant defined over I, or a pair of N-isogenous con-
jugate j-invariants both defined over 2 and not ;. We posed a question
about counting the number of N-isogenous conjugate pairs, as described in
the second mirror path scenario. This corresponds to estimating o/y. In [2],
we computed oy for a wide range of values p.

Subsequently, [17] considered the question of counting the number ay
of supersingular j-invariants with an N-isogeny to their p-power Frobenius
conjugate. They pointed out that an upper-bound for this value, which
they denote |SP|, could be computed using [8, Lemma 6], which provides an
approximation for this value. The authors also provided a lower-bound [17,
Theorem 3.9]:

VNp
(N +1)loglog(Np)

This lower-bound is an easily computed function which provides a lower-
bound on the class number of the order Z[\/—Np]. In Figure 5.1, we plot
this rational function for N = 3 against the data for 3-isogenous conjugates
provided in [2] and the upper-bound for o5 in Equation (5.5) is plotted.

The big-O notation approximation provided in [8, Lemma 6] can be
adjusted to give an exact count of N-isogenous conjugate curves. To begin
this analysis, we provide the statement of [8, Lemma 6]:

SP| >
571 > ¢

Lemma 5.2 (Lemma 6 [8]). Let ¢ be a non-negative integer. The number
a(1) of supersingular j-invariants such that distg(j,j7) < @ is the number
of pairs (E, g) consisting of a supersingular elliptic curve F and an endo-
morphism g of E of degree p-#/, j < i, up to isomorphism. Assume that
i <log,(p/4). Then

a(i) = £/20(/p).

Inspired by Lemma 5.2, we prove the precise value of ap. Chenu and
Smith [9, Theorem 2] provide an alternative proof of this proposition.

Proposition 5.3. Let N be a prime such that N < p/4. The value 2ay is

equal to the number of pairs consisting of a supersingular elliptic curve F
and an embedding Z[\/—pN]| into End(E).
Furthermore,

mN:?w@Vﬁﬁﬂ»H%@wﬂwmirﬂw53<mﬁ@
|CL(Z[v/—pN])| if —pN =1 (mod 4)
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count count

3-isogenous conjugate pairs data 3-isogenous conjugate pairs data
1

1
800 —Lower Bound [EHL+] T ~Lower Bound [EHL+]
Upper bound Upper bound
Actual data : 200 Actual data
7001 -,
% )
.

+ P P
T T T T T T T T T T
10000 20000 30000 40000 50000 10000 20000 30000 40000 50000

(A) All primes 5 < p < 50000. A total of (B) Primes 5 < p < 50000 with p = 1
5131 data points. (mod 12). A total of 1264 data points.

FicURE 5.1. The counts of 3-isogenies between distinct p-
power Frobenius conjugate supersingular elliptic curves over
Fp. For p = 1 (mod 12), the estimated upper bound de-
scribed in this section was never off by more than four: ex-
actly accurate for 23.33% of the data, over by two for 51.34%
of the data, and over by four for 25.32% of the data. The
lower bound from [17] is plotted in red.

The factor of two appears because two embeddings which differ by a
factor of —1 on the generator /—pNN are counted as distinct, whereas the
two isogenies 1, —1 are not considered distinct.

Proof. By definition the number «(1) counts pairs (F,h) where E is a
supersingular elliptic curve and h : EP — FE is a degree-N isogeny between
FE and its conjugate EP. Every endomorphism of F can be factored into
separable and purely inseparable parts. In particular, every endomorphism
g of I of degree pN can be factored uniquely into h o 7, where 7, is the
p-power Frobenius map and h is an isogeny of degree N.

