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Non-totally real number fields and toroidal groups

par ALESSANDRO DIOGUARDI BURGIO, GiovanNt FALCONE
et MARIO GALICI

RESUME. Dans cet article, nous étudions la relation entre les corps de nombres
non totalement réels K et les groupes toroidaux 7T, ainsi que les fonctions
périodiques méromorphes, en exploitant une représentation de 7 en termes
de la jacobienne généralisée Jr,(C) d’une courbe elliptique appropriée C. Nous
considérons en détail les cas cubique et quartique.

Dans ces cas, nous écrivons les relations entre le polyndéme minimal d’un
élément primitif convenable de K et les parameétres définissant la jacobienne
généralisée J,(C) correspondant au groupe toroidal associé & anneau des
entiers. En outre, pour un tel groupe toroidal, nous décrivons explicitement
les représentations analytique et rationnelle de son anneau d’endomorphismes,
le premier donnant une nouvelle représentation (complexe) de 'anneau des
entiers de K.

De plus, dans le cas cubique, nous donnons une description explicite de la
m-torsion de T en termes de la correspondance géométrique entre T et J1,(C)
comme l'image d’un idéal fractionnaire de K.

ABSTRACT. In this paper we study the relationship between non-totally real
number fields K and toroidal groups 7, as well as meromorphic periodic
functions, exploiting a representation of 7 as the generalized Jacobian Jr,(C)
of a suitable elliptic curve C. We consider in detail the cubic and quartic cases.
In these cases, we write down the relations between the minimal polynomial
of a suitable primitive element of K and the parameters defining the general-
ized Jacobian Jr,(C) corresponding to the toroidal group associated with the
ring of integers. Furthermore, for such a toroidal group we explicitly show the
analytic and rational representations of its ring of endomorphisms, the former
giving in turn a new (complex) representation of the ring of integers of K.
Moreover, for the cubic case, we give an explicit description of the m-torsion

of T in the geometric correspondence of T with J1,(C), as image of a fractional
ideal of K.
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Introduction

In the present paper we highlight the relationship among apparently un-
related objects, i.e. non-totally real number fields (with one complex embed-
ding), generalized Jacobians (of an elliptic curve), and n-variate meromor-
phic periodic functions (with n + 1 R-independent periods), through their
connection with toroidal groups (of dimension n and real rank n + 1). This
relationship allows us to achieve the results introduced in the Abstract.

A toroidal group is a complex Lie group C"/A, with A a lattice of C",
which admits no non-constant holomorphic function. A quotient group
C™/A, with rkec A = n, is toroidal if, and only if, the irrationality condition
holds, that is, there exists no non-zero C-linear homomorphism ¢ : C* — C
such that ¢(A) C Z (see [2, Thm. 1.1.4(2) p. 5]).

Hence, the first connection we recall is the one between toroidal groups
C™/A, with real rank n+ 1, and n-variate meromorphic functions with n+1
R-independent periods, which we can assume, up to a change of basis, to
be in the standard form (1,0,...,0),...,(0,0,...,1), and (7, 51,...,Sn—1),
with 7 ¢ R.

Note that, if one can write, for some (ag, ...,an—1) € Z™\ (0,...,0),

agT +ai181+ -+ ap—18p—-1 € Z,
then the function
G(20,21,---y2n—1) = exp (2mi(apzo + a121 + - + ap—12n-1)),
is, trivially, holomorphic, non-constant and periodic on
A={((1,0,...,0),...,(0,0,...,1), (7,81, -, 8n—1))7,

the corresponding quotient group C"/A hence being, by definition, not
toroidal.

The above remark allows us to confine ourselves to the case of toroidal
groups, for which, on the contrary, we describe a method for representing
non-trivial n-variate meromorphic (non-holomorphic) functions with the
n + 1 R-independent periods (1,0,...,0),...,(0,0,...,1),(7,81,...,Sn—1),
by means of the elliptic curve C having fundamental parallelogram gener-
ated by {1,7}.

The connection between non-totally real number fields of degree § =
n + 1 and isogeny classes of toroidal groups 7 of dimension n with extra
multiplications (that is, such that the multiplications by an integer do not
exhaust the whole ring End(7)) was introduced in 1973 by Andreotti and
Gherardelli in [4] and investigated in 2012, in the case where § = r; + 27
with 79 = 1 (hence n = r;+1), i.e. the case where K has only two conjugate
complex embeddings, by Valliéres in [16]: let K be a non-totally real number
field with ro = 1, 01,...,0,,: K — R C C the real embeddings, and
on : K — C one of the two conjugate complex embeddings of K. For any
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fractional ideal %j of K, where v € Ok and J is an ideal of Ok, the
Minkowski embedding p : K — C™, defined by the map

z— (01(2),. .. 00, (2),00(2)),

gives in turn the lattice u(%j ) of C", which has real rank equal to the
rank of %j, that is, n + 1. The quotient group 7 = (C”/,u(%j) is proved
to be a toroidal group ([4], see also [1]) with extra multiplications, and, in
this situation, Endg(7) = End(7) ®z Q is a non-totally real number field
which is isomorphic to K (independently of the given fractional ideal) and
End(7) turns out to be isomorphic, not only to an order of K, but to the
whole ring of integers Ok (see [16]).

Finally, the fact that, in the cases under consideration, where the toroidal
group comes from the field K, all the entries in the last column of its period
matrix in standard coordinates are not real numbers (cf. Remarks 2.7, 2.14)
distinguishes these cases from the general ones of arbitrary toroidal groups.

