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On discrepancy, intrinsic Diophantine
approximation, and spectral gaps

par ALEXANDER GORODNIK et AMos NEVO

RESUME. Dans le présent article, nous établissons des bornes pour la taille de
I’écart spectral pour les actions de groupe sur les espaces homogenes. Notre
approche est basée sur 'estimation des normes des opérateurs de moyennage
appropriés, et nous développons des techniques pour établir des bornes supé-
rieures et inférieures pour de telles normes. Nous montrerons que ce probleme
analytique est étroitement lié au probléeme arithmétique de ’établissement de
bornes sur la divergence de distribution pour les points rationnels sur les varié-
tés de groupes algébriques. Comme application, nous montrons comment éta-
blir une borne effective pour la propriété () des sous-groupes de congruence
des treillis arithmétiques dans les groupes algébriques qui sont des formes de
SLo, en utilisant des estimations dans l'approximation diophantienne intrin-
seque qui découlent de ’analyse de Heath-Brown des points rationnels sur des
variétés quadratiques de dimension 3.

ABSTRACT. In the present paper we establish bounds for the size of the spec-
tral gap for group actions on homogeneous spaces. Our approach is based on
estimating operator norms of suitable averaging operators, and we develop
techniques for establishing both upper and lower bounds for such norms. We
shall show that this analytic problem is closely related to the arithmetic prob-
lem of establishing bounds on the discrepancy of distribution for rational
points on algebraic group varieties. As an application, we show how to estab-
lish an effective bound for property (7) of congruence subgroups of arithmetic
lattices in algebraic groups which are forms of SLs, using estimates in intrin-
sic Diophantine approximation which follow from Heath-Brown’s analysis of
rational points on 3-dimensional quadratic surfaces.

1. Introduction

1.1. Introduction. Let G be a locally compact second countable (lesc)
group. A (strongly continuous) unitary representation m of G on a Hilbert
space H is said to have almost invariant vectors if there exists a sequence
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of unit vectors vy, such that ||7(g)v, — v,|| = 0 uniformly for g varying in
compact subsets of G. If m does not have almost invariant vectors, 7 is said
to possess a spectral gap. This fundamental representation-theoretic prop-
erty expresses the fact that the trivial representation of G is “isolated” from
the irreducible representations appearing in the spectral decomposition of
the representation .

The spectral gap property can be also formulated in explicit quantitative
terms, via norm estimates of averaging operators. For a finite Borel measure
8 on G, we define the bounded operator

T(B):H —H , v /GW(g)vdﬁ@)-

It is well-known that 7 has the spectral gap property if and only if for some
(equivalently, for all) absolutely continuous symmetric probability measure
$ whose support generates G, one has ||7(5)| < 1. This leads to the natural
problem of establishing explicit estimates on the norm ||7(3)|| that we aim
to address and utilize in the present paper.

We will be especially interested in the spectral gap property for repre-
sentations of semisimple algebraic groups acting on homogeneous spaces
with finite invariant measures, which we now introduce. Let G C GL,, be
an algebraically connected linear algebraic group defined over Q which is
Q-simple. We use the notations:

G :=G(R) and Gg:= HpeSG(Qp)
for a finite set of primes S, and
Is:=G(Z[S']) and Tg, :={y€ls:y=e modm}
for m coprime to S. We consider the spaces
Xsm = (Goo X Gg)/Tsm

and the corresponding unitary representations pg ., of the group Gg acting
on the spaces L2(Xs,,) consisting of square-integrable functions with zero
integral.

To simplify notation, when the set S consists of a single prime p, we
write G, (instead of G,)) and similarly for the other objects involving S
in the subscript.

We have a (well-defined and unique) direct integral decomposition

PSm = /@ W@k(ﬁ) dHS,m(Tr)a
s

where Ilg,, is a Borel measure on the (standard Borel) unitary dual Gg
(consisting of equivalence classes of strongly continuous irreducible unitary
representations of Gg) and 1 < k(m) < oo denotes multiplicities. The sup-
port of the measure Ilg,, (w.r.t. the Fell topology on the unitary dual) is



Spectral gaps and intrinsic Diophantine approrimation 129

called the support of the representation pg,,. Following [5], we introduce
the notion of the automorphic dual of Gg:

Gauto = U(m $)=1 supp(ps,m) and Gyt = GautO U{lgs},

where the closure is taken with respect to the Fell topology on the uni-
tary dual @5, and 14 denotes the trivial representation of Gs. A crucially
important property (called property (7) for congruence subgroups or the
Ramanujan—Selberg property) of the representations pg,, is that they are
uniformly isolated from the trivial representation, namely, the sum of the
representations pg ,, has the spectral gap property. This fundamental result
was proved in full generality by Clozel [8], but it has a rich history going
back in some cases to works of Ramanujan and Selberg [35, 36], Kazh-
dan [24], Burger—Sarnak [6], and others. We refer, for instance, to [33, 9, 4]
for detailed surveys.
We introduce the height function on the group Gg:

Hs(g) =[], g max(1, llgplly) for g = (gp)pes € Gs,

where |- ||, denotes the maximum p-adic norms, and the corresponding
compact subsets
(1.1) By :={g € Gs: Hs(g) < h}.

We consider the Haar-uniform probability measures 5;? supported on the
sets By . Then property (7) amounts to the estimate (when h > ho(S))

sup{||7(87)]| : ™ € G§} < 1.

In a number of cases, more precise explicit bounds are known. For in-
stance, the Ramanujan—Petersson—Selberg Conjecture amounts to showing
that when G is a form of SLo, then

sup{||7(B;)] : m € GE0} <5 mag(By) Y2 for all € > 0,

where mgg denotes a Haar measure on Gg. It was established by Deligne
in the case when G is anisotropic over R (see, for instance, [32] for a self-
contained introduction to these results), but is still open otherwise. On
the other hand, one expects only weaker decay bounds for more general
algebraic groups.

The goal of the present paper is to develop upper and lower bounds on
the norms ||(B5)| for automorphic representations, and to demonstrate
their close connection and mutual relationship to problems of intrinsic Dio-
phantine approximation on the corresponding algebraic groups. We note
that the norm estimates are interesting only when the group Gg is non-
compact, which we assume throughout the paper.

We now turn to state our main results.
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1.2. Lower bounds for operator norms in the automorphic repre-
sentation. Our first result provides an explicit lower bound for the norms
of the averaging operators introduced above.

Theorem 1.1. Let G be an algebraically connected Q-simple linear alge-
braic group defined over Q. If L is a proper reductive algebraic subgroup of
G defined over Q, then there exists C > 0 such that for all h > 1

~aut.0 mpq(Ls N BY)
sup{[w(85)]| : = € G0} > ¢ T2 U Oh)
{ } mag (Bif)
where mp,g denotes a Haar measure on Lg, and the constant C' depends on
G, S,L and the choice of Haar measures. Therefore, for all h > 1,

ML (LS N B}?)
mGs(Bi?)

We remark that a general, but weaker, lower bound valid in the present
context is: for all h > 1

(1.2) sup{||x(67)] : = € G§™"} > C (mGs(B’m_l/z '

We refer to Remark 3.3 below for a justification of (1.2). Usually, in Theo-
rem 1.1 one can choose the subgroup L, so that my (LsNBy) > ma(By)?
with p > 1/2. Then Theorem 1.1 provides a better estimate. We exemplify
this by the following explicit estimates for classical groups:

)

sup{|]p57m(6,f)H : m € N with (m,S) = 1} >C

Corollary 1.2.

(1) For G = SL,, withn > 3, for every prime p, if h is sufficiently large,
for all e > 0.:

sup{ (8| 7w € G0 >, mg, (BIPH)2mte

(2) Let G = SO,, with n > 4 and p is prime satisfying p = 1 (mod 4).
Then when n is even, if h is sufficiently large, for all € > 0

Sup{HW(B}{lp})H = égut,o} > mGp(B;{LP})fQ/nJre’ e >0,
and when n is odd, if h is sufficiently large, for all € > 0,
Sup{Hﬂ-(ﬁ}Ep})H = @;ut,O} >, mGp(B}{lp})fQ/(nfl)+e‘
(3) Let G = Spy,, for n > 2. If h is sufficiently large, for all € > 0,
sup{||7r(ﬁ}£p})|| CmE @;uw} >, mGP(B}{lp})*Q/(nJrl)ﬂ_

It is to be expected that the lower bounds in Theorem 1.1 (and in some
cases even the best-possible lower bounds) can be deduced from the descrip-
tion of the continuous automorphic spectrum obtained by Langlands [26].
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However our approach is different, and uses only relatively elementary con-
siderations.

The above result raises the question of estimating the operator norms
for the discrete part of the spectrum. Let pdle denote the subrepresenta-
tion of pg,, consisting of discretely embedded irreducible subrepresenta-
tions of pgm, and let pg',” denote its cuspidal subrepresentation, so that

1 pdlSC A = [lpgm (B)]]- We note that a lower bound for ||pgP(8)]| fol-
lows from the remarkable equidistribution results for cuspldal spectrum
of automorphic representations that was recently established by Matz and
Templier [29] and Finis and Matz [14].

Theorem 1.3. Let G be a split simple simply connected classical algebraic
group defined over Q. Let us assume that G is isotropic and unramified
over Q, and denote by U, a hyper-special mazimal compact subgroup of
Gp. Then for any compactly supported Uy-biinvariant measure 3 on G,

lop 1" (B = 1181 2.

For example, when 3 is a probability measure given as the normalized
characteristic function of a Up-biinvariant subset B of G, we obtain the
lower bound

di —-1/2
pe(B)]] = ma, (B) /2.

The bound in Theorem 1.3 implies the bound stated in (1.2) but is estab-
lished for a more restricted setting, and is far less elementary compared to
the discussion in Remark 3.3.

1.3. Spectral gaps and mean-square discrepancy bounds on the
group variety. Now we aim to obtain upper bounds on the averaging
operators, or equivalently on the size of the spectral gap. We shall show that
such bounds can be deduced from the solution of the arithmetic counting
problem of estimating the discrepancy of distribution of rational points.
Let now G be an algebraically connected simply connected Q-simple lin-
ear algebraic group defined over Q. We use notations as above and addition-
ally assume that G is non-compact. Then the subgroup I's,, embedded
in Gy is dense and, in fact, equidistributed in G, in a suitable sense
(see [17, 20]). Let m¢,, and mg, denote Haar measures on G and Gg
which are normalized so that I'g has covolume one in G, x Gg. We fix a
left-invariant! Riemannian metric p on Go. Let B(z,r) denote the corre-
sponding balls in Go.. Let also B be a bounded measurable subset of Gg of
positive measure. We consider the problem of counting the points of I'g,,
contained in the domains B(z,r) x B. To study the distribution of ratio-
nal points I'g,,, in G, it is natural to consider the following discrepancy

1With obvious modifications our argument applies also to a right invariant metric.
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function:

_ |Tsm N (B(z,r) x B)|  mg, (Ble,r))
D(Tsm, B(x,r) x B) := e (B) — To/Tsm]

where the ball B(z,r) is fixed, and the subsets B eventually exhaust Gg.
For instance, one can take B to be the height balls B;f with h — oo.

