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The exact order of discrepancy for Levin’s normal
number in base 2

par RoswiTHA HOFER et GERHARD LARCHER

RESUME. Dans [4], Mordechay B. Levin a construit un nombre « qui est
normal en base 2 et tel que la suite {2"a},—0,1,2,... a une tres faible discrépance
Dy . En effet, nous avons N - Dy = (’)((log N)z). Cela signifie que « est un
nombre normal de trés haute qualité. Dans cet article, nous montrons que cette
estimation est la meilleure possible, c’est-a-dire que N-Dy > c¢-(log N)? pour
une infinité de N.

ABSTRACT. Mordechay B. Levin in [4] has constructed a number o which is
normal in base 2, and such that the sequence {2"a},—¢.1 2, . has very small
discrepancy Dy . Indeed we have N - Dy = O((log N)2). That means, that «
is normal of extremely high quality. In this paper we show that this estimate
is best possible, i.e., N - Dy > ¢ (log N)? for infinitely many N.

1. Introduction and statement of the result

A real number a € [0,1) is called “normal in base 2” if in its base 2 rep-
resentation o = 0.1, ae ... the following holds: For every positive integer
k and any 0-1 block ajas...ax € {0, 1}k of length k we have

. 1 1
]\}gnoo N#{O <n< N|apt10pt2 ... Qpik = a1az...a05} = o
Of course this is equivalent with the following, seemingly more general,
property: For any two blocks aj ...ax and by ...bg in {0, 1}k we say that
ay...ap < by...bg iff 0.ay...ap < 0.by...b. (vesp. a1 ...ax = by...b iff
0.a1...a <0.by...b;). Then

. 1
(1.1) A}gnooﬁ#{()gn<]\f]a1a2...akjan+1...an+k<b1...bk}

:O.bl...bk—O.al...ak.
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It is an easy exercise to show that « is normal in base 2 iff the sequence
{2"a}n=0,,... is uniformly distributed in [0,1). That means: For any a,b
with 0 < a < b <1 we have

lim —#{O<n<N|a<{2na}<b}—bfa

N—oco N

The “quality” of the uniform distribution of a sequence (zy)n=01,.. in [0,1)
usually is measured with its discrepancy Dy. Here

1
Dy:= sup |—#{0<n<N|a<z,<b}—(b—a)|.
0<a<b<1

(Zn)n=01,.. is uniformly distributed in [0,1) iff limy_oo Dy = 0. Now
we have the following obvious relation between the discrepancy Dy of
({2"a})n=0,1... and the speed of convergence in (1.1): We have ajas .. .a; <
Qpt1 - Qpig <b1.. b iff O.ay .. .ap < {2"a} < 0.by...bg. Therefore

‘N#{O<n<N|a1a2 LA =S Qg e Qpak < by bk}

- (O.bl...bk—O.al...ak)

‘N#{O<n<N\0a1 cap < {2"a} < 0.by...bg}

—(0.by...b, —0.a1...a)| < Dy.

On the other hand: Let F'(N) be such that for all positive integers k and
all blocks ay . ..ay and by ... by € {0,1}* we have

1
(1.2) N#{O§n<N\al...akjan+1...an+k<b1...bk}

—(O.bl...bk—O.al...ak) SF(N)

Let a,bwith 0 < a < b < 1 be arbitrary and € > 0. Let k£ be such that 2% <e
and ai...a and by ...b; be such that 0.aq...ar <a <0.a1...a;+ 2% and
0.b1...by <b<0.by...0p+= 5% - Further we denote by by ...by bk resp. aj ... ag
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the block of digits representing 0.b; ... b + 2% resp. 0.ay ...ax + 2% Then

#{0<n<N|a<{2"a} <b} —(b—a)

5

1 -
<max<N#{O<n<N‘a1...ak-<an+1...an+k<bl...bk}

(0b1 b, —0.aq .. )—1—2%,
1

2k
—#{0<n< Nl|ar. - ar = Qny1-. an+k<b1...bk})

<F(N)+e

(0.b1...b, —0.a1 - -ax) +

Hence the discrepancy Dy of the sequence {2"a},—0,1,... also is a perfect
measure for the “quality of the normality of « in base 2”. We will say: “Dy
is the discrepancy of the normal number « in base 2”.