Conversely, if we are given an n-dimensional toroidal group 7 with real
rank n + 1, admitting extra multiplications, then (see [4]) Endo(7) =
End(7) ®z Q is a non-totally real number field with one complex embed-
ding. In the case where the field K = Endy(7) has degree n+ 1 and admits
an essential polynomial, we conjecture that C"/u(Ok) is isomorphic to T,
as we can prove this in the cases of small dimension n = 2,3, which are
sufficient to illustrate the richness of this matter. In these two cases, we
write down the relations between the essential polynomial and the lattice
of T, and we give the analytic and rational representations of End (7).

In fact, we conjecture that C"/u(Ok) is isogenous to T also in the case
where K (necessarily, in this conjecture, of degree n + 1) does not admit
an essential polynomial, a fact which would confirm the close relationship
between toroidal groups and non-totally real number fields.

Finally, it is easy to see (cf. Theorem 1.2) that the toroidal group T,
having lattice A, which, as above, can be taken in the form

A=((1,0,...,0),...,(0,0,...,1), (7,51, .. 50-1))z,

with 7 ¢ R, determines a linear subtorus £, isomorphic to (C*)*~! with
the corresponding quotient isomorphic to the Jacobian J(C) of the elliptic
curve C with fundamental parallelogram generated by {1, 7}. Thus we have
the non-splitting extension

(0.1) 1— (C*)”’1 — T —J(C) — Q,
and we can represent an element of 7 with a n-tuple

(P,ky, ... kn_1) € C x (C*)"1,
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in such a way that

(Pr, k1. k1) (Poyhay ooy hp—1)
= (P1+ Py, kihicr, (P1, P), ... kn—1hpn—icr, ,(P1, P)),

where the factor systems ¢y, are defined (almost everywhere) in (1.1). Note
that, since the quotient group 7 /L is an Abelian variety, being a complex
torus of dimension one, in this case, by T. Umeno [15] T is a quasi-Abelian
variety, in the sense of [5] (cf. also [2]).

In the case where n = 2, this representation of 7 as a generalized Ja-
cobian of C gives us in turn an explicit formula for the m-torsion points
of 7. In the above correspondence with a non-totally real cubic number
field K, these torsion points correspond under the Minkowski map p to the
fractional ideal %OK.

We end this Introduction by shortly reporting on the historical back-
ground, which, in our opinion, are worth to be included, but which can
skipped at a first reading.

Historical background. As early as 1722, when De Moivre published his
celebrated formula, and even better when Euler rewrote it in terms of the
exponential map 6 — 2™ it was clear that the fractional ideals of Q are
related to the torsion subgroups of the unit circle S' < C*.

It was Gauss who first described in 1799 a continuous doubly periodic
function on C with two R-independent periods. This gives a correspondence
between fractional ideals of a non-totally real quadratic number field and
the torsion subgroups of the Jacobian J(C) of an elliptic curve C (on the
contrary, when a quadratic field is totally real any fractional ideal is dense
in R, reflecting the fact that we cannot have a continuous doubly periodic
function on R).

More precisely, and in order to introduce the notation, let us consider
such a field K = Q(w), with w? = d, for a square-free negative integer d,
and its ring of integers Ox = (1,p)z. A fixed complex embedding K —
C coincides with the corresponding Minkowski map p and we have that
w(Ok) = (1,7)z (with 7 the embedding of p) is a lattice of C of real
rank 2, with the resulting quotient group C/u(Ok) being a 1-dimensional
complex torus, hence isomorphic to the Jacobian of an elliptic curve C. Let
us consider the periodic Weierstrass functions p and @’ with period lattice
A = u(Ok). The map

z— (p(2),¢'(2)),

which can be projectively extended to

(0.2) P: 2+ P(2) :=[2%: 23p(2) : 23¢/(2)],
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(including in this way the point at infinity Q := P(0) = [0 : 0 : 1] of C)
gives in turn an isomorphism z + A — (P(z)) — (©2) between the quotient
group C/A and the Jacobian of the elliptic curve C.

Every element of a given fractional ideal m J:pbj where 7 is an ideal of
Ok, a,b € Z not both zero, is mapped onto a point P = P(——c¢) (with

c € u(J)), such that, if we put m = |la + 70|, then

1 a-+T1b
_ ”a+7bup<a+ﬂ)c) = ||a—|—Tb”P<” ey ) P((a+7b)c) =9,

because (a + 7b)c € u(Ok), mirroring the fact that evaluating the map P
on the elements

a+7'b

1
7(d1+7-d2)7 di,do=0,...,m—1,
m

with ‘fn—l, jln—Q dotting the fundamental parallelogram, we get points of order
dividing m.