We consider the discrepancy as a function of z as it varies over Goo.
When the subset B of Gg is left-invariant under a compact open subgroup
Us of Gg, the discrepancy D(I's,, B(z,r) x B) is left-invariant under the
subgroup I's,, N Ug, which is a finite index subgroup of I'g N Ug. In this
case, we define the mean-square discrepancy as

Eg . (r,B) := ||D(Tgm, B(-,r) x B)

||L2 ((FS,mmUS)\GOO) ’

where (I's , NUs)\G oo is equipped with the invariant probability measure.

Note that computing the discrepancy is a purely arithmetic problem
which involves estimating the number of rational points satisfying given
Diophantine equations, inequalities and congruence conditions. But we will
show that the behaviour of the discrepancy captures the size of the spectral
gap for the corresponding automorphic representations, a purely analytic
problem. The fact that the mean-square discrepancy can be used to bound
the norms of the averaging operators is formulated as follows.

Theorem 1.4. Let us assume that the set of primes S is unramified and
denote by Us a hyper-special mazimal compact subgroup of Gg (cf. Sec-
tion 2). Let B be any non-empty bounded Ug-bi-invariant subset of Gg of
positive measure. Fiz an irreducible unitary representation m of Gg which
is discretely embedded in pg,. Then there exists ro(w) > 0 such that the
averaging operator w(J3) supported on B satisfies the bound

(1.3) Im(B)]| < |Ds/Tsm|r™ W) Eg (1, B)
for all 0 < r < ro(m). Here the implied constant depends only on Guo.

While our approach has little in common with the work of Sarnak and
Xue [34], their work was the main inspiration for Theorem 1.4. In fact, [34]
develops an approach for establishing the uniform spectral gap property for
the Archimedean factor based on lattice point counting estimates.

Let us note the following regarding Theorem 1.4:

e For an upper bound on ||7 (/)| to be meaningful, it must be strictly
less that 1. As we shall see below, in suitable circumstances this
is indeed the case for the bound (1.3), provided that the measure
of the set B is sufficiently large compared with the inverse of the
measure of the ball B(e,r).

e The assumption that 7 is discretely embedded in pg ,, is important
for our present argument. We expect however that this argument
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can be developed further to deal with all representations which are
weakly contained in pg,,. Note that the complete description of
continuous spectrum is known due to the work of Langlands [26].
Therefore, understanding the discretely embedded representations
is the crucial missing ingredient.

In our previous work [17, 20], we have shown that analysis on the homo-
geneous spaces Xg ,, can be used to establish mean, almost everywhere, and
pointwise bounds for the discrepancy function. Remarkably, Theorem 1.4
(and more generally Theorem 5.2 below) shows that the converse is also
true, and estimates on discrepancy lead to quantitative estimates for the
spectral gap. These observations raise an interesting possibility of studying
the spectral gap problem via arithmetic consideration. Here we carry this
out for forms of SLs.

1.4. Property (7) for congruence subgroups. Let G be a linear alge-
braic group defined over Q which is a form of SLs. More explicitly, G can
be viewed as the set of norm one elements in a division algebra defined
over Q. The integral structure on G is defined with respect to an order of
the division algebra. We fix a prime p, and assume that G is isotropic over
R and over Q,. Moreover, we assume that G(Z,) is a hyper-special max-
imal compact subgroup of G, (which is the case for all but finitely many
primes). In this setting, we derive a bound on the norms of automorphic
representations:

Theorem 1.5. For every £ € N coprime to a prime p satisfying the fore-
going conditions,

lpeBINI <pe ma, (B,
where k = 1/4 if G is anisotropic over Q, and k = 1/16 if G is isotropic
over Q. As a result, for any w € Ggut’o,

|7 (BN <pe ma, (B 7.

Our estimate falls short of the best known bound, which corresponds
to k = 25/64. This bound is due to Kim and Sarnak [25, App. 2] over Q
(and Blomer and Brumley [3] over number fields) and was proved by quite
a different argument. Our approach involves establishing a bound on the
discrepancy function directly using the refined circle method arguments
due to Heath-Brown, and then combining this bound with a version of
Theorem 1.4. We remark that for technical reasons, we will work with
smooth test-functions on G rather than the balls as above.

1.5. Organisation of the paper. In the next section we set up notation
and review basic facts that will be used throughout the paper. Then in
Section 3 we develop a method for proving lower bounds for the norms of
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averaging operators and establish Theorem 1.1 and Corollary 1.2. In Sec-
tion 4 we estimate the norms of averaging operators acting on the discrete
part of the spectrum and prove Theorem 1.3. In Section 5 we show how to
derive norm bounds from estimates on the discrepancy of rational points
and prove Theorem 1.4. This approach will be utilized in Section 6 where
we use the refined circle method technique developed by Heath-Brown [22]
to establish the required estimates on discrepancy and prove Theorem 1.5.

2. Basic notation

Let G C GL,, be a connected semisimple linear algebraic group defined
over a number field K. We denote by K,, v € V, the completions of K. We
fix a finite set S of non-Archimedean completions such that the group G is
isotropic for at least one completion from S. We denote by G, the product
of G(K,) over the Archimedean completions and by Gg the product of
G(Ky) over S. We consider G, and Gg as locally compact groups equipped
with the topology arising from the field completions. We fix a choice of Haar
measures mg,, and mg, on Goo and Gg respectively.

Let Og := {x € K : |z|, < 1 for v ¢ S} denote the subring of K con-
sisting of elements which are K,-integral for v outside S (also known as
the ring of S-integers in K). For non-Archimedean completions, we write
O, for the ring of integers in K, (note that with this notation O, # Oy,}).
We denote by I's := G(Og) the S-arithmetic subgroup of G(K). We de-
note by O° the product of G(O,) over the non-Archimedean completions v
which are not in S. Then I's can be viewed as a subgroup of ©°, and for
an open subgroup O of O°, we define I's o := I's N O. Under the natural
embedding, we view I'g o as a subgroup of G, x G's. Then it is a discrete
subgroup with finite covolume, and we consider the homogeneous spaces
X500 = (Goo X Gg)/I's,0 equipped with the invariant probability mea-
sures ji5,0. Let pgo denote the corresponding unitary representations of
the group G's on the spaces L3(X s.0), the space of L?-integrable functions
with zero integral.

The group G is said to be unramified over a completion K, if it is quasi-
split and split over an unramified extension of K,. If G is unramified over
K, there exists a canonical conjugacy class of maximal compact open sub-
groups of G, — the so-called hyperspecial maximal compact subgroups
(see [39]). We fix a choice U, of a hyperspecial maximal compact subgroup
U, of G,. More generally, we write Ug := [],cg U, when G is unramified over
every v € S (i.e. unramified over S). The pair (Gg, Us) is known to have the
Gelfand—Selberg property, namely the convolution algebra L'(Us\Gs/Us)
is commutative. We say that a unitary representation of Gg is spherical if
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there exists a non-zero Ug-invariant vector. It follows from the Gelfand—
Selberg property that if a spherical representation is irreducible, then the
dimension of the space of Ug-invariant vectors is at most one.

Let és denote the unitary dual of the group Gg equipped with the Fell
topology. We recall that given an arbitrary unitary representation o of Gg
on a Hilbert space H,, we have the direct integral decomposition

o= [_ k(™) dIIg o (n),
Gs

where Ilg o is a Borel measure on Gg, and 1 < k(m) < oo denotes the
multiplicities. The support of the measure Ilg ¢ is uniquely defined and is
called the support of the representation o, denoted supp(c). One says that
o is weakly contained in a subset Q of G if supp(c) C Q, where the closure
is taken with respect to the Fell topology. Namely, this means that every
function of positive type associated to ¢ can be approximated, uniformly
on compact subsets of Gg, by finite sums of functions of positive type
associated to m € ). More generally, for unitary representations o1 and o9
of Gg, we say that o1 is weakly contained in o9 if supp(o1) C supp(oz2). We
refer to [2, App. F] for basic properties of the notion of weak containment.
In particular, we recall that oy is weakly contained in o9 is equivalent to

(2.1) lou(F)|| < ||o2(F)||  for all F € LY(Gs),

and that o is weakly equivalent to the representation @&{7 : 7 € supp(o)}.
We say that a representation is tempered if it is weakly contained in the
regular representation L?(Gg).

Following [5], we introduce the notion of automorphic dual of G over S:

A Aaut,0 ; ~aut,0 |
G¢" =Gy U{lgy} with GE" = UOCOS supp(ps,0),

where the union is taken over open subgroups O of @, and the closure is
with respect to the Fell topology on @5. Given a subset B of Gg with finite
positive measure, we denote by  the Haar-uniform probability measure
supported on the set B. For 7 € és, we consider the averaging operators
7(B) which are explicitly defined by

1
m(B) = W/BW(Q) dmeg(g).

Recall that for any two finite Borel measures 51 and (2 on Gg,
m(B1* B2) = w(B1)m(B2) and w(B)" =m(B7).
We will be especially interested in the sets

B}? = {g € Gg: Hs(g) < h}
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defined by the height function

Hs(g) := ] max(1, [lgull) for g = (g0)ves € Gs.
veES

In this case, we denote the corresponding probability measure by B;? (and
when no ambiguity is present, by S3).

For some classes of unitary representations, explicit estimates on the
operator norms ||7(/3)| have been established. For instance, according to
the Kunze-Stein Phenomenon (proved for p-adic groups in [40] following
the method of [10]), for every ¢ € [1,2),

1f * ¢ll2 <q Ifllgllglla for all f € LY(Gs) and ¢ € L*(Gs).

It follows (see [19] for a full account) that for every tempered representation
m, and for every subset B C Gg of positive finite measure,

(2.2) (B[] < mag(B)~/?*

for all € > 0. More generally, if the tensor power 7" is tempered for some
even integer n, then by [30, 18] the following bound holds :

H"T(ﬁ)” <Le MGg (B)_l/(2n)+e

for all € > 0.

In particular, the tensor power property is known to hold for non-trivial
irreducible unitary representations of SLy(K,) (and more generally simple
groups with property T'). Therefore, for every such representation m,

17(8)]| < may(B)~"™

for some exponent x(7) > 0, which is uniform in the representation 7 when
d> 2.
When an irreducible representation 7 is spherical, then

2

23) =B = (5" 5] = | | wnlg) dma (o)

meas(B) /B
1
< W"LGS@/B ’Ww(g)’2 des(g)7

where w, denotes the spherical functions associated to the representation
7. Then ||7(5)|| can be analysed using estimates on the spherical func-
tions. For instance, considering the complementary series representations
of SL2(Qp), one can observe that the norms ||7(/5)|| may decay arbitrary
slowly for irreducible representations m and thus also construct examples of
(reducible) representations without invariant vectors such that ||7(5)| = 1.
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3. Lower bounds for norms of automorphic representations

Let G be a connected semisimple linear algebraic group defined over
a number field K. We keep the notation and assumptions introduced in
Section 2. Our goal is to establish a lower bound for ||w(85)||, for the rep-
resentations 7 € CA}Zm’O.
Theorem 3.1. Let L be any proper reductive algebraic subgroup of G defined
over K. If Lg is non-amenable, then for some positive constant C and for
all h > 1,

Mrg (LS N B,‘?)