E-*,pr_h . E
\_/r
g

The data (FE, g) is equivalent to the data (E, h). To count pairs (E, g), we
are looking to count embeddings of Z[/—pN| into End(F) [8, Lemma 6].
The action of the class group of Z[\/—pN] is free and transitive on a subset
of the primitively Z[/—pN]-oriented supersingular elliptic curves, by [24].
By [9, Theorem 2], this subset actually contains all primitively Z[/—pN]-
oriented supersingular elliptic curves. By this free and transitive action, the
number of such embeddings is equal to the class number of Z[/—pN]. The
number of primitive embeddings is Z[\/—pN], but if Z[/—pN] is properly
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(A) p = 61, supersingular N = 3-isogeny (B) p = 61, supersingular N = 5-isogeny
graph graph

Ficure 5.2. Illustrative examples for Proposition 5.3.

contained in the maximal order of Q(v/—pN), then this is not the full
picture. If the ring of integers O/ —pn) = Z[L;W] 2 Z[\/—pN], then
we will also want to count primitive embeddings of Og(, /5w
The total number of embeddings (and thus, N-isogenies to a conjugate
curve) is:
COZEYPNY) | 4 |ce(Z]y=pN])| if —pN =3 (mod 4)
|CU(Z][\/—pN))| if —pN=1 (mod 4)
Note that this count includes embeddings which differ by an automorphism
of the field, in particular the automorphisms +1. Since the field Q(v/—pN)
is quadratic, we always have Galois group = Z/27Z. The endomorphisms
corresponding to £+1/—pN are not distinct, so we divide this embedding
count by two to get the number of pairs (j(F), ) where ¢ : E — EP is an

N-isogeny. This divided count is what we see if we look at the supersingular
N-isogeny graph. O

Example 5.4 (—pN =1 (mod 4)). Let p = 61, N = 3. By Proposition 5.3,

o = 31UV BT3))| + |ce <z 1+v-61-3 V;m?’D _5,% ¢

2 2

We provide the supersingular 3-isogeny graph over Fg; in Figure 5.2a. Since
61 =1 (mod 12), this graph can be presented as undirected by identifying
isogenies and their duals. We see the eight 3-isogenies to a conjugate curve:

e two 3-isogenies E5g — Fso
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e two 3-isogenies Fg — Fy
e two 3-isogenies F, — Fy
e two 3-isogenies Fy — F,
Example 5.5 (—pN = 3 (mod 4)). Let p = 61, N = 5. By Proposition 5.3,
1 16
ay = §|C€(Z[\/—61 -5])| = 5=

We provide the supersingular 5-isogeny graph over Fg; in Figure 5.2b. Since
61 =1 (mod 12), this graph can be presented as undirected by identifying
isogenies and their duals. We see the eight 5-isogenies to a conjugate curve:

8.

e two b-isogenies E5y — FEsxg
e three 5-isogenies F, — Fg
e three 5-isogenies Fgz — E,

6. The Category Sy

The Deuring correspondence was rephrased as a categorical equivalence
by Kohel [19]. In this categorical version, the supersingular elliptic curve ob-
jects are enhanced by the data of a Frobenius isogeny, as are the quaternion
objects. Voight [32] presents a variation of this equivalence of categories,
without this additional enhancement:

Theorem 6.1 ([32, Theorem 42.3.2]). Fix a supersingular elliptic curve
Ey with endomorphism ring Oy. The functor Hom( -, Ey) defines an equiv-
alence of categories from the category of isomorphism classes of supersin-
gular elliptic curves over F,, under isogenies and the category of invertible
left-Op-modules, under nonzero left Op-module homomorphisms.

We present an equivalence of categories for supersingular elliptic curves
with level-N structure. We return to the case where IV is any squarefree
integer coprime to p.

6.1. Equivalence of Categories. We begin by defining the categories in
question:

Definition 6.2 (Supersingular elliptic curves with level-/V structure). Let
Sy denote the category with objects given by pairs (E1, G1), where Ej is a
supersingular elliptic curve over Fp up to Fp—isomorphism and G1 C E1[N]
is fixed order-N subgroup. A morphism between two objects (E1,G1) and
(E2,G2) is an isogeny v : E1 — FEj such that ¢(G1) C Ga.

We fix (E,G) € Sy and the Eichler order O(E, G) for the remainder of
this section. Define the following category:

Definition 6.3 (Invertible left O(FE,G)-modules). Let LM denote the
category with objects invertible left O(F, G)-modules. A morphism between
objects is given by a left O(F, G)-module homomorphism.
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It is straightforward to check that these are well-defined categories.