In 1889, a prize, sponsored by King Oscar II of Sweden, was offered to
investigate two-variate complex functions with four real-independent peri-
ods. The prize was won by Poincaré, but Appell gave, as well, a solution
which gained the second place, and was inspiring for further research: the
solutions left the question of a two-variate complex function with three real-
independent periods unexplored, and it was Cousin, a student of Poincaré,
who proved the existence of such a function, and showed its main proper-
ties [7]. With the restrictions mentioned in the Introduction, such a periodic
function defines a toroidal group, given by the quotient of C? by the lat-
tice spanned by the three periods. Periodic meromorphic functions and
toroidal groups are the subject of a paper dated 1991 [6] by Capocasa and
Catanese, where the authors prove that, for a lattice A C C™, there exists
a non-constant A-periodic meromorphic function on C" if and only if there
exists a positive definite Hermitian form H on C" such that the imaginary
part of H takes integer values on A x A, that is, if and only if C"/A is
quasi-Abelian (see [5], cf. also [2]). Notice indeed that, as mentioned in the
Introduction, when the real rank of A is n+1, the latter conditions are man-
ifestly fulfilled, because the quotient variety in (0.1) is a one-dimensional
complex torus, hence an Abelian variety, and by the cited result by Umeno,
C™/A is quasi-Abelian. Quasi-Abelian varieties were introduced in 1947 by
Severi ([14]) exactly in the context of periodic functions, and were later
studied by Rosenlicht ([12]) as generalizations of the classic Jacobians of
a curve (see Remark 1.5). Rosenlicht was awarded the Frank Nelson Cole
Prize in Algebra 1960 for this construction, which gives an explicit example
of a connected commutative Lie (resp. algebraic) group which is neither lin-
ear, nor compact (resp. complete), nor the direct product of a linear group
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and a compact (resp. complete) group. As such, generalized Jacobians are
a central subject of Serre’s first book [13].

Coming full circle of the connection between toroidal groups and non-
totally real number fields, in 1973 Andreotti and Gherardelli associated a
toroidal group of dimension n and real rank n + 1 with any non-totally
real number field of degree 4 = n + 1, and they showed, conversely, that
tensoring with Q the endomorphism ring of a toroidal group of dimension
n and real rank n + 1, one obtains a non-totally real number field of degree
d <n+1 ([4], see also [3]). More generally, Y. Abe in [1] showed that, given
a non-totally real number field K of degree d = r1 + 219 and a Minkowski
map p : K — C1"2) the image u(Of) is a lattice A of complex rank
r1 + 72 and real rank §, such that the quotient group C™ "2 /A is a toroidal
group, and furthermore proved that for any toroidal group 7 which does
not contains toroidal subgroups, the ring Endg(7) is a division algebra.

Finally, Vallieres in [16] proved, in the case where T is C2/u(Ok), that
the non-totally real number field Endy(7) is isomorphic to K, and, con-
versely, that every 2-dimensional toroidal group with real rank 3, having
extra multiplications, is isomorphic to C2?/u(a) for a suitable fractional
ideal a of the non-totally real number field Endy(7), hence isogenous to
C?/u(Ok) (cf. Theorem 2.1).

1. Periodic functions, toroidal groups, and generalized Jacobians

Lattices A C C" of real rank n + 1 arise naturally when one considers
n-variate meromorphic functions with n + 1 R-independent periods. Up to
a change of basis, we can assume the lattice to be in standard coordinates

A={((1,0,...,0), (0,1, 0)eres (0 1), (T 81,y Snt))ze

As we pointed out in the Introduction, we can confine ourselves to the
case where the irrationality condition holds, that is, the case where the only
n-tuple (ag,...,an—1) € Z" such that

aoT +ais1 + -+ an—15n-1 € Z

is (0,...,0), ruling out elementary periodic functions such as
G(20,21y .-y 2n—1) = exp(Qm‘(aozo +aiz + -+ an_lzn_l))

with ap7 +a181 + - + ap—18p—1 € Z.

In particular, we can assume that 7 ¢ R, and consequently we denote the
first variable by ¢ and the other ones by z1,..., z,_1. In the following theo-
rem, which is simply a recap of known facts, we give a useful representation
of the toroidal group 7 = C"/A as a group extension of a linear subtorus,
isomorphic to (C*)"~!, with the Jacobian J(C) of the elliptic curve C with
fundamental parallelogram generated by {1, 7}. This description is in fact
central in the paper. For our convenience, we define the function ¢y, here:
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Definition 1.1. Let the elliptic curve C be defined by the lattice (1,7),
and let Q be its point at infinity. Let L = (M) + (V) (with M, N € C) be
a modulus (that is, an effective divisor), and let £pgo(X) = 0 be (up to an
uninfluent scalar) the equation of the line through the points P and @, or
the tangent line in P to C in the case where (Q = P. We define the map

Cp,py (M) Lpiypy0(IV)
1.1 (P, Py) = —Lul2 1+,
-y ) = a0 L, (V)
for any two points P;, P, such that (P;)+ (P2) —2(£2) is not linearly equiv-
alent to either — (V) 4 (Q) or —(M) + ().

Theorem 1.2. Let A = ((1,0,...,0),...,(0,...,0,1),(7,81,...,80-1))z
with 7 ¢ R, and let T =C"/A. If V(¢) ={(¢, z1,...,2n—1) € C" : ( =0},
then the subgroup L := (V(¢) +A)/A of T is a linear subtorus, isomorphic
to (C*)"~1, with the quotient group T /L isomorphic to the Jacobian J(C)
of the elliptic curve C with fundamental parallelogram generated by {1,7}.
Moreover, in the corresponding non-splitting extension

1—L—T—3JC) — Q,

we can represent an element of T with a n-tuple (P, k1,...,kn—1) € C X
(CH" L in such a way that (,1,...,1) is the zero element, and

(1.2) (PLkiy.e kn1)(Poyhiy e hoet)
= (P + Py, kihicn, (P, Ps), ... kn—1hp—1cr, (P, P)),

where cr,, is defined as in (1.1) for j=1,...,n—1, by n — 1 given moduli
Lj = (T;)+(Tj41), such that (T;)—(Tj+1) is linearly equivalent to (P;)—(2),
where P; = P(s;), and P is the map defined in (0.2) (where, formally,
Py + P, denotes for short the point Py in C such that the divisor (Ps)+ (£2)
is linearly equivalent to (Py) + (P2)).