S . ~aut,0
sup{HW(ﬁh)H rme Gy } zC mag(By)

where C' depends on G, S, L and the choice of Haar measures, but not on h.
In particular, for all h > 1,

mrs(Ls N By)

S S
supq ||ps,o (B : O - an open subgroup of ©O°} > C

Proof. The key starting point of our argument is the fundamental results
from [5] and [9, §3.3] which assert that if 7 € L2, then the induced
representation Indgs (r) is weakly contained in G&'. In particular, if we
denote by 7 the unitary representation of G on L?(Gg/Lg) (namely the
representation induced from the trivial representation of Lg), then it follows
that 7 is weakly contained in é%ut.

We also note that the representation 7 does not weakly contain the triv-
ial representation 1g. Indeed, consider any lcsc group G and a closed
subgroup L, with G acting on the homogeneous space G/L with infinite
invariant measure. Then weak containment of the trivial representation of
G in L?(G/L) is equivalent to the existence of an asymptotically invariant
(=Fglner) sequence of subsets of G/L. The proof of this statement is due
to Eymard [13] and Greenleaf [21, Thm. 4.1]. We refer to [23, Thm. 3.3] for
a short proof, and to [1, §3.1, §4.1] for a full account of this topic.

Furthermore, assume that G is the K-points of an algebraically con-
nected semisimple algebraic group over a locally compact non-discrete field
K of characteristic zero. Then the existence of an asymptotically invari-
ant sequence on G/L implies that L is Zariski-dense in G. This follows
immediately from [23, Thm. 6.1], and thus when L is a proper unimodu-
lar algebraic subgroup, we conclude that the trivial representation is not
weakly contained in L?(G/L). This argument also extends to the case of
finite products of algebraic groups over local fields of characteristic zero.

We can therefore conclude that 7 is in fact weakly contained in C:’asut’o.

In particular, 7 is weakly contained in the direct sum of 7 in @Zut’o (see [2,
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Prop. F.2.7]). Therefore, we deduce that

(3.1) sup {[(85) : = € G340} = - (89
Hence, to finish the proof, it remains to establish a suitable lower bound
for [|7(5;)]-

Let v be a Gg-invariant measure on the homogeneous space Gg/Lg. We
denote by p : Gg — Gg/Lg the factor map. Let ¢ be the characteristic
function of a compact neighbourhood U of the identity coset in Gg/Lg.
Then

(7(83)9,9) = 6(97" 2 Ls)¢(Ls) dmay (g)dv(zLs).

ol
mGs(B}lg) Gs/Ls /B

We observe that ¢(g 'xLs) = 1 provided that g € xp~1(U)~!, and it is
equal to zero otherwise. Hence,

(r(89). ) = mG1<B,§) [ mee (B3 0ap @) dvtats),

If  belongs to a fixed compact subset of Gg, then it follows from properties
of p-adic norms that there exists cl > 0 such that Hg(zg) < ¢1 Hs(g) for
all g € Gg. Therefore x 1BS > BY rlp and we deduce that

mag (B}é; n xpil(U)il) = mgg(z 71Bi€ mpil(U)il)

> mas (B, Np~ (U)7),

and

MmaGsg (B ﬁp_l(U)_l)

mGs (B}k?)

(7(8)6,6) > v(U)

If the neighbourhood U is chosen to be sufficiently small, there exists a
continuous section a U — p 1(U) of the factor map p such that the map
LsxU — p~Y(U)~! defined by (u,1) > lo(u)~! is a homeomorphism. Since
o(U) is compact, there exists ca > 0 such that Hg(gz) < ca Hg(g) for all
g€ Ggand z € o(U)7}, so that

B, np Y (U)'=B%, NLso(U)! > (B N Lg)o(U)L.

_1 —1 -1 -1
h h c; ¢y h

We observe that the Haar measure on p~1(U) C Gg can be decomposed as
fdmgg = / / flo(u) )y dmpg (1) dv(u),
Gs

so that
mas((Ls N BY 1O o(U)™) > v(U)mps(Ls N B> o)
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Therefore, combining the above estimates, we conclude that

mLS (LS N BS_l

S ‘1
(36 8) > — — 59
Hence, it follows from the definition of the operator norm that
mrg(Ls N Bf;lcglh)

mag (Bif )

To conclude the proof of the first estimate stated in Theorem 3.1, we re-
call (3.1) and use a property of the volume function formulated and estab-
lished in Lemma 3.2 immediately below.
To prove tt%e second inequality stated in Theorem 3.1, we observe that ev-
aut,

erym € G g is weakly contained in @ {ps,0}. Hence, it follows from (2.1)
that

cglh)

T8I >

S S
(Bl < supollps,o(By)l;
and the second inequality follows directly from the first estimate. O

Lemma 3.2. Let L C GL,, be a linear reductive algebraic group defined
over a number field K and S a finite set of non-Archimedean completions
of K. We denote by mr, a Haar measure on the group Lg. Then there
exists ¢ > 0 such that the sets By N Lg:={g € Ls : Hg(g) < h} satisfy

mrg(Bg, N Ls) < empg(By N Ls)
for all sufficiently large h.

Proof. First, we consider the case when S = {v} consists of a single comple-
tion v. For notational simplicity, in the present proof we set W (K,) = W,
(rather than W(,,) for any algebraic group W. Let us recall the Cartan
decomposition of L, (see, for instance, [37, Ch. 0]). We take a maximal
K,-split torus T of L and a minimal parabolic subgroup P associated to
T which has a decomposition P = MU, where M is the centralizer of T
in L, and U is the unipotent radical. We denote by Xt the set of posi-
tive roots of A associated to the parabolic subgroup P and II C X% the
set of simple roots. We write X'(M) for the group of algebraic characters

of M. Given x € X(M), we write |x(m)|, = qﬁx’w(m» for m € M,, where
w : M, — Hom(X (M), Z). We denote by M? the kernel of w. Then M, /M?
is free abelian group, and moreover w(M,) can be considered as a lattice
in Hom (X' (M), R). We set

M} = {m € M, : {a,w(m)) >0 for all « € XT}.

Let U, be a good maximal compact subgroup of L, associated to A,. Then
the Cartan decomposition holds

LU = UmeMj/MngmUv
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We also set A} := A, N M} and A9 := A, N M?. Then this decomposition
can be rewritten as

L, = 0 UyawU,,

LlaEAj/Ag,wE v

where €, is a finite subset of M,,.

Let us consider the representation L, — GL,(K,). Since the torus T is
K,-split, the image of T}, is diagonalizable, and we denote by ® C X (A) the
set of the corresponding weights. We introduce a modified height function
H! : L, — R defined by

H! (g) := max(1,]|al|),) when g € UyawU,,

where ||al|), := maxyeca [x(a)|y. It follows from the basic properties of norms
and compactness that there exist ¢1,co > 0 such that ¢; H) < H, < ¢y H).
Therefore, it will be sufficient to analyse measures of the sets

By :={g€ L,:H,(9) <h}.
We obtain
/
mr,(By) = ZaeA;L/Ag:Hg,(a)gh, weq, MLy (Uvawly).
Since wU,w ™' N U, has finite index in both U, and wU,w™", it is clear that
mr, (UyaUy,) < mp, (UyawU,) < mp, (U,alU,).

Let & : M, — R* denote the modular function of P,. Then according to [37,
Lem. 4.1.1], there exist ¢1,ce > 0 such that

c10(m) < may(UymU,) < cad(m)  for every m € M.

Hence, it remains to investigate the function

V(h) = ZaEAj/A?,:H’U(a)ghé(a)'

Let us fix a basis of A,/A% which is dual to the basis II for simple roots.
Then (A,/A%) ® R can be identified with R”, so that A, := A,/AY is a
Z::I n; (X)ti

lattice in R". For x € @, |x(a)ly = ¢& , where n;(x) € Q and
(t1,...,t;) denote the coordinates of a. Similarly, d(a) = q;iﬂmiti with
m; € N. Using this notation, we rewrite V'(h) as

L ZZ mgt;
V()= ZteAmDhq” ’

where

. +
Dy, := {t € RM)": (Z ni(X)ti) <log, (h) for x € <I)} .

i=1
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Here we use the notation zt := max(0,z). We shall also consider the
integral
(3.2) I(h) ::/ =i g

Dy,

Comparing I(h) with suitable Riemann sums for I(h), we deduce that there
exist c1,cy > 0 and dy, d2 > 0 such that

le(h*dﬂ SV(h) SCQI(h+d2)

for all sufficiently large h. Finally, it follows by a change of variables that
there exists ¢ > 0 such that I(2h) < ¢I(h) for h > 1. Hence, the similar
estimate also holds for V'(h), which completes the proof of the lemma when
S consists of a single completion.

For general S, we observe that the set B;? N L is defined by the condition
> ves log Hy(gy) < logh. Therefore, the required estimate follows from [18,
Prop. 7.7]. O

Remark 3.3. Here we outline a proof of the estimate (1.2). It follows from
the proof of Theorem 3.1 (with Lg = {e}) that the regular representation
AGg 15 weakly contained in the automorphic spectrum @gm’o. Hence, for
any absolutely continuous probability measure 3,

Acs(B)]| < sup {HW(B)II o c ézut,o}‘

Let Pg be a minimal parabolic subgroup of Gg. Since Ps is amenable,
the regular representation Apy weakly contains trivial representation 1p.

Therefore, the induced representation A\gg = Indgs(/\ps) weakly contains

the induced representation o := Indgg(lps) (see [2, F.3.5]), and in partic-
ular,

lo (A < lAcs (B -

This suggests that the Harish-Chandra function Eqg, which is the spherical
function associated to the representation o can be used to estimate the norm
from below. Indeed, it follows from (2.3) that whenever the measure (3 is
bi-invariant under Ug,

o) = [ Z6.(6)a8(0)

since Sgg > 0. We recall furthermore that the Harish-Chandra function
satisfies the inequality

Hag (9) > c’ 51/2(a(g)),

where §(g) is the modular character of a minimal parabolic subgroup, and
a(g) is the Cartan component of g w.r.t. the associated Cartan decomposi-
tion (see e.g. [37] or [38, Prop. 2.1] in the totally disconnected case, and [15,
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Thm. 4.6.5] in the real case). Therefore,

o)) = ¢ maB) [

L6 (alg)) dmay (9)-
Bh

The argument of the proof of Lemma 3.2 applied to Gg and using the anal-
ysis of integrals of the form (3.2), gives that

[ 8" (ale)) dmay(g) > C" may (B2,
Bh

This implies (1.2).

We now turn to Corollary 1.2, and note that the proof of Theorem 3.1 also
provides a method for estimating the volumes mg (B;? ). We demonstrate
the results by executing explicit computations for some classical groups.

Proof of Corollary 1.2. We now fix S = {p}. Since we know that

my, (L, N Bi"
mGP(B}Ep})

(3.3) sup { |7 (87| : 7 € G0} >

it remains to estimate the relevant volumes. It follows from the proof of
Lemma 3.2 that

I(h) < ma, (B < I(h),

where I(h) is the integral defined in (3.2). We denote by a the maximum
of Y i_; m;t; on the domain D;. We observe that

h* < I(h) < vol(D1)h* < h**¢

for all € > 0. In all the cases considered, the corresponding adjoint repre-
sentations on the Lie algebra of G are irreducible, and the domain D; is
given by

Dy {te (RF)" ant <1}

where ;i n;t; is the highest weight of the representation. Then a =
max(m;/n;). These considerations can be used to estimate the norms for
classical groups.