It was shown by W.M. Schmidt [6], and it is a well-known fact that there
is a positive constant ¢, such that for every sequence (zp)n=01,.. in [0,1)
we have

for infinitely many N. So also the discrepancy of any normal number «
in base 2 is at least of order c - %. This fact follows from the (highly
non-trivial!) general result of Schmidt, but it can also be deduced rather
easily directly by the following simple argument:

Assume that Dy < &% holds for all N. Let M € N, L := |22 | and

2log?2
U:= M+ L. Then % > logU for M large enough. We have

16 log2

#{O§n<M

1 1 1
T, € [0,%)} ZM-Q—L—M-DMzM-ﬁ—logM>O
for M large enough.
Hence there is an m with 0 < m < M and z,, € {0, 2L) Therefore

Tms Tmtls- -y TmitL—1 € {0, %) Hence either

6{01>}<m L
= —— = r
S %)= " ©
1 m 3L m+L L
- >0y 2T -
PrRE

Therefore there isan N < U with NDy > % > 161 5 logU > 161 logN
Of course with growing M and hence growing L we Can prove the ex1stence
of infinitely many such N.

#{O§n<m

#{O§n<m+L
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By an ingenious construction Mordechay B. Levin in [4] provided a num-

ber a normal in base 2 with discrepancy Dy < c- M (with an absolute
constant ¢). Until then it was only known that for almost all & we have

1
Dy = O((W)E), see [2], and Korobov has given an explicit example

1
of a with Dy = O((+)?%). See [3]. The most prominent normal number,
N

the Champernowne number « is of rather bad quality. We have

1
Dy >c-
N=c log N

for infinitely many N. See for example [5].

Nevertheless there still is a gap of one log N-factor between the best
known example of Levin and the currently best known lower bound for
Dy. So the main and certainly challenging question is, if either the upper
or the lower bound (or both bounds) for the discrepancy of normal numbers
can be improved. The first idea in an attempt to improve the upper bound
could be to try to improve the discrepancy estimate given by Levin for his
normal number «. The aim of this paper is, to show that this attempt has
to fail, since we will show

Theorem 1.1. Let a be Levin’s normal number in base 2. (For the exact
definition of o see Section 2.) Let Dy be the discrepancy of the sequence
({2"a})n=0,....N—1. Then there is a positive constant ¢ such that

(log N)?

DNZCT

for infinitely many N.

So the main question remains open: What is the best possible order of

normality in base 2 i.e., what is the smallest possible order of the discrep-
(log N)?
N )

ancy Dy of sequences of the form {2"a},—0 1, .. Is it IOZgVN, or
something in between?

or

2. Levin’s normal number a and two auxiliary results

Levin’s normal number « in base 2 is defined as follows: We denote the
representation of « in base 2 by

a=0.a1a9...Q8 Qg ...Q79 ... L. ...,
—_———— ———
A As Am

Here the blocks A,, consist of 2™ - 22" digits a; for m =1,2,. ...
We set ny := 0 and n,, := 21 -22' +22.22° 1 ... 4 om-1. 02" g,
m = 2,3,.... Then block A,, starts with a,,,, 1. The block A,, is of the
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form
do(0) ... dy(0) .. .dam_1(0) do(1)...dx(1)...dpm_1(1)

do(n)...dp(n)...dgm_1(n) ... do(2%" —1)...dgm_1 (22" —1).

For n between 0 and 22" — 1 we set n := eg(n) +2-e1(n) +---+22" 1.
€2m_1(n).

Then di(n) := proeo(n) + -+ + prom_1€am_1(n) (mod 2), with p; ; :=
(’JJ”) (mod 2) for all non-negative integers i and j. We define the Ny x Ny
- matrix P as

P = (pij); jmoa,. = @ - (mod 2).

N N N /™
- OWoON O OO

e e < U

Levin in Theorem 2 in [4] has shown, that for this a for the discrepancy
Dy of the sequence {2"a}p—q.1,.. we have Dy = O(M).

We will have to use this upper bound for Dy also in our proof of our
lower bound for Dp. Further we will need two auxiliary results.

First, we will use the second result (formula (55)) in Corollary 2 in [4].
This is

Lemma 2.1. For every m and every v with 0 <y < 1 we have
#{nm §n<nm+2m~22m‘{2"a} € [O,'y)} =-2m. 22" f o.M

with some e with |e| < 5. (This € here and in the following, is not a constant
but denotes a variable with bounded absolute value!)

Further we will use the following sharper version of Lemma 5 in [4].

Lemma 2.2. For every positive integer m we have: For every 0 < i < 2™,
every integer B with 0 < B < 22"~ and for every integer ¢ with 0 < ¢ < 2
with the exception of at most 2! such ¢ we have

{2nm+2mn+k ' a} c {201’ C;1>}

=2m.

#{0§k<2m,3-2i§n<3-2i+2i
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Proof. Each n with B - 2! <n < B-2" 4+ 2! can be uniquely represented in
the form
n=-eo(n)+e(n) -2+--+e_1(n)- 271+ by 2" + by - 20+
4o bgmog 27
Let ¢ :=cg+c¢1 -2+ - +¢_12"1. Fix a k with 0 < k < 2™. Then
{2nm T2tk € [, S5) is equivalent with:
Case 1: If k+1i<2™,

dk(n = Cp
de+1(n) = a1
(2.1)
dti-1(n) = ci—1
respectively.