Proof. Since V(¢) N A = ((0,1,...,0),...,(0,...,1))z, the subgroup L is a
linear subtorus, and, by [9, Prop. 2.2.3], the quotient group 7 /L is isomor-
phic to J(C). Since the functor Ext is additive, we can reduce the argument
to the case n = 2, for which the situation is described in [8, Introduc-
tion]. O

Remark 1.3. Indeed, one can choose L; to be defined by any two points
M;, N; such that (M;) — (V) is linearly equivalent to (P;) — (€2), however
we choose L;j = (T}) + (Tj+1) just in order to simplify the function G we
will exhibit in (1.3).

Remark 1.4. Throughout the paper we denote, as usual, the Weierstrass
elliptic functions by ¢ and o.
Note that the non-trivial factor system cy,; induces a factor system c P :

C x C — C*, as well, with (¢1,¢2) = cr,(P(¢1),P(¢2)). But, as every
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commutative Lie group extension of C* by C is splitting, cp;P turns out

indeed to be a trivial factor system, that is, a coboundary §' (gj) :CxC—
C*, where g; : C — C* is a section (cf. [8, Thm., p. 128]) defined by

a(tj) o(C—tj+1)
o(tjr1) o(C—t5)

where t; € C is such that P(t;) = T; and n; is a constant.!
This unveils the cocycle ¢, (P(¢1),P(¢2)) as the coboundary

(e, P)(C1,¢2) = 6" (g)(Cr, Ga)-

Turning back to n-variate meromorphic functions with n 4+ 1 R-indep-
endent periods, we recall from the Introduction that in this case the toroidal
group C"/A is quasi-Abelian, hence by [6] such functions do exist, as
pointed out in the Historical background.

In order to find out how such a function G((,z1,...,2,—1) is built, we
stress its geometric meaning. Note in passing that, whereas such a function
determines a unique period lattice, a lattice A C C" of real rank n + 1
determines a whole family of periodic functions.

Any such a function G defines a further function

é((C) Z1y .- '7Zn71) + A) = G(Cazla e 7277,71)7

from T to C, giving in turn the commutative diagram

9j(¢) = exp(—2m;()

1 —— (C*)nt T ——30C) —— 0

[

¢ —5—0C
Whilst w is independent of the elliptic curve C, the role played by the choice
of C comes in here: by the Theorem in [8] and the above Theorem 1.2, if
we let again t; € C be such that P(t;) = T}, then

W(C,Zl,. . .,anl) = (P(C),Gl(g,zl), .. .,anl(g,znfl))

with G;(¢, z;) := g;(¢) exp(2miz;), and ¢;(¢) as in Remark 1.4. The map w
is an epimorphism from the additive group of C" to (a representation of)
the toroidal group 7 with A as the kernel (cf. Remark 1.5 below). As men-
tioned in passing above, the period lattice of any function of G1,...,Gp_1
is contained in A. As a prototype of such a n-variate meromorphic function

More precisely 1 = 77%2961,7((0?, where 61(z) = fexp(iﬂi‘r + ﬂi(z + %))19(,2 + %7’ + %;T)
1

and ¢ is the Jacobi theta function ¥(z,7) = Z::LOO exp (m’n27' + 27rinz).
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with period lattice A, we simply take here their product, which, with the
above choice of L; = (T;) + (T;41), reduces to

(13) G(Cv 1y ,anl) = Gl(C7 21) to anl(C7 anl)

o(t1) o(C—tn)
o(tn) o (¢ —t1)

= exp(—2m15 () exp(2mi(z1 + -+ + 2n-1)),

with s =51 +s9 4+ -+« + Sp—1.

Remark 1.5. It is necessary at this point to remark that w induces a
rational isomorphism (although non-regular, hence in the sense of [17])
between the toroidal group C"/A and (a representation of) the generalized
Jacobian Jr(C), with modulus L = (T1) + --- + (T3,) € div(C) defined by
n pairwise distinct points T} € C, that is, the quotient group of divisors of
degree zero on C modulo the subgroup of principal divisors of functions ¢
such that vy, (1—g) > 1 with j = 1,...,n, where vy is the discrete valuation
of the local ring Ox of the rational functions of C that are regular in a
point X. Note, indeed, that a divisor class D of degree 0 in the generalized
Jacobian determines the element

(1.4) (P,ky,...,kn 1) €C x (C*)" 1,
where P € C is such that D is linearly equivalent to (P) — (2), that is, such

that D = (P)—(Q)+div(f), for a suitable function f, and k; = £ ;fg)ﬂ e C*
(see [13, Ch. V, §3], see also [8]).

2. Toroidal groups and non-totally real number fields

In this section we study the relationship between non-totally real number
fields of degree § = r1 + 2ry with ro = 1 and isogeny classes of toroidal
groups of dimension n = § — 1 and real rank § with extra multiplications,
introduced in 1973 by Andreotti and Gherardelli in [4] and investigated
in 2012 by Vallieres in [16], and in 2013 by Abe in [1]. From now on, we
consider non-totally real number fields with precisely one pair of complex
embeddings.