For G = SL,, with n > 3, we apply the estimate (3.3) with the subgroup
L = SL,_1. We obtain:

mGP(B}Ep}) S B and mi, (LN B}EP}) <. (=12 —ntle
for all € > 0, and it follows that

sup {||7r(ﬁép})” = égut,o} > h™ 2(n—1)+e > me, (B{P}) 2/n—|—e
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Let G = SO,, with n > 4. The assumption that p = 1 (mod 4) implies
that G is split over Q,. We apply the estimate (3.3) with the subgroup
L =S0O,_1. When n is even, we have

mg, (B"Ep}) s prn=2)/4 414 mu, (Lp N B}Ep}) <. p(n—2)? /4+e
for all € > 0, and
sup {|lw (B[ : m € G0} e hm(2/2He 5 g (BIPH) 2
Similarly, when n is odd,
mgq, (B;{LP}) > h(n71)2/4 and mr, (Lp N B}{Lp}) <, h(nfl)(n73)/4+e
for all € > 0, and
sup {Jlw (B : € G0} e hm (/2 5 g (BP0

For G = Sp,,, with n > 2, we apply the estimate (3.3) with the subgroup
L = Spy(p—1)- We have

mGp(B}{lp}) > Rt and mr, (Lp N B}EP}) <. pr(n—1)+e
for all € > 0, and
sup {Hﬂ'(ﬁ}{bp})” S @gut,O} > po2nte 5 me, (B}{lp})*Q/(nJrl)Jre_ 0

4. Lower bounds for operator norms in the discrete spectrum

In this section we discuss lower bounds for the norms of averaging op-
erators for the discrete part of the automorphic spectrum and prove The-
orem 1.3. We start by reviewing basic facts about the Hecke algebras and
representations of p-adic groups (see, for instance, [7]). Let G be a classi-
cal simple simply connected algebraic Q-group which is split over Q. We
fix a prime p such that G is isotropic and unramified over Q,. Let U, be
the hyperspecial maximal compact subgroup of G,. We consider the Hecke
algebra (G, U,) consisting of compactly supported Up-biinvariant func-
tions on G, with the product defined by the convolution. The structure of
H(Gp,Up) can be explicitly described as follows. We fix a maximal split
Q-torus T of G and a Borel subgroup B = TN such that the Iwasawa de-
composition G, = U,T,N, holds. Let A, := T,/(T, N U,) ~ Z3™(T) and
W := N¢(T)/Zg(T) be the Weyl group. For € H(Gp,Up,), we set

63(t) = By0)'2 [ Bltm)dmn, (), t € A, = T,/ (T, T,

where A, denotes the modular function of the group 7, N, and the invariant
measure my, on IV, is normalized so that my,(N, NU,) = 1. It is known
that the map 3 — ¢g defines an algebra-isomorphism between the Hecke
algebra H(G,,U,) and the algebra C[A]" of W-invariant polynomials in
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C[A]. This allows to give a complete description of the spherical functions in
terms of the unramified characters x : 7, = C*. Given any such character,
the corresponding spherical function is defined by

wilg) = | A} (t(gu)x(tgu)) dmy, (u), g € Gy,

where (- ) denotes the Tj,-component with respect to the Iwasawa decom-
position G, = U, T, Np. Moreover, two such spherical functions are equal iff
the corresponding characters are conjugate with respect to the Weyl group
W. We write &), for the sets of unramified characters x : 7, - C* and
Xgem” for the subset of characters with |y| = 1. We additionally note that
for this correspondence

x(¢8) = Blwy) forall x € X, and 8 € H(G,,U,),

where [(wy) = pr wy dmg,. On the other hand, the spherical functions
naturally arise from irreducible spherical unramified representations of G,,.
Given such a representation 7, the corresponding spherical functions wx,
are defined by

wﬂ'p(g) = <7Tp(g)v7rpav7rp>> g e Gpa
where vy, is a unit-norm Up-invariant vector, which is known to be unique
up to scalar multiple. It follows from uniqueness that

ﬂ-p(ﬁ)vﬂp = ﬁ(wﬂp)vﬂ'p-
Under the above identifications, the tempered irreducible spherical unram-
ified representations of G, correspond to the characters in X;emp , and the
Plancherel formula holds: for all 8 € H(Gp, Up),

2 _ 2
J, PP dmao) = [, 8GO (0,

where v, denotes the normalised spherical Plancherel measure for the group
Gp (see [27, Thm. 2]).

Similarly, the spherical spectrum of G, is parametrized by a subset of
ag, where a is the Lie algebra of the R-split torus in G, and af. denotes
the complexificated dual space. Then ia* gives the parametrization of the
tempered spherical spectrum. Let €2 be a bounded domain in ia* with
rectifiable boundary. The spherical Plancherel density associated to € is
defined as )

cip
Aat) = C(Gx) [ R
where C(G) is an explicit positive constant, ¢ is the Harish-Chandra c-
function of G, and p is the half the sum of positive roots. It is known that

(4.1) Aa(t) = C(Q)t? + O™
with explicit C(2) > 0 and d = d(G) € N.
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Let us now consider irreducible spherical unramified automorphic repre-
sentations 7 of G x G, discretely embedded in L3(X,1). Such represen-
tation splits as a tensor product m = 7wy, ® m,, where m, and 7, denote the
irreducible spherical representations of G, and G, respectively. We denote
by Ar. € ai the infinitesimal character of the Archimedean component
Too and by A, € A} the characters corresponding to the representations
7, as described above. The representation L3(X, 1) can be viewed as a
subrepresentation of L3(G(A)/G(Q)) consisting of functions invariant un-
der [],2, G(Z,). Therefore, with this notation, the equidistribution result
of [29, 14] yields, in particular, that for all 8 € H(G)p,U,) and ¢t > 1,

12 Y xn,(09) = hatt) [

X(@8) dvp(x) + Oa (|18l 1),
T: A oo €82 X

e /W

with explicit § > 0. Here the sum is taken over irreducible discretely em-
bedded spherical unramified automorphic representations. Let us denote
the number of such representations with A € t©Q by N(¢). Then taking
8 = xu,, we obtain from (4.2) that

(4.3) N(t) = Aq(t) + Oq (t779).

The estimate (4.2) was proved in [29] for SL; with somewhat weaker error
term and in [14] for groups satisfying a technical condition, which is satisfied
in particular for all classical split groups. Formula (4.2) underlies our proof
of Theorem 1.3, but we note that we will use only the existence of the limit,
and not the effective error estimates that (4.2) provides.

Proof of Theorem 1.3. We consider the representation
p= B m

T A oo €LE2

of G, where the sum is taken over spherical unramified representations m =
Troo @7 of Goo X G discretely embedded in L3(X, 1). For each 7, we denote
by fr the corresponding unit spherical vector and set f; := )" . Amog €10 fr
Then clearly

(4.4) lpeB)fll < D2 Mlee(B) fxll < N(@&) [lpe(B)]] -

T: A oo €82

On the other hand,

pe(B) fr = Wp(ﬂ)fw = /B(Wwp)fn'
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Since the different components in the sum defining f; are mutually orthog-
onal, we have

I P = 3 Im@ = Y (B,

T: Ao €82 T Ao €62
= Y B Bwn)= D Xn(dpep)-
T: A oo €82 T A oo €82
Therefore,
2 * d—§
B0 = A00) [y X6 )+ On (18 # 8117

—Aa®) [ 1B dup() + Oa(834190).
XeX, P /W
Hence, applying the Plancherel Formula, we deduce that

loe(B) £l = Ao () 1B7 + Oa (JIBI7:6?).

Hence, using (4.1) and (4.3), we conclude that for all ¢ > 0 and sufficiently
large t (depending on f and ),

loe(B) fell = (1 = )N (@) [|B]] 2
Comparing this estimate with (4.4), we deduce that

552 = lloe(8)] = (1 = €)118] .2,

for all € > 0. This completes the proof. O

5. From discrepancy estimates to spectral gap

Let G be a simply connected K-simple linear algebraic group defined
over a number field K and S a finite set of non-Archimedean completions
of K,. We use the notation introduced in Section 2, and in particular, we
recall that I'g o denotes the family of congruence lattice subgroups in the
product G X Gg. When S consists of unramified places, we denote by Ug
the hyperspecial maximal compact subgroup of G's. Recall that mg, and
mg,, denote Haar measures on G, and Gg, respectively. We normalize
the Haar measures, so that mg,(Ug) = 1 and I'g has covolume one with
respect to ma,, X mgy-

We will need the following lemma:

Lemma 5.1. Assume that Goo is not compact. Let U be a compact open
subgroup of Gs and I' :=T'so NU. Let F' C G be a fundamental domain
forT' in Goo. Then F x U is a fundamental domain for I's o in Goo x Gg.
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Proof. Since G, is not compact, and G is assumed to be simply connected,
it follows from the Strong Approximation Property [31, §7.4] that the image
of I's o in Gg is dense. Consider an arbitrary (goo,gs) € Goo X Gs. Then
it follows from density that there exists ;1 € I'g o such that vy € gglUg.
Hence, (goo71,9571) € Goo X U. Furthermore, since F' is a fundamental
domain for I' in G, there exists 7o € I' such that gooy172 € F. Then
(o172, 957172) € F x U. This proves that Go X Gg = (F x U)I'g 0.
Suppose that (F' x U)y; N (F x U)vyz # O for some 71,72 € I'so. Then
it follows that 717;1 €l'sonU =T, and nywgl N F # (. Hence, we
conclude that vy, = 2. This completes the proof of the lemma. O

We consider the following counting problem for the congruence lattices
I's 0. Let us fix a left-invariant Riemannian metric on G. For x € G and
r > 0, we denote by B(x,r) the ball centered at x of radius r in G.. Let
B be a bounded measurable subset of GGg of positive measure. We consider
the counting function [I's o N (B(z,r) x B)| and the discrepancy

_ |ITsoN(B(z,r) x B)|  mg,(Ble,r))
D(F&@,B(:L',T’) X B) = mGS(B) — ’FS/Fsyo‘

We shall show that estimates on the discrepancy can be used to establish
norm bounds for ||7(B)|| for the representations 7 arising from the Gg-
action on the spaces Xg o, where 3 is the probability measure supported
on the set B C Gg.

We will be interested in utilizing L?-bounds for the discrepancy function
as x varies over G,. Let us assume that the subset B is bi-invariant under
Ug. Then the discrepancy is left invariant under the subgroup F%’O =
I'so NUg (viewed as a subgroup of G), so that it defines a function on
F%’O\Goo. We set

Esyo(T‘, B) = H'D(F&@,B(',T) X B)

HLQ(Fg,O\G’OO)’

where F%O\Goo is equipped with the invariant probability measure.
We now formulate and prove a more precise version of Theorem 1.4, as
follows.