Case 2: If k+1i > 2™.

d(n) = co
dit1(n) =1
(22) defl(n) = Com_[_1

do(’l’L + 1) = Com_}

diyk—om_1(n+1) =ci_1.

Let us consider first Case 1. The system (2.1) is equivalent with
proeo(n) + -+ + pri—1€i-1(n) + B = co

pk+i—1,0€0(n) 4 +pk+i71,i71€i—1(n) + Brti-1 = Ci—1

with 5k+j = pk+j,ib0+' . -—I—pkﬂ',szlem—z‘—L The matrix (pk+jv“)j,u:0,.. 1

)

i
is regular (see Lemma 4 in [4]), hence for each choice of ¢ and every such &
there is exactly one n such that {2nm+2"n+kql ¢ [ <L)

21‘7 2i
Let us consider now Case 2. This case is more delicate since then the
system contains now also variables eg(n +1),...,e;—1(n + 1). It will turn

out that this does not make any problem, but only in one case, namely if
n = 2'—1. In this case we also have to take into account that then also the
digit e;(n+1) = 1 will appear. For each n = 2'—1, wherei = 0,1,...,2m—1
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we have e;(n+1) = 1. But for n = 22" — 1 then e;(n+1) = 0 because n + 1
in this system is not equal to 22" but it equals 0

To handle the now relevant system (see below) we will make use of the
following special form of the matrix P: P is generated by starting with the
1 x I-matrix Ag = (1), and then by successively carrying out the transfor-

mation A, = Apt1 = (ﬁz Ad“) . Le.,

(1)—><} (1)>—>

Hence the left upper 2 x 2™ - submatrix A,, of P is a left upper triangle
matrix. Hence, for 0 <7, j < 2™ we have p; ; = 0 whenever i+ j > 2. The
system which we have to deal with, now is of the form:

—
O = O =
S O = =
SO O

Co
A ‘ B o Com _[._ 1
C ‘ D o Com _[
Ci—1
where
Pk,0€0(n)++pgom _g_1€9m _p_1(n)
A= : ,
pam _1,0e0(n)+-+pam _1 9m __1e9m _j_1(n)
+ pram_geam g (n)+-+pgi—1€i—1(n)+Bxk
B := ,
+ pam_1,9m _gegm _p(n)+-+pam _1 ;_1€i—1(n)+Bam 1
Po,0€0(n+1)+-+pg om __1e9m _j_1(n+1)
C = . )
Ditk—2m—1,0€0(N+1)++Pitppam_1,0m_g_1€am_p_1(n+1)
+ po,am_geam _p(n+1)+-+poi—1€;_1(n+1)+Lo+10
D = :
+ Pigr—om_12m_geam_p(n+1)4+pitp_om_1;_1€;_1(n+1)
+ Bitk—o2m_1+Tiyr_om_1
. Z . . m
pji ifn=2"—1withi#2
Here 75 := ¢ 7" 72"

0 otherwise.

By the property of P pointed out above, we have B = 0. The matrix
defining part A is regular (see Lemma 4 in [4]). Hence eg(n), . .., eom_g_1(n)
are uniquely determined by the upper part of the system. Hence also part
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C is determined. Say,
90
C:=1:
Oik—om_1
That is, we arrive at the system
poom—keam_p(n+1) 4+ -+ poi—1ei—1(n + 1)
+d0 + Bo + 10 = cam

Pitk—am—12m_geam (N + 1)+ + piyg—_om_1;-1€i—1(n+ 1)
+0iqpk—2m_1 + Bigk—2m 1 + Tigp—2m_1 = Ci—1.

The sub-matrix of P defining this system (again by Lemma 4 in [4]) is
regular.

Consider now the whole system (%‘%) = ¢ first without the en-

tries 7;. As we have pointed out above, this system has a unique so-
lution, say (eo,e1,...,eam k1, fam g, ..., fi—1), where eg,e1,...,eam 1
are determined by the upper part of the system, and e; = e;(n) for j =
0,1,...,2" —k—1.
If now (Case 2.1)
(60, €1,... ,ezm,kfl) 7é (1, 1, ey 1),

then certainly n # 2° — 1, hence all 7; = 0, and f; = e;(n + 1) = ej(n) for
j=2"—k,...,i—1 gives the unique solution n.
If (Case 2.2)
(eg,€1,y...,eam_j_1)=(1,1,...,1)
and
(fom—ky .-, fiz1) # (0,0,...,0),
say
(60, €lyeeny €2m,k,1’f2m,k, e ;fi—l) = (1, 1, ey 1|0, 0, e ,0, 1, .. .),

then we set
(eo(n),e1(n),...,eam_g_1(n)|egm_g(n),...,e;—1(n))
=(1,1,...,11,1,...,1,0,...).
The corresponding n is different from 2¢ — 1, hence 7; = 0 for all j, and
therefore this n gives the unique solution of our system.