As introduced above, let K be a non-totally real number field, o1, ..., 0.,
the real embeddings K — R C C, and o, one of the two conjugate complex
embeddings K — C. For any fractional ideal %j of K, where v € Ok and
J is an ideal of Ok, the Minkowski embedding i : K — C”, defined by the
map

z— (01(2),. .., 00, (2),00(2)),
gives in turn the lattice ,u,(%,] ) of C™, which has real rank equal to the rank
of %j, that is, d = n + 1.

Now we note that replacing the lattice p(1J) with (Ok) corresponds

to applying an isogeny.
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Theorem 2.1. Let K be a number field, p: K — C" a Minkowski map,
J an ideal of O and v € Ok. The quotient groups C"/u(L7), C*/u(JT)
and C" /1 (Ok) are isogeneous.

Proof. Let us consider the maps
C"/u(5J) — C"/u(T) == C"/u(Ok),

where 7 is the canonical projectionand ¢ is induced by the following linear
isomorphism C* — C™:

(@1, .oy ) — (1(V)x1, .., on(V)Tn).

The kernel of 7 is pu(Ok)/u(J), that is finite because u(J) is a free Z-
submodule of u(Of) of the same rank. The map ¢ is an isogeny by con-
struction. O

The quotient group 7 = C"/u(Ok) is proved to be a toroidal group ([1],
see also [4]) with extra multiplications, and, in this situation, Endy(7) =
End(7) ®z Q is a non-totally real number field which is isomorphic to K
and End(7) turns out to be isomorphic, not only to an order of K, but to
the whole ring of integers O (see [16]).

Using Theorem 2.1, we can generalize this result.

Corollary 2.2. The group C"/u(a) is toroidal for every fractional ideal
a=17 of K.

Proof. According to the proof of Theorem 2.1, given a fractional ideal a
of K, we know that there exists an isogeny from the group 7; = C"/u(a)
to To = C"/u(Ok), hence we have a further isogeny 7o — T (see, e.g.,
[9, Prop. 2.2.1]). The claim follows from the well-known fact that every
epimorphic image of a toroidal group is again toroidal. O

On the other hand, for those non-totally real number fields K admitting
an essential polynomial, that is, an irreducible polynomial f(z) = ag +
a1z + -+ + apy12"tt € Z[w] such that K = Q(w) with f(w) = 0 and the
discriminant of f(z) is equal to the discriminant of the field K, by [10] an
integral basis of the ring of integers Ok is given by {po, p1, ..., pn} Where

j—1

(2.1) po=1and p; = Z ans1—pw’ 7k, for j=1,...,n.
k=0

In this case, let aq,...,a,, be the real roots of f(z) and let v,7 be the
two non-real roots. Let ® = {o1,...,0.,,0,} be the type defined by

O1i W1, ... OpiWhH— Qp, OpiWhr—7.
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The lattice pup(Ok) is generated by the vectors
pe(1) = (1,...,1,1),
pa(p1) = (Ant100, - Gnp1Qry, Gng1y),

2 2 2
pa(p2) = (ant107 + anai, ..., On41Q, + GpQypy, Q417" + any),

1o (pn) = (apt10f + -+ + azan, . . .,
an+1a77}1 +o Tt 20y, an‘f‘l’yn +oe G,Q’)/),

therefore its period lattice A is generated by the columns of the matrix

2
1 apti1 @pr10f +Fapar ... apgi1al 4+ -+ a0y
2
1 apy10  Qpp10g, +apQey oo appiog + o+ agQy
2
1 apt1y ape1Y° +apy ... Ap1Y" + -+ azy

Being isomorphic to Ok, End(7T) consists of the endomorphisms induced
by the multiplications by algebraic integers. In the following we write down,
in the case of low dimension (that is, n = 2,3), which illustrate the general
case, the relations between the essential polynomial and the parameters in
the last column of the period matrix of 7 in standard form, and we give
the analytic and rational representations of End(7).

2.1. Toroidal groups and non-totally real cubic number fields. Let
now K be a non-totally real cubic number field, o01: K — R C C the real
embedding, and o3 : K — C one of the two conjugate complex embeddings
of K. The Minkowski embedding y : K — C?, defined by the map

z— (01(2),02(2)),

gives in turn the lattice u(Og) of C2, which has real rank equal to the rank
of O, that is three, and the quotient group 7 = C?/u(O) is a toroidal
group with extra multiplications (see [16]).

On the other hand, for any non-totally real cubic number field K, there
always exists an essential polynomial, hence it is possible to choose an
element w € K such that K = Q(w), with aw3 +bw?+cw+d =0 (a,b, c,d €
Z) and

Ok = (1, p1, p2),
where p1 = aw, p2 = aw?+bw (see, e.g., [11, §1.3]). Note that aps = p?+bp;.

In this case, the embeddings o; and o9 are definied by o1(w) = «a, and

o9(w) = B, where

az® +bx? +cx +d = a(z — a)(z — B)(xz — B).
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As claimed above, we write down the period matrix in standard form of
T, and we give the analytic and rational representations of End(7).

Theorem 2.3. Let K = Q(w) be any non-totally real cubic number field,
with aw?® +bw? +cw+d =0, and let ;1 : K — C? be a Minkowski embedding,
as above. If T = C?/u(Of) is the toroidal group associated with O, then
the parameters defining the lattice in standard form are T = —aaf and
s1 = —B (hence 751 = —d).