Definition 6.4. We let f(g ) denote the functor Homs, (—, (£, G)), so
/i(Eﬁg)(E’, G') = Homg, (E',G"), (E,Q)).
On morphisms, A(g ) maps f : (Ep,Go) — (F1,G1) to the morphism
Hom((E1,Gh), (F,G)) — Hom((Ey, Go), (E,G))

given by g — go f.
Theorem 6.5 (Equivalence of Categories). Fix a supersingular elliptic
curve E defined over F, and a cyclic subgroup G C E[N] of order N.

The functor A (g ) is a contravariant functor from the category Sy to the
category LM. This functor defines an equivalence of categories.

Proof. Lemma 6.6 shows that A(g ) is well-defined as a functor. To see
that (g ) defines an equivalence of categories, it remains to show that
ﬁ( E,) is essentially surjective and fully faithful.

First, we show that ﬁ( E,q) 1s essentially surjective. Consider the objects I
of LM: Since I is an invertible left O(E, G)-module, it is a rank 1 O(FE, G)-
module. O(F, Q) is rank 4 over Z, so I is also rank 4 over Z. Since I is
a rank 1 O(F,G)-module it is locally isomorphic to O(E,G). This local
isomorphism extends to an isomorphism I ®z Q = O(FE,G) ®z Q, which
gives an inclusion of I into Bfoo = 0O(E,G)®zQ. By [32, Theorem 9.3.6] I
is a fractional ideal of O(F, G) in BpEm. Scaling by an integer prime to N, we
can assume / is an integral left ideal of O(F, G) of norm Nrd (7). The norm
Nrd(/) must be prime to N, otherwise it would violate the invertibility
of the original left O(F, G)-module. By Lemma 6.7, I = hg o) (Er,G1)er
such that ¢y : E — Er is a degree Nrd([/) isogeny and ¢;(G) C Gj. This
identification shows (g ¢ is essentially surjective.

Lastly, we show that (g ) is fully faithful. In particular, we need to
show that the map

Homsy (B, Gr), (Er, Gr)) — Homem(h(g,q)(Er, G1), k(g,q)(Er, Gr))
from morphisms in Sy to morphisms in LM is bijective. This is done in
Lemma 6.10. 0

Lemma 6.6. Let (E',G’) € Sy. Then, A ¢ (E', G') is a Z-module of rank
4 that is invertible as a left O(E, G)-module under post-composition.

Proof. By [32, Lemma 42.1.11], Hom(E', E) is a Z-module of rank 4. By
definition, A (g ¢y (E’, G") contains the set {¢ € Hom(E',E) : G' C ker ¢}.
By Corollary 111.4.11 of [31], this set is equivalently characterized:
{¢p e Hom(E', E) : G' Cker¢g} = {¢popq : ¢ € Hom(E'/G',E)}
~ Hom(E'/G/, E)pa,
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where ¢ : E' — E'/G" is the unique separable isogeny with ker(pg/) = G'.
This is an ideal of Hom(E'/G’, E), which is rank 4. It follows that each
hgc) (E',G') is rank 4 as well.

To prove the invertibility of fp ) (E',G’) as a left O(F,G)-module,
we use the fact that O(F, G) is isomorphic to a hereditary order of square-
free level coprime to p in the quaternion algebra B, , see Theorem 3.7.
This strategy is similar to the maximal order case, detailed in [32, Lem-
ma 42.1.11]. Take a nonzero isogeny ¢ € A ) (E',G') and let ¥ denote
the dual of . Then, I := ﬁ(Eg)(E’,G’)iZ C O(E,G) is an integral left
O(E, Q) ideal, and is thus invertible by the hereditary property of O(E, G)
(all lattices of hereditary orders are invertible by [32, Section 23.1.2]). The
same holds for A ¢ (E',G') as a left O(E, G)-module. O

Lemma 6.7. Fix an integral left O(E, G)-ideal I of norm prime to N.
There exists an isogeny ¢; : E — Er and a subgroup Gy C E7[N] of order
N such that ¢ (G) C G, and I = kg q)(E1, Gr)pr, and Nrd(]) = deg(¢r).