Finally (Case 2.3), let ¢ be the unique integer such that the system
(without the 7;) has the unique solution

(60, €1,y... ,€2m_k_1’f2m_k, c. 7fi_1) = (]., ]., ey 1|0, 0, ‘e ,0)
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Only in this case, for this single ¢, it could happen that the system with the

7; has no solution, i.e., that there is no element {2"m+2""**a} in [, &5L)
Consequently also at most one of the intervals [2%, C;l) with ¢ # ¢ con-
tains more than one of the points {2"m+2""+kq}. This holds for every

k=0,1,...,2™ — 1 and so the result follows. O

3. Some properties of the Pascal-matrix P

We recall that the matrix P (we will call it “Pascal-matrix”) is of the

form
1+
P = (pij)ij=01,. = (( .‘]> (mod 2)) .
J §,j=0,1,...

Let m € N. For fixed t with 1 <t < 2™ and arbitrary 0 < k < 2™ let

Pk,0 cee Pkit—1
Ak,t = .
Pk+t—-1,0 --- DPk+t—1t-1
and
Pkt S P 2m—1
Bk,t = : :
Pk4t—1t -+ Pk+t—12m-1

By Lemma 4 in [4] the matrix Ay always is regular in Zo.
For given k,t like above let

Chptyt = (Phat,0 oo v e Dhett,i—1) » ittt = (Phstt------ Phtt,2m—1)

() 1)

See Figure 3.1 for an illustration.

and

Lemma 3.1. Let i and u € Ng. Then 3774 (ij) = (i+i+u) +1 (mod 2).

Proof. This is an easy consequence of 377, (’“J“J) = (HEF“

shown by induction on u. O

), which can be

Lemma 3.2. Let m > 7 and

. 1 -
Dm=<<z+ .+‘7>+1 (m0d2)> '
j gm=3—Mom=3<jcom=3,0<j< Lgm=3

The relative number of 1s in Dy, is (1 — (%)m_7>.
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rowo— (11111111111 11111
1 e16e @1 91010 1e16%8
l1l10@©@11l1ee1l1l1l1leel1lee
Vectorft_IOOOIOQO19091900
1 11eeee1l1111eeee0
rowt— A © 1 © © © 2 210 10 e e e e
l1l1o00 0000110000690 0e0
wwk— |1 0000000 10000000
11111111ee0©eee0e0e e
t ) _}.919101999990004_9’/1113tri><3k,5 t
matrixA,;— 1 1 @ © 1 1 @2 22200000 0
1900100000 00000 0
l1 9190000000020 00 000 0 :
110000000 2000 00 0 e
190000000900 000 0 0 0
I 1
t 2m-t

FIGURE 3.1. The magnitudes &, Ap;, Bigi Crttyt, and
diott.t-

Proof. Let r > 1. In the following we will sometimes use Lucas’ Theorem
which states the following: Let i := Z;:ol 712! and j = Z}:& 528 with

i, Ji € {07 1}7 then
. r—1 .
e H " (mod 2).
i) s \di

First we see from the self-similar structure in P, which is a consequence of
Lucas’ Theorem, that the number of 1s in

W
<<Z + ,+ ]> (mod 2))
J 0<i<2r,0<j<2r

equals the number of 1s in

<<Z—iﬁj> (mod 2)) .
J 0<i<2r 0<j<2r

The latter equals the number of 1s in

<<Z> (mod 2)) :
J 0<i<2r,0<5<2r

This number can be computed as 2" - 2" - (3/4)", since (;) = 1=, (;i
(mod 2) and whenever j; < 4; for all [ then (jl) =1 (mod 2), and (;) =
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(mod 2) else. The statement of the Lemma follows then again by the self-
similar structure of D,,, that is built by a submatrix with r = m — 7, as
described above, stacked 14 times. O

Lemma 3.3. We write i = 8 - i + ig, where ig € {0,1,...,7}. Then

0 0
1 1
1 1
<(Zf]>> 1= (Gﬂ)) 11| (mod2)
P/ s | 1 P/ s |1
0 0
0 0

where 0 := (0,0,0,0,0,0,0,0)", T:=(1,0,0,0,0,0,0,0)”, and the number
of 1’s and 1’s are equal.