Theorem 5.2. Assume that S consists of unramified places, and G, is not
compact. Let B be a non-empty bounded Ug-bi-invariant subset of Gg. Fix
an irreducible unitary representation m of Gg which is discretely embedded
in ps,o. Then there exists ro(w) > 0 such that for 0 < r < ro(m), the
operator m(B) satisfies the bound

I7(8)]l < 2|Ts/Ts,0l ma. (Ble,r)) " Eso(r, B).
Proof. Consider
Xr(goos 95) = XB(e,T)(gOO)XUs(gS)v for (goo, 9s) € Goo X Gis,
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namely the characteristic function of the subset B(e,r) x Ug of Go X Gg.
Then

br (9007 gS) = ZJEFS OXr(goo(Sa 935)

defines a function on the space Xgp = (Goo X Gg)/I's0. By the Fubini-
Tonelli Theorem, for x € G, and u € Usg = Ug L

/B or (b (271 w)) dmay (b)
=Y, /B o (218,57 ub) dm (b)

- depsv/BXB(e,r)(xil(s)XUS(bil’u,(s) dmg(b)

- Zéefspﬁ(B(;c,r)XGS)mGs (U5Us N B).

Since the set B is Ug-bi-invariant, if 6 € B, we have udUg C B, and if
d ¢ B, we have uéUg N B = (). Hence, since mg,(Us) = 1, it follows that
for every u € Ug,

(5.1) ’FS,O N (B(x,r) x B)| = /B ng(b_l(l‘_l,u)) des(b)-

We also compute:

¢rdps,o = / xr(99) | dus,o(g)
/Xs,o (GooxGs)/Ts,0 Z ) (

561_‘5,(9
d(mg., X mags)(9)

- GooxGg xr(9) I's/T'sol
_ may (Ble,r))mas(Us) _ ma.. (Ble, 7))
Ts/Ts,0l Ts/Tsol

Therefore, we conclude that for every u € Ug,
D(F&@,B(HT,T) X B)

e e
_|mGS(B)/B¢T(b (7", u)) dmgg(b) /XS’Ogbrd“S’O

ps,0(53) <¢r - /X br d#s,o) ().

Let Q2 be a measurable fundamental domain for FO&O =I'soNUs in
G~- Then for any bounded measurable subset @) of G that injects on
GOO/F%O (in particular, for Q = Q),

(5.2) ps,0(B) <¢r - /X b dMs,o)

< Ego(r,B).
L2(Q~1xUs)
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By Lemma 5.1, Q x Ug is a fundamental domain for I's o in G X Gg.
Hence, we deduce from (5.2) that

(5.3) < Es’o(r, B).

L2(Xs,0)

ps,0(B)or — / ¢r dpis,o

Xs,0

For x € Go and 7 > 0, let x;, denote the characteristic function of the
subset B(x,r) x Ug of Goo X Gg. Because of left-invariance of the metric,

Xz (9) = xr(z71g). We set

¢x,e(g) = Z Xx,e(g’7)7

v€l's,0

which defines a function in L?(Xge). For * € Gu, let us consider the
operators

,0007(9(:13) : L2(XS,(9) — LQ(XSQ) tp— ¢o z L

We observe that ||pec,0(z)|| = 1, pos,o(z) commutes with pgo(/5), and
Gzr = Poo,0(x)(¢r). Hence, it follows from (5.3) that for every x € G,

(5.4) < Ego(r,B).

05,0(8) Pz — /X ¢r dpis,o

L?(Xs,0)

We use this estimate to conclude the proof of the theorem as follows.
Let m be an irreducible unitary representation of Gg which is discretely
embedded in L%(Xs,o). We observe that since B is Ug-bi-invariant, the
image of () consists of Ug-invariant vectors. Hence, if 7 is not spherical,
then 7(8) = 0. Now suppose that 7 is spherical and denote by F the
function in L3(Xg o) which is the unique (up to a phase factor) Ug-invariant
unit vector of 7. Then

wr(g) := (m(g9)Fx, Fr), with g € Gg,
is the spherical function associated to the representation 7. We have
T(B)Fx = Blwe)Fr and ||x(B)|]* = [In(8 * 8*)|| = |B(wn)?,

and (/) acts as a projection onto the space of spherical vectors, namely
m(B)F = ApF;. F is orthogonal to the constant functions, and so it follows
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from (5.4) that when F' has unit norm,

‘<PS,O(5* */B)¢x,r7F>| = ‘<p5,(9(6)¢x,r77"(6)F>|
= |<pS,(’)(/8)¢m,r — /X Or dMS,(’)77T(5)F>‘

PS,0 (ﬁ)(bx,r - /X (br d,UJS,(’)

L3(Xs,0)
NmB)F 2 (x4.0)
< Eso(r,B) |=(B)]l-

On the other hand, let us choose a sequence of unit vectors ; in the
representation 7 such that

[ (8% B)ill — [Im(B* + B
Then 7(8* * B)1b; = \iFr with A; > 0 and \; — ||7(8* % B)|| = ||7(B)||%, and
’(PS,(’)(ﬁ* * /8)¢:17,r7 dh)! = ’<¢m,mp57(’)(ﬁ* * B)¢z>’ = /\i’<¢m,ra F7r>|

Hence, we obtain the following norm bound

-1
(5.5) 7B < [(bzr, Fr)| Esolr, B)
provided that (¢, Fr) # 0.
Let us now consider the function
f(9oo) = Fr (9ocI's,0)  with goo € Goo

We note that since F; is Ug-invariant, we have f(gs) = Fr ((9o0, u)I's,0)
for all w € Ug. In particular, f is a well-defined measurable locally L?2-
integrable function on G. Since G I's 0 is dense in G X G, it is clear
that f # 0. We compute:

<¢x,raF7r> = /X ( Z Xz,r 97) (QFSO) d,USO(gFSO)

v€l's,0

= d(mg,, X m
= / Xa,r(9) Fr(9T's,0) (méo, X Mas)(9)
GooxXGg |1"S/1—!S’O|

We recall that x,, is the characteristic function of the set B(z,r) x Ug.
Since F is Ug-invariant,
- / fdma,, .
B(z,r)

<¢:r,ra F7r> —

It follows from the Local Ergodic Theorem (see, for instance, [28, Cor. 2.14])
that for almost every x € G,

o +
ma., (B(z,r)) /B(wm) fdmg, — f(x) asr—0".
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For a positive measure set of choices of x,

1 L
[f@)] = 5 Ifllee = IIF loo 2 5 Frlly = 2

so that choosing a point x where the foregoing mequahty holds, and in
addition convergence in the local ergodic theorem holds, it follows that for
0<r<ry(m)

1/2

6o Fx)| 2 T's/T's,0l

mGoo (B(./L‘, ,rl)) :
Therefore, the estimate (5.5) implies the claim of the theorem. O

6. Spectral gap for forms of SLy

Let G be a linear algebraic group defined over Q which is a form of SLs.
Namely, G can be realised as the group of norm one elements of a quaternion
algebra D defined over Q:

G:={zeD:N(z)=1}.

Throughout this section, we always assume that G is isotropic over R,
or equivalently, D(R) ~ Mja(R). We fix an order A of D(Q) such that
N(A) C Z. Then N is an integral quadratic form with respect to this
integral structure. The p-adic norm |- ||, on D(Q,) is defined with respect
to the order A.

The group I' := Go N A is an arithmetic lattice in G corresponding
to the integral structure defined by A. More generally, for a prime p, we
consider the group I') := G N Alp~!] which is a lattice in the product
Goo X Gp. For £ € N coprime to p, we also consider the congruence subgroups
Ipe:={yeTlp:v =1 (mod?¢)}. The goal of this section is to analyse
the unitary representations p, ¢ of G\, acting on the space L%(XM), where
Xpo = (Goo X Gp)/T'py. More specifically, we will be interested in the
averaging operators p, () defined with respect to the sets

By :={beG,:|bl, <h}.

Let m, be the Haar measure on G, normalized so that m,(G(Z,)) =
and mq, the Haar measure on G normalized so that mq.(Geo/T") = 1.
Our main result in this section is the following:

Theorem 6.1. Suppose that G is unramified over Q,. Then for every ¢ € N
coprime to p,
[10p,(Br) || <p,e mp(Br) ™",

where k = 1/4 if G is anisotropic over Q, and k = 1/16 if G is isotropic
over Q,
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It turns out that the representation-theoretic problem of estimating the
norms ||pp¢(Br)| is closely related to properties of the distribution of ra-
tional points contained in the quadratic surface N(z) = 1. For h € N and
a compactly supported function w : D(R) — R, we consider the counting

function:
Nu(N) = Z w(h™tz).
TEA:N(z)=h2
More generally, for £ € N and a coset representative £ € A/¢A, we define
Np(N,w;§) :== Z w(h™'z).

TEEHLA:N (z)=h2

The behaviour of Ny, (N, w; &) as h — oo captures the distribution of the set
of rational points h~'A with the prescribed congruence condition. In order
to state an asymptotic formula for Nj, (N, w; &), we need to introduce local
densities.

For a compactly supported function w on D(R), we define the
Archimedean local density as

ooo(N,w) = lim (26)" / w(z) dz,
e—0t |N(z)—1|<e

where the measure on D(R) ~ R* is normalized so that the lattice A has
covolume one.

Let ¢ =[], ¢° be the prime decomposition of £ and £ € A/¢A. We define,
for a general integer e € N,

Nu(N, ¢, ¢%, &) := [{z mod ¢“"* : 2 =& mod ¢°, N(z) = h? mod q“}
Then the g-adic local density is defined as
7N, €.1) o= i DTS
We also set
or(N,& h) = anq(N,g, h).
With these notations we state:

Theorem 6.2. For every smooth compactly supported function w : D(R) —
R and £ € AJIA,

Nu(N, w;€) = 4000 (N, w)o ; (N, €, h)h% + Oy (B¥27€)  for all € > 0.

To prove Theorem 6.2, we follow closely the refined circle method for
quadratic forms developed by Heath-Brown [22], for the case of forms in
four variables. This method is particularly suitable for the derivation of
estimates which are uniform over families of functions w, which will be
crucial for our results, cf. Theorem 6.6 below. We note however that in
order to establish uniform bounds on H pp,g(ﬁh)H over ¢, we have to keep
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track of additional congruence conditions beyond those considered in [22].
Furthermore, we need explicit bounds over families of functions w. This
causes considerable technical complications, which motivates our decision
to give a full account of the necessary arguments below.

Making the identification A ~ Z*, we view the reduced norm N as an
integral quadratic form in four variable. We denote by |-| the Euclidean
norm on D(R) ~ R* defined by this identification.

The starting point of our argument is a convenient representation of the
Dirac function d,, = 1 if n = 0 and §,, = 0 for n # 0. We recall (see [22,
Thm. 1] and [12]) that for every @ > 1,

(6.1) On = Q™ 22 Z ex(an)H(Q 'k, Q™ 2n),
k=1a mod k

where cg =1+ On(Q~N) for any N > 0, the sum is taken over a coprime
to k, ep(z) = exp(2miz/k), and H is a certain explicit smooth function
on (0,00) x R. To simplify notation, we set Fy(x) = N(x) — h%. Tt follows
from (6.1) that

Np(N,w; &)

=ch2 Y Z S w(h T e)er(aFy(2) H (W, h™2Fy(x)),

x€€+074 k=1amodk

and we are required to estimate the following sum

> whTw)ey(aFy(x)H (b k, k2 Fy())

zEEHTA
= > X elaB() (Z f(y)) :
bmod k 2z mod kf yEZ4
2= (D) 52b(k)
where

f(y) == w(h ™ (z + (kO)y)) H (R k, b2 Fy (2 + (kl)y))
is a smooth compactly supported function. By the Poisson Summation

Formula,
Sy =3 flo

yeZA ceZ4

where

fle)= /IR F)e 2 dy = (KO~ ere(c - 2) I e(c)
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with

Tp(e) = /]R w(h ) H (ke b2y (x)Jere(—c - ) da

=hnt /R4 w(z)H (h 'k, N(x) — 1)epe(—he - x) d.