Proof. By Theorem 3.7, O(FE,G) is isomorphic to an Eichler order. It is
contained in the maximal order M isomorphic to End(E). By Proposi-
tion 3.9 (and [18, Lemma 3]), the integral left ideals of the Eichler order
O(E, G) of norm prime to N are in bijection with the integral left ideals of
the maximal order End(E) D O(E, G) of norm prime to N. This bijection
sends the integral left ideal I of O(E,G) to End(F)I. To avoid confusion,
we will write End(E)I when we mean the left ideal of End(E), but use I
when we are referring to I as a left O(F, G)-ideal. As a left integral ideal
of End(E), End(E)I can be used to define an isogeny in the following way
(see [32, Section 42.2]). Let

(6.1) E[End(E)I] := ﬂ ker(«)

a€End(E)I
be the scheme theoretic intersection, and define ¢y : F — E; =:
E/E[End(E)I] via keryp; = E[End(E)I]|. By [32, Proposition 42.2.16],
deg pr = Nrd(End(E)I). Since End(E)I is of norm prime to N, ¢ maps
G C E[N] to some G C Er[N]. O

Lemma 6.8. Every object (E',G’) of Sy is of the form (Ej, Gy) for some
integral left O(E, G)-ideal I, where I can be chosen to have norm prime
to V.

Proof. Let ¢ be a prime such that ¢ { pN. By the connectedness of the
l-isogeny graph Sﬁfg of supersingular elliptic curves with level-N structure
(Theorem 7.3), there exists a chain of (-isogenies connecting the vertices
(E,Q), (F',G"). Let ¢ : E — E’ denote this isogeny composition, where
©(G) = G'. By the theory described in Section 2.2, the kernel of ¢ corre-
sponds to an integral left-End(E) ideal I, of norm equal to the degree of ¢,
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which is a power of ¢ by construction and thus is coprime to N. Since the
codomain of ¢ is E, we have E' = Ef,. Since ¢1(G) C G’ and the degree
of ¢r is coprime to N, we have ¢7(G) = G’ and furthermore G’ = G7,,.
By the bijection in Lemma 3.9, I N O(E, G) is an integral left ideal of the
Eichler order O(FE, G). O

Lemma 6.9. Let I, I’ C O(F, G) be nonzero integral left O(E, G)-ideals of
norm prime to N. Define Hom((E7, Gy), (E,G)) Hom((Ep, Gr), (Er, Gr))
to be the collection of isogenies

@ZZO@'@L‘, Q; EHOHI((E],G]),(E,G)), }

{so (Er,Gr) — (E,G)
ﬁi S HOIn((E[/, Gp), (E[, G[))

Then, the natural map

HOm((E[, G[), (E, G)) HOIH((E']/7 G[/)7 (E[, G[))
. HOIH((E[/, GI’)v (Ev G))
is a left O(F, G)-module isomorphism.
Proof. By construction of Hom((Er, Gp), (E,G)) Hom((Ep,Gr), (Er, Gr)),

the map above is injective.
By Lemma 6.7, we have:

I =Hom((E1,Gr), (E,Q))or

where ¢; : E — E; with ¢;(G) =: G, and N = deg(¢r) = Nrd([). Since
O(E, G) is a hereditary order, I is invertible, and by Proposition 16.6.15[32],
(m) := (Nrd(I)) = I1. The quaternion element [m] has an expression as an
element of

IT = (Hom((Er, Gr), (E, G))¢r)(Hom((Er, Gr), (E, G))ér).

There exist finitely many «;, 3; € Hom((Er, Gr), (E,G)) to give this ex-
pression:

[m] = Z(am (Bidr) = Zamqu— ]Zai&

Since each a;3; : (E,G) — (E,G), the sum 3, i 3; € O(E,G), and [1] =
> i
Take any ¢ € Hom((Ep,Gr),(E,G)). We need to show that it has a
pre-image in
Hom((E7, G1), (E, G)) Hom((Ep, Gr), (Er, Gr))

under the natural map (composition and sum). To see this, post-compose

¥ by ;i R R
) = Z a;fi) = Z a;(Bi)
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By construction, o; € Hom((Er, Gy), (E,G)) and ;¢ € Hom((Ep, Gy),
(E7,Gr)), so the map

Hom((Er,Gr), (E,G))Hom((Ep, Gp), (Er, Gr))
— HOHl((E]/, C;']/)7 (E, G))
is indeed surjective. O

Lemma 6.10 (Fully Faithful). The functor (g ¢y is fully faithful. In par-
ticular, the map

Homsy ((E1, G1), (B2, G2)) — Homem(h(p,ay (B2, G2), h(p,a)(E1, G1))
pr——0¢
from morphisms in Sy to morphisms in LM furnished by £ (g ) is bijective.