Moreover, T has extra multiplications, and the analytic and rational rep-
resentations of End(T) yield the free Z-modules generated, respectively, by
the matrices I, (p1)a, (p2)a and I3, (p1)r, (p2)r, where

(2.2) (p1)a = <(1) _b(_l:asl) ;o (p2)a = (; __acd) ’

and

0 0 -—ad 0 —ad -—-bd
(2.3) (p1)r=11 =b —c |, (p2)r=1(0 —c —d].
0 a 0 1 0 —c

Proof. We can assume that the Minkowski embedding p : K — C? is
defined, as above, by u(z) = (01(2), 02(2)), with 01(w) = a, and o2(w) =
5. Since we have chosen the primitive element w € K such that O =
(1, p1,p2), with p1 = aw, p2 = aw? + bw, the Minkowski embedding
produces the lattice

w(Or) = ((1,1), (ac, af), (ac® + ba, af® + bB)).

It is clear that the set {u(1) = (1,1),u(p1) = (ac,aB)} is a basis of C?
because o # f3. Replacing this basis with the canonical basis of C? we
obtain that the lattice can be rewritten as

<(17 0)’ (07 1)7 (7—7 S1)>,

7\ (1 a« ' faa? + ba _ [(—aap
()=o) -Goias) - (),
and the first assertion follows.
By [16] we know that the toroidal group 7 has extra multiplications,
which in our setting are induced by multiplications by p; and ps. Since

{u(1), u(p1)} is a basis of C2, we have to check how the multiplications by
p1 and py induce endomorphisms of C2. Seeing that

p(pt) = u(=bp1 + ap2) = arp(1) + (=b+ as1)u(p1),

with

and that
p(p2) = (1) + s1p(p1),
p(p2p1) = pla’w® + abw?) = p(—ad — acw) = —adp(1) — cp(pr),
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the analytic representation of p; and po is given by the matrices in (2.2).
Since {u(1), u(p1), (p2)} is an integral basis of the lattice u(Ok), the
same relations, together with

w(p3) = p(a’w* + 2abw® + b*w?)
= p((—abw® — acw? — adw) + 2abw® + b*w?)
= p((—=b*w? — bew — bd) — acw? — adw + b*w?)
= p(—bcw — bd — acw?® — adw)
= —bdp(1) — du(p1) — cu(p2)

(where we applied twice the equality aw?® + bw? + cw + d = 0), prove that
the rational representations of p; and p are the ones given in (2.3). O

Remark 2.4. As a matter of fact, these matrix representations satisfy the
following Hurwitz relations:

1 0 7 1 0 7 .
(p])a <0 1 81) - (0 1 51) (p])TJ j - 172

Under the necessary conditions seen before, the following theorem in [16]
characterizes, conversely, a general toroidal group 7 as determined by the
lattice u(%f ) C C?, for some fractional ideal %j of the non-totally real
cubic number field K = Endy (7).

Theorem 2.5. Given a toroidal group T of complex rank rk¢ T = 2 and
real rank tkg T = 3 with extra multiplications, the field K = Endy(T) is a
non-totally real cubic number field, and if the ring End(T) coincides with
the ring of algebraic integers Ok, then there exists a fractional ideal %J,
with v € O and J an ideal of Ok, such that T is isomorphic to the
quotient
C*/u(5T),
for a suitable Minkowski embedding p : K — C2.

2.2. Fractional ideals and torsion points, in the geometric corre-
spondence with a generalized Jacobian. In this section we represent
the torsion points of a toroidal group C2/A in the geometric correspondence
with a generalized Jacobian with modulus L = (M)+(N), with M = P(ty)
and N = P(t N)'

Remark 2.6. Recall that any fractional ideal %‘7 of K defines the isogeny
e as in Theorem 2.1. This allows us to consider just toroidal groups of
the form 7 = C?/u(Ok). In this case T is birationally isomorphic to the
generalized Jacobian Jr,(C) of the elliptic curve C having periods 1 and
T = —aaf, with L = (M) + (N) such that (M) — (N) = (P(s1)) — (),
s1 = —f, where a, a and 3 are given as in Section 2.1.
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Remark 2.7. As remarked in the Introduction, the fact that, in the case
where the toroidal group comes from the ring O, the entry s; is not a real
number distinguishes this from the general case of an arbitrary toroidal
group. Note moreover that, in such a given case, we could make the same
construction, starting from the elliptic curve defined by the lattice (1, s1)7,
obtaining a different meromorphic function G((, z) with the same lattice A.

It is worthwhile to point out that, even if the m-torsion subgroup 7 [m)]
of T is isomorphic to (Z/mZ)3, its elements are parametrized only by the
complex variable ¢ of the pair ({, z) € C2, the complex variable z playing,
virtually, no role (cf. Remark 2.9 below).

Theorem 2.8. In the above notation, if m > 0 is a fized integer, then the
torsion subgroup

TIm] = (% 0k)/1(Ok)

is isomorphic to (Z/mZ)3. Furthermore, an element of J1(C), represented
as in (1.4) by the pair (P,k) € C x C*, with P = P(t), belongs to the
m-torsion subgroup if and only if there exists ¢ € (1,7) such that

1
t=

- C7
G ,,\L/a(c—tM) olia)" !
() Ve s

Proof. The first assertion follows from the trivial fact that
n((¢2) + m(OK)) = p(Ox) = ((2) € 7p(0x) = 1 (7:0x)
SO
T[m]:{%(1,0)+%(o, 1)+% (7, 51)+u(Ok) : 0<dj < m_1}g(Z/mZ)3.