Hence, we deduce that

(6.2) (ng_chhzsze 18k(c; ) I (c),

ceZ4 k=1
where

— Z* > > ene(alFy(b) +c- z)

a mod k bmodk z mod kf
=£(€),2=b(k)

Z Z epe(alFp(z) + ¢ 2)
a mod k z mod k¢
2=¢(0)
= Z* ex(—ah?) Z ere(alN(z) + ¢ z).
a mod k z mod k¢
z=£(0)
First, we observe that the sum Sk (c;€) has the following multiplicative
property:
Lemma 6.3. Let k = kiky and £ = {10y such that k1£y is coprime to kalo.
Choose integers kl, k2,€1,€2 such that
kiki = 1 (koly), koky =1 (kity), €16y =1 (kols), loly =1 (kily).

Then
Sk(c;€ (£)) = S, (kalac; € (£1)) Sk, (krlrc; € (£a)).
Proof. We also choose integers {1 and /5 such that ¢10; = 1 (kyls) and
koko = 1 (k141). We write
2 = kolokolozy + k1l1k10q25.

If 2 runs over the integral vectors modulo k1¢; such that z; = £ (¢1), and
z9 runs over the integral vectors modulo kofy such that zo = £ (¢3), then z
runs precisely over the integral vectors modulo k¢ such that z = £ (¢). Then
since the map IV is a quadratic form,

N(kgfzzrgggzl + klfllzilglzg)
= (kQEQ%QZQ)QN(Zl) + (k‘lgll_ﬁlgl)zN(ZQ) (mod klk‘gg),
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and
ere(alN(2)) = expye(a(lrla(kalakals)® N (21) + L1la(k1l1k101)* N (22)))
= epy 0, (al1kol3k3 05N (21)) eryr, (alokr (3T N (29))
= ey, (akal1 N (21))erye, (ak1laN(22)).
Similarly,
ere(C - 2) = €k kqty (C - kolokalozi + ¢ - klﬁllz:llrlzg)
= €k, 0, ((];IQEQC) © 21) €ty ((k1t1c) - 22).
Setting
Si(a, k,&(0)) == Z ere(alN(z) +c- 2),
=
we conclude that
Sk(a, k,& (€)) = Sk, (akz, kalac; & (1)) Sk, (aky, krlic; € (€2)).
Then
Si(c;€(0)) = Z* er(—ah?)Sy, (akg, kalac; € (£1)) Sk, (aky, kilic; € (£2)).
amod k

We observe that every residue a mod k coprime to k can be uniquely written
as koay + kiao, where a; is a residue modulo k; coprime to k;. Hence, the
above sum can be rewritten as:

S ST en(—(kaar + k1az)h?)Sp, ((kaar + kiaz)ks, kaloc; € (£1))

a1 mod k1 az mod k2

X Sk, ((k2a1 + klag)%l, 151571(;; 19 (62))
Z Z €k, ( —a1h? ekQ(—aghQ)Sk1 (a1, koloc; € (41))

a1 mod k1 a2 mod ko

X Sk, (a2, k1lic; € (£3))
= S, (kalac; € (£1)) Sy (kilrc; € (£2)).

This proves the lemma. ]
We record the required properties of the term Si(c;§):

Lemma 6.4. For every c € Z* and £ € AJIA,
(i) [Sk(c;€)] <o k2,
(ii) For all e >0,

D 1Sk( 6] e X724 ¢l¢ when ¢ # 0,
k<X
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and

D7 1SK(0;6)| <pe XT/HERE
k<X

Proof. The proof of (i) proceeds as [22, Lem. 25| with minor modifications.
Applying the Cauchy—Schwartz inequality to the sum

Sk(c;€) = Z* ex(—ah?) > ew(alN(2) +c- 2),
a mod k zrgcé(gzl)cé

we obtain that

(6.3) |Sk(c;€)

< ¢(k) Z;:k z{;kg ke (aﬁN(z) +c- z)

z=¢(¢)

<o) Y Y en(al(N(z) = N(z0) + ¢ (22— 21))-

a mod k z1,z9 mod kf
z1=22=£(¢)

We write N(z) = 'zAz for a symmetric matrix A and 23 = 21 + v. Then
the last sum can be rewritten as

Z exe(alN(v) + ¢ v)eg(2atz Av).
z1,v mod kf
z1=£(£),v=0(¢)

We consider first the sum over the residues z; such that the vector 2¢tz; A
satisfies 20°21A = 0 (mod k). It is clear that the number of such residues
z1 mod k¢ with 2y = £(€) is Oa4(1). Since the sum over v has k? terms,
this implies that the contribution of the sum over such z; to (6.3) is at
most O ¢(k%). Now we consider the sum over the residues z; such that
20t21 A # 0 (mod k). This implies that

Z ex(2a'z1 Av) = Z ex(2al'2 Av') = 0.
v mod k¢ v’ mod k
v=0(¢)

Therefore, we conclude that
19k (c;€)| = Oae(K?),

which proves (i).
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To prove (ii), let us first consider the case when k is coprime to £. Then

- Z* > ewe(alFy(z) +c- 2)

a mod k z mod k/
2=£(¢)

= 3 S en(alF(6 +02) 4o (E+ ).

amod k 2z’ mod k

Let ¢ be the residue modulo k such that £ = 1 (mod k). Then it follows
that

=37 Y ewlalFu(z") + e (€+ 0" —©))).
amod k 2z mod k

and

(6.4) |Sk(e; €)| < [Sk(Le)],

where
Z ’ Z ex(aFp(z) + ¢ 2).

a mod k z mod k
The quantities Si(c) were investigated in [22].
We proceed as in [22, Lem. 28|. Let us decompose k = k1ks where k; is
square-free, ko is square-full and (kq, k2) = 1. We also decompose ¢ = {1/
so that k11 is coprime to kofs. Then according to Lemma 6.3,

Si(c:€(€)) = Sy (kaloc; € (£1)) Sk, (k1b1c; € (£2)).-
We estimate the second factor using (i):
Sk2 (l%lglc;f(ﬁg)) <y k%

The first factor can be decomposed further into product over primes q|k.
We use that according to Lemma [22, Lem. 26], for all primes ¢ which do
not divide the discriminant of N and do not divide both h? and A~ e,

(6.5) |Sg(c)| < q°/(q, h?, A )V /2,

We note that this bound also holds when ¢ divides both h%? and A~'c
because of the estimate (i). Now for finitely many primes ¢ dividing either
k or ¢, we use the bound from (i), and for the remaining primes we use the
estimate (6.5) taking (6.4) into account. This gives the estimate:

Z |Sk C; f | < Z Z |Sk1 k2€2c f El HSkzg /@1510 5(52)”

k<X ko<X k1<X/ko

< S S Kk h2 AT ) 2 K
k2 <X k1 <X/ko

< X523 kY N (ki h2 AT V2,
k<X ki<X/ko
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Here the sums are taken over square-full ko and square-free k; respectively.

We use that for k£ # 0,
> (n,k) <Yd(k) < YE
n<Y
for all € > 0. Hence, we conclude that if ¢ # 0,
> ISk(e )] oo XT2lel D0 ky P e XL
E<X k2 <X
Similarly, we obtain
D 1Sk(0:6)] <pe XS,
k<X

This completes the proof of (ii). O
We shall use the following properties of the integral Iy, ¢(c):

Lemma 6.5.
(i) Ike(c) =0 for all k > h.
(ii) For every ¢ # 0 and k > 0,
Ti(c) <uwep KOk e 75,

(iii) For ¢ # 0 and € € (0,1/2),
h3+26k1—26
I o(c) Kw,e i
(iV) Ikyg(O) Lw,e h*.
(v) For every k < h and k > 0,

I1,0(0) = W (050 (N w) + Ou (/1)) ).

Proof. Part (i) follows from properties of the function H (see [22, Lem. 4]).
We observe that
Ie(c) = (hO)* /4 w(lx)H (h~ 'k, (N (z) — 1)ep(—he - x) dz.
R

The properties of the integrals

Ii(c) := n* /4 w(z)H (h 'k, N(z) — 1)eg(—hc - z) dz.
R

have been studied in [22], and properties (ii)—(iv) can be deduced directly

from there. In particular, (ii) follows from [22, Lem. 19], (iii) from [22,

Lem. 22], and (iv) from [22, Lem. 22]|. To prove (v), we use [22, Lem. 13].

Here we also use that o (F2N,wo ) = {40 (N, w). O
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Proof of Theorem 6.2. Our starting point is the formula

Nu(N,w; &) = cph™ ) i(kg)%sk(c;f)fk,e(c)

ceZ4 k=1
Using Lemmas 6.4 (i) and 6.5 (ii), we deduce that for every € > 0,

> i(kg)_45k(c§f)lk,é( <wuk h° (Zk‘ ) (Z ]c|‘6>
|c|>he

|c|>he k=1
= Oy (1),

when 6 is chosen to be sufficiently large. Now it is sufficient to consider the
sum over |c| < h¢. It follows from Lemma 6.5 (iii) that when ¢ # 0 with
lc] < A,

> (kO Sk(c ) I (c)

R<k<2R

Here we used that |c| > 1 for ¢ € Z*\{0}. Hence, using Lemma 6.4 (ii) and
summation by parts, we deduce that

ST kT Sk(c€)] < RV
R<E<2R
Hence, we deduce that for every ¢ # 0 with |c| < A€,
h

> (k0 Sk (c; ) Ir(c)

k=1

Lwpe 2T P Sk(e )],
R<k<2R

Kt e h7/2+46.