Proof. First, we check that the functor is faithful. Suppose f, f’ : (E1,G1) —
(E2,Go) and Apc)(f) = Ao (f), that is go f = go f' for every
g € Hom((E2,G2), (E,G)). Take any such nonzero separable isogeny g of
degree coprime to deg f. Notice that deg f = deg f’ by comparing degrees
on the left and righthand sides of go f = g o f’. Postcomposing with g, we
have [degg] o f = [degg] o f’. Since Hom((E1,G1), (E,G)) is torsion-free,
we have f = f'.

To see that it is also full, let ¢ : Hom((E2, G2), (F,G)) — Hom((E1, G1),
(E, @)) be a nonzero left O(F, G)-module homomorphism. We need to show
that there exists f € Hom((E1, G1), (E2, G2)) such that ¢(x) = o f for all
z € Hom((E2, G2), (E,G)). Begin by applying Lemma 6.8 to find integral
left O(E, G)-ideals I, I of norm prime to N such that (E;, G;) = (Er,, Gr,)
and corresponding isogenies ¢y, : E — Ef, for i = 1,2. By Lemma 6.7:

HOII]((El, Gl)? (E7 G))Soh = I17
HOII]((EQ, GQ), (E, G))QOIQ = Iz.

The map ¢ induces a map map of ideals ¢’ : Iy — I; given by x o ¢r, —
(x) o . Since 1) is injective, ¢’ is as well giving an isomorphism of left
O(E, G)-ideals (namely Iy = ¢/'(I2) C I;). Any such isomorphism is given
by precomposition by an invertible element of the quaternion algebra, so
there exists some 5 € O(E,G) @z Q such that ¢'(z o ¢r,) = x 0 ¢r,f, for
all z o ¢y, € Iy. This shows I3 C I; and 8 € 151]1. Together with the
definition of ¢’ this gives

(6.3) zoppB =)oy

for all x € Hom((E2,G2), (E,G)). The result follows when we rewrite the

left side of (6.3) in order to see that ¢ (x) is of the form z o f for some
f € Hom((E1,G1), (E2,G2)). Define the lattice

1
= deg o P, HOHI((E17 G1)7 (E27 G2>)¢Il

(6.2)
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in BpEm. By Lemma 6.9,
Hom((Es, Ga), (E,G)) Hom((E1,G1), (E2,G2)) = Hom((E1, G1), (E,G))

and so IoJ = I, as lattices in Bgoo. The right order of I> and the left order

of J are both the ring of endomorphisms of (E2,G2) (namely the order

Lp%cﬁlz(’)(Eg,Gg)gpb in BP ). Thus, J = I;'I;. Since B € I;' I, = J,
2 b

must be of the form .

B = d
CE LI,
for some f € Hom((E1,G1),(F2,G2)). Plugging this into Equation (6.3)
above:

9/512 OfO@hv

Y(x)opr, =xopnof
Y(x)opr =xo foypr
Y(x)=zo f. O
7. The Level Structure Graph

For distinct fixed primes p and ¢, and a fixed positive integer N coprime
to pf, we define the supersingular elliptic curves with level-N structure
{-isogeny graph.

Definition 7.1 (Supersingular elliptic curves with level-N structure
{-isogeny graph, SIJ)\’;). In the graph EIJ)\,@, vertices are Fp—isomorphism classes
of pairs (E,G), where E is a supersingular elliptic curve and G is a cyclic
subgroup of E[N] of order N. An edge from vertex (F, G) to vertex (E', G')

is a degree-¢ isogeny ¢ : E — E’ such that ¢(G) = G'.