As the sum in the generalized Jacobian is given by

(P(¢1), GGy 21)) + (P((2), G((2, 22))
= (P(G1 + G2). GGt 21) GG, 22) (eLP) (1, C2) )

where

(tar) o(C—tn)

(2.4) G(¢2) = eXP(_Qm‘SlOZ(tN) o(¢ = tu)

exp(2miz),

recursively we find

m—1

G(mC7mz) = G(Cvz)m (CLP)(gv.]C)

J=1
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Therefore, if (¢, z) € A, then

m—1
(2.5) 1=G((2) =G )™ 1T (e2P) (56,370,
j=1

whence we obtain

G HcLPujc:)

j=1

By equations (2.4) and (2.5), we can write now

oltar) o(C—tn)  oltar)™ o(E¢—tn)™ .
O'(tN) O'(C — tM) o O—(tN)m U(%C _ tM)m J]:[l (CLP)(%Q]%C))

and the second assertion follows. O

Remark 2.9. Apparently, z plays no role in the parametrization of the
elements of 7 [m], but if ((,z) € A, then

<1C i > _ <d1+d37' d2+d381>
m 7mZ - M )

m m

so the role of the integer parameter do in z is linked to that of the m-th
root.

2.3. Toroidal groups arising from quartic fields. Now we want to
exhibit the construction of a toroidal group arising from a non-totally real
quartic number field with one pair of complex embeddings. Let K be such
a number field, ® = {o1,09,03} a type of K and ug the corresponding
Minkowski map. Let us consider the connected Abelian complex Lie group
T = C3/ue(Ok). By [10], we know that if there exist an essential polyno-
mial f(z) = ax? + bx3 + cx? + dv + e € Z[z] for the quartic number field
K, then Ok admits an integral basis of the form

(2.6) {po=1, p1 = aw, ps = aw® + bw, p3 = aw® + bw? + cw},
where w is a primitive element of K with f(w) = 0.

Remark 2.10. We note that the fact that K has precisely one pair of
complex embeddings is necessary in order to have a toroidal group of com-
plex dimension 3. Indeed, if we suppose that it admits 2 pairs of complex
embeddings then, for every type ® and fractional ideal a, we would have a
lattice A = g (a) C C2.
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Theorem 2.11. Let K be a quartic field admitting an essential polynomial
f(x) with real roots a, 5 and complex roots v,7, and let us fix the type ®
corresponding to the set of roots {a, B,~v}. The group T = C3/us(Ok) is
toroidal and its period matriz in standard coordinates

1 0 0 T
II=(0 1 0 s1
0 01 S9

s given by
(2.7) T=
Proof. The proof proceeds as in the case where n = 3. Let K = Q(w) be

a quartic field admitting an essential polynomial f(x) with real roots «a,
and complex roots v,7. Let ® = {07, 02,03} be the type defined by

ol:wH—a, Oy:wr— B, 03w .
The lattice pue(Ok) is generated by the vectors
pe(1) = (1,1,1),
e (p1) = (aa, af, ay),
po(p2) = (ac® + ba, aB® + bB, ay* + by),
pa(p3) = (aa® + ba? + ca,aB® + bB2 + cB,ay> + by? + ¢y),
therefore its period matrix is given by

1 aa ac?+ba aa®+ba? + ca
1 aB aB?+b8 aB3+b82+cB |,
1 ay ay’+by ay®+by> +cy
which, changing basis, gives in turn the period matrix in standard coordi-
nates II = (I3|T') where T is the column

aa Sy
T=|-% @ —ac+a*(aB+ay+By)+abla+B+7))
bta+p+y

Using the following relations occuring among the roots and the coefficients
of a polynomial,

_ e
afyy =~
a
_ b
a+ﬁ+'y+'y:—a,

C
M%Hw+a7+&wﬂﬁ+77=a
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we obtain that

aafyy e
T=aofy=———=—,
v v
L _ P —actaaf+ay+py) +abla+ )
1=— 5
a
__b2_ac+ac+aﬁ(b+a7)+b(_b_a7) __a272 L
B (12 - CL2 - 7,
b b b+4ay
so=—+a+pf+yv=—-— 7:_
a a a

Now we show that this group is toroidal. The irrationality condition in
standard coordinates reduces to the fact that the only vector (I1,ls,13) € Z3
that satisfies (I1,l2,13)- (7, 1, 82) € Z is the zero vector. Let us suppose that
(I1,1l2,13) - (7, 81,82) =l € Z. Therefore we have

he 17—y =1,
Y
that implies
173 + 137% 4 17 — l1e = 0.
This gives (I1,l2,13) = (0,0,0), otherwise we would have a contradiction

with the fact that f(z) is a times the minimal polynomial of 7 over Q. O

Remark 2.12. As mentioned in the Historical background, the fact that
C3/ua(O) is toroidal is already in [2], but the above proof shows that, in
the case where K admits an essential polynomial, it can be proved more
directly. Finally, using Corollary 2.2, C3/pug(a) is, as well, toroidal for every
fractional ideal a of K.

Now we can generalize a theorem of [16], the proof of which is similar.

Theorem 2.13. If & = {01, 02,03} is a type of a quartic field K admitting
an essential polynomial, and if a is a fractional ideal of K, then the toroidal

group T = C3/ug(a) has extra multiplications. Moreover, the ring Ok is
isomorphic to End(T) and the field K is isomorphic to Endo(T).