Proof. We observe

0 0
1 1
1 1
(D))
P g0 | 1 J >0 | 1
0 0
0 0

0

1

1
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0
1
1
E<<Z+g7>> 1| (mod2),
J 7>0 1
0
0
where we used Lucas’ Theorem twice and the fact that (%’) = 1 for all
io €4{0,1,...,7}. O

Furthermore, we see:

Lemma 3.4. For k,t such that 0 < k <2™,1<t<2™ and k+t <2m™—1
we have

(1) Chttt =&t Ak,t (mod 2),
(2) ditt =& - Bt + Cryrom—t (mod 2).

For the proof of Lemma 3.4 we will need the following identity.

Lemma 3.5. For all non-negative integers t, k,l we have
¢ .
t k+1 k41
Z()( +Z+J>E<l+> (mod 2).
j=0 \J !
Proof. This is simple induction on t. U

From Lemma 3.5, we immediately conclude:

Corollary 3.6.
t .
t k+1
(a) Z()( +Z+J>:O(mod2)forl:0,1,...,t—1,

) Z<;>'<k+§+j> <k+l+t
j=0
t—1

l

£\ (k+1+7\ _ (k+i+0\ | [(k+1 B
(c) 2 ]>< ! ):( ] >+(l—t) (mod 2) for I =

> (mod 2) forl=0,1,...,t—1,
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Proof of Lemma 3.4. We start with (1). We have to show ¢y = & - Ap ¢
This is equivalent to

(k—H
SRR

inZo forl=0,...,t—1, i.e.,

~ e~

H(t) <k+l+j>_<k+l+t>
2\ I z
in Zg for 1 =0,...,t — 1. This is exactly Corollary 3.6 (b).

For the proof of (2), i.e. diytt = & - Byt + Chytom—t in Zo, we see the
equivalence with

()
k+t+1\ ([t t Ay (ki
) W) e o : -t )
k+t—1+1
AR
in Zg for I =t,...,2™ — 1. This is exactly Corollary 3.6(c). O

Remark 3.7. The last entry in & is (tfl) =t=1 (mod 2) if ¢ is odd.
From Lemma 3.4 we derive the following proposition.

Proposition 3.8. Let k € Ny, t € N such that k +t < 2™. Then
(1) K¢ = Crpep (Ak,t)_l =& (mod 2) is independent of k, and
0

==

(2) (dk-l-t,t — it (Agy) Bk,t) . = (L(Ht)/fHHv) +1 (mod 2),

. OORIRI .

o
where 0 := (0,0,0,0,0,0,0,0)", T:=(1,0,0,0,0,0,0,0)", and v is
the number of 1s in the vector that consists of 1s, 0s, and 0s.

Proof. The first item is an immediate consequence of (1) in Lemma 3.4
together with the fact that the square matrix Ay, is regular.
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For the second item note that (1) together with (2) in Lemma 3.4 implies

0 0
1 1
1 1
-1 1| _ 1
(dk—i—t,t — Ch4tt (Ak'ﬂf) Bk,t) 11 = (dk+t,t - ftBk,t) 11
0 0
0 0
0 0
0
1
1
_ 1
= Cltt,2m—t i
0
0
0
_ Z <8L(k +1)/8] + 8i + 8{(k +t)/8}>
i=1 8i
| (k
—Z( +t) /8J+z> (tmod 2)
1
_ (L(kth)/SJ + —i—v) 1 (mod 2),
v
where we applied Lemma 3.3 and Lemma 3.1. O

4. The proof of Theorem 1.1

We will construct now for every m large enough an N with n,, < N <
Nm+1 and an interval J C [0, 1) such that

#{0<n<N|[{2"} € J}>N-\J)+c-(logN)?

(with a fixed absolute positive constant ¢, and where A(J) denotes the
length of the interval J). This proves the Theorem.

For a given m (large enough) let w; := 2™ 3 —1 -8l for | =0,1,..., M
with M :=2"~7 — 1. For m > 7 all w; and M are integers. The w; all are
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odd, and
oMt g < wpp—q < ... < wp < 273,
Let N :=ny, + 2™ - (2WM 4 2WM-1 4 ... 4 2W0),

We will consider the sequence elements x,, :={2"a} forn=0,1,..., N—1,
i.e., the points xg, ..., 2y, —1 and the points
Ty = {20 R

forn=0,1,...,2%M 4 2WM-1 4 ... 4 2W0 — 1 and k=0,1,...,2" — 1. We
divide this set of n’s into M + 1 disjoint sets. For each | = 0,..., M let
By ={B;,B;+1,...,B;+2"—1}, where By := 0 and By := 20+ ..42Wi-1,

We construct in the following an interval J C [0, 1) that contains “too
many” of the points xg,...,xny_1. J will be of the form Jy;UJpr_1U---UJy

with Jp := |55, 56 ), where 0 < U(l) < V(1) < 21, U(l) € No, V() €

INg and with V(1) —U(1) € {3,3}, and ¥ = Y01 for 1 = 1,..., M.