The objects of Sy form the nodes of the graph 5}%. If we restrict the

morphisms of Sy to isogenies of degree ¢, we have the set of edges of EZJ,\@.

The graph structure is easily described in the special case where N is
prime: For each supersingular elliptic curve E/F,, with j(E) # 0, 1728, there
are N + 1 vertices of Eévye. For E/F, with j(E) = 0 or 1728, there are at
most N + 1 vertices of Sﬁfzz the extra automorphisms of these j-invariants

may map order-N subgroups to each other (see Section 3.1.1). There is a
map of graphs from 511)\[5 to g% which is (IV 4+ 1)-to-1 on vertices away from
’ P

j = 0,1728. For any prime ¢ coprime to pN, a supersingular elliptic curve
over F, has precisely £ + 1 degree-¢ isogenies. Each edge corresponds to
an isogeny up to post-composition with a curve automorphism. If j(E) #
0, 1728, the automorphism group Aut(E) = [£1]. Both automorphisms [+1]
act as the identity on the groups defining kernels. As a result, the duals
of distinct isogenies must give distinct arrows in the graph. The graph can
be taken to be undirected by identifying isogenies with their duals. See
Figure 7.1.
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If j(E) = 0 or 1728, the automorphism groups expand to Aut(Fy) =
{[&1], [£¢3), [£¢2]} and Aut(Ei7e8) = {[*+1],[+i]}. The ‘extra’ automor-
phisms potentially swap kernels, meaning that the duals of distinct isoge-
nies need not give distinct arrows in the graph. In this case, we do not draw
the edges of the graph as undirected.

Example 7.2 (p = 37, N = 3, £ = 2). We provide a reference example
of the graph Sé\fg in Figure 7.1. As p = 37 = 1 (mod 12), this graph is
drawn undirected by associating isogenies with their duals. Let Fz7[s]/(s?+
33s + 2). The vertices are labeled with ordered pairs, the first element
denoting the isomorphism class of elliptic curves with j-invariant j by Ej;.
Let o := 10s + 20, @ = 27s + 23 denote the j-invariants defined over
Fy72 \ F37. The supersingular elliptic curves over F3; have 3-torsion defined
over Fyra := F37[a]/(a* 4 6a? 4 24a +2). We denote the 3-torsion subgroups
using the a® term of the z-coordinate of a generating point, as computed in
Sage [30]. The vertex appearance (shading and line style) aligns with the
corresponding quaternion vertex, seen in Figure 7.2b. The corresponding
supersingular 2-isogeny graph is shown in Figure 7.2a.

Theorem 7.3 (Connectedness of SI{YZ). The graph 5:1]7\,@ consists of one con-
nected component, for any pairwise coprime choices of p, N, £.

Proof. The connectedness of the graph follows from the work of Goren—
Kassaei. In [1], the authors consider the ¢-isogeny graph with level-N struc-
ture given by a choice of N-torsion point. The connectedness of SI% follows,

as there is a map from the Goren—Kassaei graph to Eévg that acts surjectively
on the vertex sets. O

Additionally, the result of Theorem 7.3 can be seen as a corollary of a
result provided by Roda [29]. Roda studies a supersingular ¢-isogeny level-
N structure graph whose vertices are pairs (E, ), where o : (Z/NZ)? =
E[N]. In Section 3.3, Roda describes a means of counting the number of con-
nected components of this graph. Choosing particular lifts of pairs (E, G1),
(E,G3) for G # G9, and showing that those lifts are connected using the
conditions of [29, Section 3.3], we can prove that all of the points corre-
sponding to a particular supersingular elliptic curve with level structure are
connected in Eé\fé. Together with the fact that the supersingular ¢-isogeny

graph is connected, this proves that 5;];\[6 is connected as well.
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FIGURE 7.1. Graph of 85’772, with groups labeled by the first
term in the z-coordinate of a generating point.

Oo

(A) Supersingular 2- (B) Graph of level-3 Eichler orders in Bsr oo with connecting
isogeny graph over Fs7 ideals of norm 2.
FIGURE 7.2
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