Proof. For every v € Ok, the matrix

O'1(V> 0 0
(2.8) D(l/):( 0 o2v) O )
0 0 o3(v)

induces an endomorphism of 7, that we keep denoting with the same sym-
bol. In fact, if (o1(¢), 02(g), 03(¢)) € pa(a) then

o1(e) o1(v) 0 0 o1(e) o1(ve)
D(v) (02(5)) = ( 0 o2v) O ) (02(6)) = (0'2(1/6)) ,
3(¢) 0 0 o3(v)) \os(e) o3(ve)

Q
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and (o1(ve),o2(ve), o3(ve)) € ue(a). Since Z is strictly contained in Ok,
we have that 7 has extra multiplications. Tensoring with Q, the injective
map

D: OK — End(T)
v+— D(v)

induces a further map
(2.9) K — Endy(7).

Since by [4] we know that Endo(7) is a non-totally real number field, and its
dimension must divide 4, the map in (2.9) turns out to be an isomorphism.
We also conclude that End(7) is an order in Endg(7) ~ K, and since it
contains (up to isomorphism) the maximal order O, we obtain that the
map D is an isomorphism. [l

Remark 2.14. While by [4] we know that for all toroidal groups C3/A of
real rank 4, the ring Endo(C3/A) is actually a non-totally real number field,
Theorem 2.11 shows that the period lattice of a toroidal group must fulfill
very strict conditions in order to be a group arising from a non-totally real
quartic field admitting an essential polynomial.

This can be seen as a further evidence that the class of fields with essen-
tial polynomial is very small compared to all the non-totally real number
fields.

2.4. Representations of the endomorphisms. Coming back to the 3-
dimensional general case, let 7 = C3/A be a toroidal group of complex
dimension rk¢ 7 = 3 and real rank rkg 7 = 4 having extra multiplications.
We recall again that Endy(7) is a non-totally real number field. Since

dimg Endo(7") | dimg Endg(spang(A)) = rkg A = 4,

we have that dimg End(7") can be equal to 2 or 4, that is, Endy(7") can
be respectively a quadratic or a quartic number field. The natural map
End(7) — End(7) ®zQ = Endy(7) is injective because End(7) is torsion-
free. We conclude that End(7) is an order of the number field Endy(7") since
rkg End(7) = [Endo(7) : Q]. Let us suppose from now on that Endo(7) is
a quartic number field K admitting an essential polynomial f(z) = az* +
ba3 + cx? + dr + e € Z[z] and that the order End(7) is maximal, so it
coincides with the ring of integers O. Again by [10], we have an integral
basis of the form (2.6) and hence a matrix representation of O into M4(Z)



Non-totally real number fields and toroidal groups 357

given by
1 0 00O 0 0 0 =—ae
01 0O 1 -b —c —d
(2.10) ,00—1'—)[4— 00 1 0 ,p1'—>A1— 0 a 0 0 s
0 0 01 0 0 a 0
0 0 —ae —be 0 —ae —-be —ce
0 —¢c —-d -—e 0 —-d -—e 0
A=ty L g As=ly o g e
0 a b 0 1 0 0 —d

Theorem 2.15. Let T be a toroidal group of complex dimension 3 and real
rank 4 having extra multiplications and period matriz given by

1 0 0 T
(2.11) I=1{0 10 | s |.
0 01 59

Suppose that the non-totally real number field K = Endo(T) is a quartic
field admitting an essential polynomial f(x) = ax* + bax® + cx? + dx + e
and that End(T) = Ok. Suppose (2.10) defines the rational representation
of End(T). Then T is isomorphic to C?/ue(Of),for a suitable Minkowski
map pe. Furthermore the analytic representation in standard coordinates
s given by

1 00 0 0 art
(212) poz]_}—>[3: 01 0 s ,01F—>M1: 1 —b —c+as |,

0 0 1 0 a aso
0 ar —ae + br T —ae —be
P2 — My=10 —c+as; —d + bsy , p3t— My =151 —d —e | .
1 asy —c+ bsgy so 0 —d

Proof. Suppose that the matrix II in (2.11) is the period matrix of 7 in
standard coordinates. With the embedding in (2.10) as the rational repre-
sentation of the ring End(7), the Hurwitz relations

(2.13) MII=114;, i=1,2,3,

must hold, where M; € M3(C) is the analytic representation of p;. Direct
computations give in turn the matrices M;, that are

0 0 at 0 at —ae + bt
Mi=(1 —=b —c+as1|, My=|0 —c+asy —d+bs|,

0 a ass 1 ass —c+ bso

T —ae —be
M3 =1 S1 —d —€ .
59 0 —d
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Comparing the last columns of equation (2.13) for i = 1, we obtain that
7, s1 and s9 must satisfy the following conditions:

€

T = —5,
51 = —s3,
f(=s2) =0.

Equation (2.13) with ¢ = 2,3 does not give any further information. Hence
we have that —s9 is a root of the polynomial f(x) which cannot be real
(otherwise the complex rank of A would be 3). Let o and /5 be the real
roots of f(x). If we consider the type ® = {01, 092,03} defined by

o1 wr—a, o09:wr— B, 03:w+— —33,

we have that A coincides with the lattice pue(Ogk) described in Theo-
rem 2.11. O

Remark 2.16. The above representation in My(Z) of the ring of integers
Ok of a non-totally real quartic field K with essential polynomial is already
n [10]. We remark here that the representation of End(7) in (2.12) gives
in turn, as well, a representation of smaller degree into M3(C) of Ok.
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