That means, J is of the form as sketched in Figure 4.1.

UM)
v V(0)
2WM W
\ J /
l
0
\ T .
Im Im-1 Im-z2 -
FIGURE 4.1. The interval J.
For the length \(J) of the interval J we have
M
1 1 4
where we used wy; > 2m 4.
Now let us recall and use Lemma 2.2: For every [ = 0, ..., M we consider
the points x,  with 0 < k& < 2™ and n € B;. By Lemma 2.2 there are at

most 2™ integers ¢; such that the interval [5%, %!) does not contain

exactly 2™ of these x, ;. Altogether there are at most 27+ (M +1) < 22m

intervals of the form [5%, %) which do not contain exactly 2™ of the

Tpp with 0 < k < 2™ and n € B; for some [ = 0,..., M. So there are at
most 22 such “exceptional intervals”, and the length of the union of these

: : 2m M 1 22m+1 1
intervals is at most 2 - > 52 gup < 2=t < 1 for m large enough. Hence
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there exists a sub-interval Z of [0,1) with length at least 22”1% which has
empty intersection with every of the exceptional intervals. Fix such a Z.
In the following we construct J = Jy; U--- U Jy.
We start with the construction of Jy;:
Let U(M) be the least even integer such that gq(,%) € Z.
U(M)

For m large enough such U(M) certainly exist. The value Zu3 is the
left border of Jy; and hence of J. Since A(J) < 22,;% and A(Z) > gmier,
for m large enough we have J C Z and hence J has empty intersection
with every of the exceptional intervals.

In the following we construct the right interval boundary 2‘1{,—1‘]{4 of Jy:
For this reason we consider the points x, j for n € By and 0 < k < 2™,

T UM) UWM)+1
Let ‘]M = [21(”M)7 (Zl”za;r :

We will show now that for each k > 0 with k 4wy < 2™ there is exactly
one n € Bys such that x,; € Jy, and in a second step we will analyze in
which sub-interval

U(M) v UWM) ’Y+1>

JM"Y = { Qupm Qup+1’ Qwp Quar+1

for v = 0, 1 this x,,; is located. Now let k& > 0 with k+wps < 2™. We write
U(M) := -1 + Uiy —2 - 2+ -+ +ug - 2%
n=eo(n)+2-e1(n)+---+2vM"toe 1(n)
+ By
=eg(n) +2-e(n) 4+ +2M e i(n)
+ 2”~UM71 + 2111]&172 + .+ 2100
=eg(n) +2-e(n)4---+29M 1ei(n)

4 2wM+8 + 2wM+2-8 4t 2'w]W+M‘8'

Then this leads to the following two systems, where
0:=(0,0,0,0,0,0,0,0)T, 1:=(1,0,0,0,0,0,0,0)7,

and the vector consisting of 0s, Is, and 0s, contains M consecutive 1s:

0
1
eo(n) : uo
Ak,wM : + Bk,ij I =
ewM_l(n) 0 Uwpr—1
0
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and
0
1
eo(n)
Chtwpr,wps + dk-&-wM,wM 1 =7
Cun—1(n) 0
0

Here Ak s Bhaways Chtwnyway> @A ditwy, w,, are the magnitudes defined
in Section 3. Note that here we used the fact that k +wjys < 2™. Otherwise
the system would contain conditions described by using e;j(n + 1).

Since Ay, is regular the first system for every k has a unique solution

0
1
eo(n) {0

-1 . -1 T

= A : — Ap oy B | 1

ew]VI—l(n) Uwpr—1 0

0

and inserting this solution into the second system leads to

0
1
U
-1 . —1 7
Y= Cktwpwn Ak,wM ’ : — Cktwpr,wyy Ak,wM Bkv'LUM 1
Uwpr—1 0
0
0
1
+ dk+w1\/17’wM 1
0
0

Proposition 3.8 (1) guarantees that cjiuw,, wyy, -A,;}UM = &w,, is independent

of k. Let Ao(M) be the number of ks in {0,...,2™ — 1 — wps} such that
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v =0 and let A;(M) be the number of ks in {0,...,2™ — 1 — wys} such
that v = 1. We set

A(M) := max(Ao(M), A1 (M)),

which we will estimate later.

Altogether we know, that there is a v € {0, 1} such that z,, , € Jyr for
at least A(M) =: q(M)2™ values of ks.

We distinguish between the cases v = 0 and v = 1:

1
e If v =0, then we choose Jys := {% , U(QJ\QTQ). Jar then contains

at least A(M) = q(M)2™ of the points z,, j, with n € Byy.