Moreover, according to Lemma 6.5 (i), only the terms with k& < h are non-
zero. Therefore, we conclude that for every e > 0,

(6.6)  Nu(N,w;€) = cph 207> k84(0;€) I 0 (0) + Oy g e (RP/27).
k=1
Using Lemma 6.4 (ii), Lemma 6.5 (iv), and summation by parts, we deduce
that for every e > 0,
S ES(0;0) 10 (0) g KR
R<k<2R
This implies that for every e > 0,
ST ETES(0;6) 10 (0) e KT
kE>hl—e
It follows from Lemma 6.5(v) that

> kS0 11,0(0) = hlooo (N, w ( > E1Sk(0; 5)) + Oy e(1).

k<nl=e k<hl—e
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Hence, we deduce from (6.6) that

N (N, w; &) = h2000 (N, w)l~* ( ST EASK(0; 5)) O (B3/29).
kShl €

The last sum corresponds to the classical singular series. It follows from
Lemma 6.4 that it converges absolutely, and moreover,

> kTSR(0:6) = i kS (0;€) + Op (X 1/279)
k<X k=1

for all € > 0. Finally, we recall that if the singular series converges, it is equal
to the product of local densities (see, for instance, [11, Lem. 5.1-5.3]). O

We will also need a uniform version of Theorem 6.2 which applies to
families of functions wy(z) := w(g~'x) with g € G

Theorem 6.6. Let w : Do — R be a smooth compactly supported function,
e N/LA, and g € G. Then for every § >0, 0 > 4, and € > 0,

Nu (N, wg; &) = 74000 (N, w)a (N, )b
+ Ou s (lgllfh* == 4 ||g|[p3/2+30+<),

Proof. As in the proof of Theorem 6.2,

N (N, wg; €) = cph™ QZZM 4Sk(c; )y 1u(c),

ceZ4 k=1
where
I, (c) = b /4 w(g ) H(h~k, N(z) — epe(—he - z) da.
R
Since the norm N is Goo-invariant, we obtain

Iy ko) = b /]R w(@)H(h™ 'k, F(x))es(~he - gz) dz = I o('ge).

Our argument proceeds as in the proof of Theorem 6.2 taking the depen-
dences on g into account. Throughout the proof, we will have to deal with
the maps D(R) — D(R) : z + tg*x with g € Goo. We use the norm of these

maps are estimated in terms of the Euclidean norm |g||z := (X, ; gz])l/ 2
on the group G ~ SLa(R).

First, we consider the terms with |c| > h®. By Lemma 6.5 (ii), for every
6 >0,

S S kS O (tge)

le|>hd k=1

w0 h° (i k_5\5k(0;§)\> ( > |t901_9) :
\

k=1 c|>hd
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By Lemma 6.4 (i), the first sum is finite. For § > 4, the second sum is
estimated as

—0 0 —0 0 1. —(0—-4)0
ST tge Tl < lgll% ST Jel ™ <o gl Bhm 2.

|c|>hd |e|>hd
Hence,
00
(6.7) ST ST ESk(e ) Ine(fge)| Kwep llgl|Bh>TOTH
le|>h? k=1

Next, we estimate the terms with 0 < |c| < h°. By Lemma 6.5 (i)(iii), for
every € € (0,1/2),

> i k™4 Sk(c; &) I (Pge)

0<|c|<hS k=1

h
<<w,€,e h3+26 <Z k_3|‘9k(c7€)|> ( Z ’tgc|_(1_€)) .

k=1 0<|c|<hd

It follows from Lemma 6.4 (ii),

h
> KSi(es €)] < A2
k=1
and
S lg T <lgle e Y el < gl phGTO°.
0<|c|<hd 0<|c|<hd

Hence, we conclude that for every € > 0,

o0
(6.8) S S kS ) Ine(tge)| woe gl phT2H30F
0<|c|<hd k=1

Combining (6.7) and (6.8), we deduce that

Nu(N,wg; &) = cah™ 07> " k749 (0;€) I, 0(0)

k=1
+ Ou 0. (I9llER* O + ||| h®/*H50%).
The last sum was already estimated as in the proof of Theorem 6.2. U

It will be convenient to interpret the local densities oo, and oy group-
theoretically, namely, in terms of the Tamagawa measures for the group G.
We refer to [42, Ch. 2] or [41, Ch. 5] for basic properties of the Tamagawa
measures. Let us fix a nowhere zero regular rational differential form of top
degree on G (this form is known to be unique up to a constant factor).
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Integration with respect to this form defines Haar measures 7., and 7,
on G = G(R) and G, := G(Q,) respectively. While the local Tamagawa
measures are only unique up to constant factors, their product is canonical.
In fact, according to the Tamagawa Volume Formula, since G is simply
connected,

(6.9) oo Goo/T) TL 7(G(Zy)) = 1.

It will be convenient to define the Tamagawa measures using that G is a
fiber of the norm map N. Let wq be the standard one-form on A', and w be
the standard form of top degree on D. Then there exists a form 7 of degree
three on D such that n A N*(wp) = w. We denote by w, the restriction of

g-prime

n to the fiber N=!(y) for y # 0, and by Téy) the corresponding measures

supported on the fibers N71(y)(Q,). In particular, 7, = 7751) defines a
Tamagawa measure on G(Q,). We note that the fiber measures are uniquely
defined by the disintegration formula

x r)dr = e
(6.10) /D(Qq) o(N(@)¢(w)d /@q\{o} #9) </N—1(y)¢d qy ) -

where ¢ and 1 are compactly supported locally constant function.
Previously, we used the measures ms, and m, that are normalized as

Moo(Goo/T') =1 and my(G(Zy)) = 1.

In view of (6.9), these measures can be expressed in terms of the Tamagawa
measures as

(6.11) Moo = Too(Goo/T) 175 and mg = Tq(G(Zq))*qu.
Lemma 6.7.
(i) Let p be a prime, £ € N coprime to p, and & € G(Z/{Z). Then for
h=p?,
o (N, & h) = 75(G(Zy)) ' h ™21 (Bp)l o0 (Goo /T0) 1,

where By, = {g € G, : ||gll, < h}.
(ii) For every w € Co(Go),

O'OO(N,U)):/ W AT

oo

Proof. The crucial connection between the local densities o, and the Tam-
agawa measures 7, is given by the following formula:

(6.12) 72(G(Z,)) = lim ¢~*|G(Z/q°Z)|.



Spectral gaps and intrinsic Diophantine approrimation 163

Let ¢ be a prime coprime to both ¢ and p. Then
NA(N, ¢, %, €) = [{z mod ¢° : N(z) = h* mod ¢°}|
= [{z mod ¢° : N(z) =1 mod ¢°}|
= |G(Z/q°Z)].
Hence, it follows from (6.12) that in this case
(6.13) 0q(§,h) = 74(G(Zy)).-

Let ¢ be a prime dividing £ = [],_pime7*" (and coprime to h = p*). We
choose a residue h (mod p®) such that hh =1 (mod ¢°). Then for e > s,
Ni(N,¢% ¢%, &) = [{z mod ¢“"% : x = £ mod ¢, N(z) = h% mod q“}
= ¢*1[{y mod ¢° : y = £ mod ¢*1, N(y) = h* mod ¢°}|
= q4s‘1]{y mod ¢° : y = 7125 mod ¢°?, N(y) = 1 mod qe}|

_ o 18@/0°Z)
G(Z/eD)

Hence, by (6.12) as before,

(6.14) 0g(N, & h) = ¢"*|G(Z/q* Z) |~ 7 (G(Zy)).
Finally, we claim that
(6.15) ap(N, €, h) = h™27(By).
For z € Qp, let us consider the map ®,(z) := z~lz. We observe that

the map ® transforms the fiber N=1(y) to N~!(272y) in (6.10), so that it
follows from uniqueness of this integral decomposition that

(6.16) (@.) (1)) = |22 779

For r > 0 and y € Q,, we set
Br(y) :={z € D(Qp) : N(z) =y, [l[lp <7}

Then
{x € D(Z,) : N(z) = h* mod p°} = |_|

yer? ez, D1 (),

and it follows from (6.10) that
/ 7 (Bi(y) dy = p~**|{z € D(Z/p°Z) : N(x) = h* mod p°}|.
h2+p¢Zy
Hence,

e—00

op(No&h) = Jim g [ o(Bi(y) dy.
h2+peZy



164 Alexander GORODNIK, Amos NEVO

If e is sufficiently large, for every y € h? + p°Zy, there exists z such that
z? = y. Clearly, |z|, = |h|, = h~!. Then by (6.16),

W (Bi(y)) = 7 (€. (B, -2(1)) = 213 7" (B -2(1)) = b2 7(B).

This implies (6.15).
Furthermore, ® defines a bijection between

By, :={z € D(Qy) : N(z) = h*, ||z]|, < 1} = {x € D(Z,) : N(x) = h%}
and
By, = {z € D(Q,) : N(z) = 1, |lz], < h}.
Hence, it follows that
7p(By) = 7{)(@(By) = |hl, 2 7" (B}) = h? M) (B}).

Furthermore, it follows from (6.10) that
/ ngy)(B;L) dy = p746|{x € (z2/p°Z)* : N(z) = h? mod P}
h2+peZy,
Hence,
op(No&h) = lim p° [ nd(B) dy = ol (B) = b2 (By).
Ee— 00 h2+peZp

This proves (6.15).
Combining (6.13), (6.14) and (6.15), we deduce that

or(N,& ) = 04 G(Z/eZ)|~ (H 74(G )h 27,(Bp).
q#p

Furthermore, by the Tamagawa Formula (6.9)
07 (N, €& h) = C|G(Z/L)| " 7p(G(Zy)) ™ Toc(Goo/T) ™ ™ 7(Bp)
= 7p(G(Zp)) T h 21 (Bp)* 1o0(Goo /Te)

This proves the first formula.
It follows from the disintegration formula (6.10) that

Oco(N,w) = lim (2¢)” /|N( : 1|<Eu)(gu) dz

e—0t

1+4e€
— lim 20" | ( / wdng>> ay=[  wald),
=0t l—e \/N~(y) N-1(1)

which proves the second equality. O
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From now on we fix prime p and ¢ € N coprime to p. We always choose
h to be of the form h = p°.

Our next goal is to show that the counting function that we studied
can be interpreted in terms of the averaging operators p,¢(84). Let w €
C.(Ds), and for x € G, we also set

we(g) == w(z'g).

Let x denote the characteristic function of the subset G(Z,). We introduce
a function ¢,, defined by

(6~17) ¢w(gwagp) = Z w(goo’Y)X(gp’w for (goo’gp) € G X Gp~
'YEFp,Z

This defines the function on X}, ¢ = (Gs % Gp)/I'p . The invariant proba-
bility measure p, o on X, is defined as

/XM ( > f(gv)) dpip,e(glpe) = I Fel‘l/ [ d(mee x my)

V€T, GooxGyp

for f € C.(G x Gp). Indeed, if F' is a fundamental domain for I'y in
Goo, then F' x G(Zj) is a fundamental domain for I'y y in G X Gj. Since
Moo(Goo/T') = 1 and m,(G(Zp)) = 1, the above formula indeed defines the
invariant probability measure on X, ;. In particular, it follows that

/ Gu ity = T : Ty 7! </ wdmoo> (/ dep>
Xpt Goo G

_ |G(Z/£Z)|_1/ w A
Goo
Taking (6.11) and Lemma 6.7 into account, we obtain:

(6.18) 0oo(IN,w)of(N,&, h)

_ ( wdroo) o (G(Z)) " 2 (B) 7o (G /T)
Goo

_ 2 ( /X o dup,4> my(By).
p,L
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For u € G(Z,), we obtain:

/Bh buw (b (271 w)) dmy(b) = /Bh ( Z w(a:_ly)x(b_luv)) dmy(9)

’YEFp,Z

= > w(@y)mp(urG(Zy) N By)
YELp ¢

’)/Erp’gﬁBh
Since
LpyNBp={ze€Al/p]: N@z)=1,z=1 (mod?¥),|z|, <h}
={hly:yeA N(y)=h®y=hI (mod?)},
we conclude that for any u € G(Z,),
(6.19) / duw (b (271 ) dmy(b) = N, (N, wy, hI mod ).
By,
We will also use the following result about integrability of the function
Dw:
Lemma 6.8. ¢, € L"(X, ) for all r € [1,00).