3
o If v =1, then we choose Jy := [g%) ) U(QJ\Q{I)JQ). The reason for

this choice is the following: Since J, v € Z the interval J, M is not
an “exceptional interval” and contains exactly 2™ points x,, ;, with
0<k<2™andn € Byy.

The question, how many points of x,, ;, with k& +wy; < 2™ lie in

{U(M) +1 UM) +2)

QUM ’ QWM

and, more detailed, in which of the sub-intervals

UM)+1 57 UM)+1 F+1
Qup qupr+17 QU Qwp+1

with 5 € {0,1} these points are located, now leads to the systems

0
1
eo(n) : ug
Ak,wM ’ + Bk,wM 1 = :
ewz\/f—l(n) 0 Unp—1 + 1
0
and
0
1
eo(n)
Chk4wprwyy + distwps,wi I =7.
ewM—l(n) 0
0
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Hence, as before

0
1
U
~_ ~1 ) ~1 T
Y = Cktwar,war Ak,wM ’ : — Chtwar,war Ak,wM Bl wa

0
=Ewyy Uy —1+1 '
0

0

1

+ dk+w1v1,w1w 1

0

0

Note that we have chosen U(M) to be an even integer, and so uy,,,—1 = 0.
Moreover, by Remark 3.7 the last entry in &,,, equals 1 if wj; is odd (what
indeed is satisfied). Therefore ¥ = v+ 1 = 1+ 1 = 0 (mod 2). Hence
{U(ngjefl, U(21\w4]31+1 +3- QWIM) contains at least A(M) = ¢(M) - 2™ points of
the z, 1 with £ 4+ wys < 2™ and n € Byy.

We summarize: For both choices of Jy; we have

1
#{n € By, 0 < k<2™ | Tpk € JM} > 2M.2UM N (Jp)+ <(](M) - 2) 2™,
In the next step we will show how to choose the interval Jys_1. Then it

will be clear how we will, quite analogously, choose the intervals Jy;_o, ..., Jy.

We recall that the interval Jy,_1 is denoted as Jy;—1 = [UQg‘ffj) , ‘;(u%j) ),

where %%@j) = ‘;(U%) Note that wys_1 = wys + 23. Thus U(M — 1) is an

even number. Let U(M — 1) := wy,,_,—1 + Uy, -2 2+ +ug-20M-171,
Similarly to the choice of Jy; we will choose Jy;_1 either as

JMfl = ‘]](\})—1 =

{U(M—n UM —1) 1‘1>

Qwp—-1 7 QWm-—1 2 Qwm-1

or

e _[UM-1) UM-1) 31
M-1 - M-1 - QWM -1 ’ QWA -1 2 QWm-1
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To decide, which of the two choices we prefer, we first consider the interval

Ja-1 = Qupm-1 7 Qwm-—1 QWM -1

UM —1) UM —1) 1)

and the points z,; with n € By—; and £ = 0,1,...,2™ — 1. Jnr—1 by
Lemma 2.2 contains exactly 2™ of these points. Again for k > 0 such
that k£ + wy;_1 < 2™ we ask where exactly these points are located in
Jn-1. Especially, again we ask how these points are distributed to the
sub-intervals

UM —1) v UM -—1) 7+1>

JM_I"Y = Qwpr—1 owy—1+17  Qwnr—1 qwpr—1+1

for v = 0, 1. Then now for n = eg(n)+2-e1(n)+---+2wM-171e _1(n)+
Bj/_1 we arrive at the systems, where the vector consisting of 0,s, 1s, and
0’s, now contains (M — 1) consecutive TIs:

0
1
eo(n) : Ug
Akvwl\/l—l : + Bk,wM—1 1 =
ewal_l(n) 0 uwM,l—l
0
and
0
1
eo(n)
Ch4wpr—1,wpr—1 + dktwns 1w 1 =7
ewal—l(n) 0
0
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Again: Solving this system for k + wp;_1 < 2™ yields

0
1
UuQ
. —1 T
= fwM_1 : — Cktwpr_1,wp—1 Ak,wM,lBkwafl 1
Uwpr—1—1 0
0

0

1

+ dlﬁ”wal»wal I )
0
0

which attains the same value for at least A(M — 1) =: q(M — 1) - 2™ ks.
Here A(M — 1) is defined in the same manner as A(M).

Analogously to the construction of Jy; and with the same argumentation
we distinguish between the two cases v = 0 and v = 1. In the first case we
choose Jy;_1 := J](\})_l. Jar—1 then has length %2%% and contains at least

q(M —1)-2™ of the points z,, , with £ =0,...,2™ -1 and n € By—1. In the
second case we choose Jy;_1 := Jﬁll. Jar—1 then has length % . QMM% and
contains at least 2™ +¢q(M —1)-2™ of the points x,, j with k =0,...,2" —1
and n € By_1.

In both cases

#{n S BM_l,O <k< 2m]xn7k S JM—I}

1
> 9m QWM -1, )\(JM—l) + (q<M — 1) _ 2) .om.

Further, since Jy; U Jyr—1 € Z, we know that the interval

Ty — {U(M) V(M)) _ lU(M)Qs V(M)_28>

Qw7 Qwm Qwap—1 7 QW1

satisfies that U(M)-2% and V(M)-2® are integers and therefore Jy; contains
at least 2™ - 2WM-1. X (Jys) of the points x,  with £ =0,...,2™ — 1 and
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n € By_1. Together

#{n €By_1,0<k< 2m|l‘n,k eJyu JM—I}

1
> oML 901\ (Jar U Jas 1) + <q(M 1) - 2) Lo,
In exactly this way we proceed to construct Jys—1,...,Jp such that finally

for every [ =0,..., M we have:
(4.1) #{nEBl,0§k<2m’$n,kEJMU”'UJZ}
22m~2wl~)\(JMU---UJZ)+<q(l)—)-Qm.

We set J := JyyU---UJy. We estimate #{0 <n < N |z, € J} = A(N,J)

from below:

AN, J)=#{0<n <ny|z, € J}

M
+Z#{n€Bl,0§k<2m’xn,kGJMU”'UJZ}
=0

M
+Z#{n€Bl,0§k¢<2m|$n7kEJl_lU“-UJo}
=0
> #{0<n<ny|z, €J}

M
+Z#{n€81,0§k<2m|xn7kGJMU'~~UJZ}
=0
> #{0<n<ny|z, €J}

M M 1
om . owi NN—=).9m
+3 (a0 a) 3 (a0 - 5 ) -2

where in the last step we used (4.1).

Now it is the task of estimating >, q(1) - 2™ = M A(l) from below:
We know that for each [ in {0,..., M}, for at least A(l) values of ks with
k+w; < 2™, the term

0 0
1 1
(4.2) —Chtwyw; * A,;}Ul Biw, | T | +digwym | 1 (mod 2),
0 0
0 0
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where here the vector consisting of 0s, 1s, and Os contains | consecutive Is,
takes the same value 0 or 1. By the second item of Proposition 3.8 we know
that A(l) can be estimated from below by the number of k with k+w; < 2™
for which

(LWJHH
l

) +1 (mod 2)

equals 1
Note that M +1 = 2™~ 7. For each | € {0,1,..., M} take now those
k€ {0,1,...,2™ — 1} such that [%J € {2m=3 — %2’”*3, co,2md )
Note, that indeed every value of z between 23 — %—32’”_3 and 2™ 3 —1

k+le for exactly 8 values of k£ between 0 and 2™ — 1. This

LWJ >9om=3 _ 1,

is attained by |

follows from LS"‘;}OJ < gm=3 _ %Qm—i% and

Hence,
A(l) > 23 - (the number of 1s in the Ith column of D,,).

Note that D,, is a (14 - 277 x 2™~7) matrix. From Lemma 3.2 we know

that D,, contains 14-2m~7. 2’"*7( %)mq) many 1s. Hence, for m > 7

(
large enough such that (1 ()™ 7) > 31, we have:

A(l) > 2% - (the number of 1s in D,,)

3 m—7
=23 (1 - (4) ) 14 . gm—Tom=T

7 31 7 31
> (M +1)2™ —gm
> (M +1) 23 " 39 210~ 25

Mz

=0

By Lemma 2.1 we have
#{0<n <np|zn€J} >npm - A(J) =6 -logny,

with a fixed positive constant 4.
Further we derive an upper bound for A (J;_y U--- U Jy):

3 1 1

(4.3) <3.
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Altogether, for m large enough (note that M 4 1 = 2™~7) we obtain:

AN,J)=#{0<n < N |z, € J}
M
an-)\(J)—5'lognm+ZQm-2wl - A(J)
1=0

l 1 l 1
_ZQm,sz.g.W+Z<q(l)_2) . 9m
=0 =0

3 U 1
2m—7 2 : 2m—T7
27 1

86

> N -A\(J) 4 c- (log N)2.

g N)?

Here ¢ is a positive constant and we used 22™ > (o 5~ Lhe result follows.

O

Remark 4.1. The result heavily depends on the strong property of the
Pascal matrix P treated in Section 3. In searching for normal numbers «
with a potentially even better order of normality it makes sense to con-
sider similar constructions as for Levin’s binary normal number but with
weaker dependence in its generating matrix. Possible candidates could be
the examples given in [1].
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