Proof. Without loss of generality, we may assume that w > 0.
It is sufficient to show that ¢, € L"(X,,) fo every » € N. We obtain
that Hgf)szT(X ,) can be expressed as
P,

Jo ol dmpa(e)

> bulgm) - dw (g%)> dpip,e(9Tp,e)

(GooxGs) /Ty (71,...,7rerp,e

> dwlgm)dwlgne) - -qﬁw(g’ym)) dpip,e(9Tp )

(Goo XGS)/FINZ (’y:[,...,’)/rerp,f

- GouxCs ( Z ¢w(g)¢w(972) T (st(g’}/r)) d(moo X mp)(g)_

V25V erp,l

We observe that the product is zero unless

i € supp(¢he) " supp(dw) C supp(w) ' supp(w) x G(Z,),
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and there are only finitely many such ~;’s. Furthermore, by Holder
inequality,

L 0ul@)bulgn) - dulgrn) dime x my)(9)
GooXGg

< MPwll L7 (Goox ) 0w © V2l Lr(Goox @)+ 1w © Vel Lr(Goo xGy)
= ||<Z>wHLr(GOOpr) = lwllzr .-
Hence, we conclude that

[fwllr < Nwllzr (@) < oo U

The following proposition verifies Theorem 6.1 for the class of functions
¢w- While this class of functions is quite “sparse”, we will eventually show
that this can be used to derive this estimate for general functions.

Proposition 6.9. Let w € C°(Ds) be as in Lemma 6.8. Then for every
€e>0,

<<w7p7€7€ mp (Bh) _U+€7

Pp,e (Bn)o / Puw d,u’p Vi

2(Xp,ﬁ)
where o = 1/4 if G is a anisotropic over Q and o = 1/16 otherwise.

Proof. Taking (6.18) and (6.19) into account, Theorem 6.6 can be restated
as follows: for every g € G, u € G(Zy), 6 >0, 0 >4, and € > 0,

(6.20)  ppe(Bn)dw(g™ ", u)

= /X S ity s + Opuesoe (gl Bh' =00 4 |[g|lgh~1/2+50%e),
L

We shall use this estimate to prove the proposition.
First, we note that (6.20) implies that for every compact @ C G,

<<p,w,€,Q,e h—1/2+e
L2(Q)

for all € > 0. If G is anisotropic over QQ, then the lattice I'y is cocompact in
Goo. Hence, we can choose a compact subset QQ such that Q! surjects onto
Goo/Ty, and the second part of the corollary follows. Then Q% x G(Z))
surjects onto (Goo X Gp)/T'p . Hence, it follows from the above estimate
that

Pp,e (ﬁh)¢w / Pw dﬂp,

Pp,e Bh / wa d,upﬁ <<p,w,£,e h_1/2+6 <<p mp(Bh)_1/4+€'

2(Xp,l)

This proves the proposition when G is anisotropic over Q.
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Now we consider the case when G is isotropic over Q. We observe that if
Q is a subset of G such that Q™! surjects onto G /Ty, then as before

Pp.e(Bn)o / Dw dpip,¢

LQ(Xp,Z)

Pp,e(Br) dw(( / Gw dpip,e

L2(Q)
It follows from the theory of Siegel sets that such @ can be chosen of the
form

Q=QoUQ1U---UQs,

where Qg is compact, and for i > 1,
(6.21) Q; ' = {ka(t)ng; : k€ K,t >0,n € Ny}.

Here K = SO(2), a(t) = diag(e’, e~ "), Ny is a compact subset of the upper
triangular unipotent group, and g; € G(Q).

Let us consider the case when @ is given by (6.21). We note that the
case of the union can be handled by using the triangle inequality. We set

Q<r:={t <logR} and Q>gr:={t>logR}.
We observe that for every 6 > 2,

log R
[ lalamacto) < [ 0 ar < B2,
Q<r 0

and
[ lglsdma(o) < 1.
Q<r

Hence, it follows from (6.20) that

Pp,e(Br)duw((-) / Guw dpip,e

2(Q<R)
Lpwt,s,e RITERITOD0 4 p=1/2480%¢

To estimate the integral over @)>pr, we consider the set

Qp = (Qg}q X G(Zp))rp’g C Xp,g,

and wg denote the characteristic function of this set. Then

Pt (B () / bu dtip

L2(Q>R)

(pp ¢ Bh / @bw d#p E)

L2 (Xp,é)
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Using the Holder inequality, we obtain that for every r» > 1 and s =

(1 =1/r)7H,

| <pp€ ﬁh / D dﬂp é) WR

Pp,e ﬁh / ¢w d,up ¢

2

L? (Xp,ﬁ)
2

2
) ||WR||L23(XP’£) :
LQT(XP,Z)

It follows from Jensen inequality that the operator p,(By) : L*"(Xpe)
L*"(X,,) is bounded and the corresponding norm satisfies ||p,(8s)| <
Hence, since ¢y, € L*"(X, /) by Lemma 6.8, we conclude that

Lwp lwrllg2s(x, ,)
L%(Q>r)

= Np,ﬁ(QR)l/@s)
< moo(QZR)l/(QS) < R—l/s.

Pp,e (/Bh)d)w / Pw dﬂp,

This implies that for every € > 0,

<<w>p7€1€ R_1+E :

Pp, Z(/Bh)¢w(( / ¢w deZ

L2(Q>r)
Ultimately, we conclude that

Pp,e(Br)® / Pw dpipe

LQ(Xp,Z)
<<p,w,€,6,9,e R972h17(974)5 +h71/2+35+6 +R*1+6.

We choose R = h'/273% Then for every € > 0,

—o+
<<w,p,€,9,6,5 h=7 e’
LQ(X;D,Z)

where ¢ := min(—(1/2 — 36)(6 — 2) + (§ — 4)d — 1,1/2 — 34). To optimise
the error term, we choose 0 = (6 + 1)/(80 — 14). Then as 6 — oo, we get
o — 1/8. This implies the theorem. O

Pp,e 5h / ¢w d,up ¢

Proof of Theorem 6.1. We recall that by Proposition 6.9, for every w €
Ce* (Do),

<<w,p,€,e mp (Bh) mote
L2 (Xp,f)

pp, /Bh / ¢w dﬂp,
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for all € > 0, where ¢,, € L?(X,) is defined by (6.17). Let us also consider
a family of functions w,(y) := w(z~'y) with 2 € G. We observe that

Gwy, = Poo,t(T)(¢w) for the operator
Poos(®) : LH(Xpp) — L*(Xpy) : ¢ — pox L,

Since poo ¢(z) commutes with p, ¢(8) and ||pece(x)|| = 1, we deduce that
for every r € G,

<<w>p7£76 mp(Bh)iouFE'
Lz(Xp,K)

ppl(ﬁh)‘ﬁum - / Pw, dﬂp,f
Xpyl

Let m be an irreducible unitary representation of G}, which is discretely
embedded in p, . Since the sets By, are G(Zjp)-invariant, 7(5,) = 0 when
7 has no non-zero G(Zj)-invariant vectors. Hence, we may assume that 7
is spherical and denote by F, € L?(X,,) the unique unit G(Z,)-invariant
vector associated to w. Arguing exactly as in the proof of Theorem 5.2
(see (5.5)), we deduce that

”7T(ﬁh)H Lw,p,te ’<¢wm>Fw>’_l mp(Bh)_J+6a
provided that (¢, , Fr) # 0. Moreover,

(G Fr) = [ wl@™'9)f(g) dmec(9)

where f(g) := Fr(gI'ps). Since f is a non-zero function which is locally
L?-integrable, it follows from the following general version of the Local
Ergodic Theorem (Lemma 6.7 below) that there exists x € G such that
(w,, Fx) # 0. Hence, we conclude that

(6.22) |7 (Bl < wp,te mp(Bh)_a+€

for all € > 0. We refer to [16, Ch. 2] for the classification of the irreducible
unitary representations of G, ~ SL2(Qp). In particular, let us consider

the complementary series representations 7; € G, with s € (0,1). These
representations are spherical, and we recall that the corresponding spherical
function are estimated as

(6.23) 91l 0™ <ps lwn. (9)] <pys lgll, 1) for g € G
Using this bound, we deduce from (2.3) that
B0 (s (B s 7).
Since also
h* <, my(Bp) <p h?,
we conclude that

(6-24) mp(Bh)i(lis)/2 <Lp,s HTFS(ﬁh)H <Lp,s mp(Bh)i(lis)/%
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It will be important for us that the implicit constants in (6.23) and hence
in (6.24) are uniformly bounded for s < sg < 1.

Comparing (6.22) and (6.24) when my(By) — oo, we deduce that if the
complementary series representation y is discretely embedded in pj, ¢, then
s < 1 — 20. Hence, we conclude that if w5 € égut’o, then s < 1/2 if G is
anisotropic over Q, and s < 7/8 if G is anisotropic over Q. The continuous
component of the representations p, , has been described (in much greater
generality) by Langlands [26]. It follows from this description that the con-
tinuous component is tempered. Moreover, it follows from the description
of the unitary dual of SL2(Q)) (see, for instance, [16, Ch. 2]) that the only
non-tempered irreducible unitary representations are the complementary
series 4. Therefore,

Pt = (Z W?i"i> @ Py s
1

where p;o,é is a tempered representation and s; < 1 — 20 for all 7. Since for
tempered representations the bound (2.2) holds, we conclude that

10p.6(Bn)|| Ko mip(By,)~Asmax)/2,
where spmax := max(s;). This completes the proof of the theorem modulo

Lemma 6.7. O

Lemma 6.10. There exists a collection of smooth non-negative compactly
supported functions w™, r € (0,70), on Go such that for every locally
L?-integrable f on Goo,

(6.25) (G w“)dmm) [ w9 f(g) dmac(g) — £l

asT — 0T,

for almost all x € G.

Proof. We fix a Goo-left-invariant Riemannian metric on D(R) and consider

w(g) = ¢(r~"d(g.e)),
where ¢ is a smooth non-negative symmetric bump function at 0. Moreover,

we assume that ¢ is non-increasing on R™. We note that the claim of the
lemma clearly holds for continuous functions.

We set
1
A f(2) :=(G w“)dmoo) [ W) f(g) dmecto).

and define the corresponding maximal function

Mgy f(z) = eS(tgp )Arlfl(l‘)-
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If the maximal function satisfies the bound

(6.26) 1My fll2 <1112

for every L2-integrable f, then by a standard argument one can extend
(6.25) from continuous functions to general L2-integrable functions. Hence,
it remains to prove (6.26). In fact, it can be deduced from the classical
maximal inequality for the operators

M (@) 1= supm (Ba.r)) " /. o @ dmec(o),

where B(z,r) denotes the balls in G, with respect to the metric d. We
choose positive parameters a;,7; = Og(1) so that

¢ < Ziozi XB(0,r;) and Ziairi <4 1.

Then
[ el anto) < S [ 1@ dmeclo)
< (S aimeo (Bl rie)) | M ()
<4 1\2 f(z).
Hence, (6.26) follows from the classical maximal inequality. O
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