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Asymptotic behavior of class groups and
cyclotomic Iwasawa theory of elliptic curves

par Toshiro HIRANOUCHI et Tatsuya OHSHITA

Résumé. Dans cet article, nous étudions une relation entre certains quotients
de groupes des classes d’idéaux et le module d’Iwasawa cyclotomique X∞ du
dual de Pontrjagin du groupe de Selmer fin d’une courbe elliptique E sur
Q. Nous considérons l’extension galoisienne KE

n de Q engendrée par les co-
ordonnées des points de pn-torsion de E et introduisons le quotient AE

n du
p-Sylow du groupe des classes d’idéaux de KE

n découpé par la représentation
galoisienne modulo pn sur le groupe E[pn]. Nous décrivons le comportement
asymptotique des AE

n en utilisant le module d’Iwasawa X∞. En particulier,
sous certaines conditions, nous obtenons une formule asymptotique à la Iwa-
sawa pour l’ordre de AE

n en utilisant les invariants d’Iwasawa de X∞.

Abstract. In this article, we study a relation between certain quotients of
ideal class groups and the cyclotomic Iwasawa module X∞ of the Pontrjagin
dual of the fine Selmer group of an elliptic curve E defined over Q. We consider
the Galois extension field KE

n of Q generated by coordinates of all pn-torsion
points of E, and introduce a quotient AE

n of the p-Sylow subgroup of the ideal
class group of KE

n cut out by the modulo pn Galois representation E[pn].
We describe the asymptotic behavior of AE

n by using the Iwasawa module
X∞. In particular, under certain conditions, we obtain an asymptotic formula
as Iwasawa’s class number formula on the order of AE

n by using Iwasawa’s
invariants of X∞.

1. Introduction

Let E be an elliptic curve over Q. For each N ∈ Z>0, we denote by E[N ]
the subgroup of E(Q) consisting of elements annihilated by N . Fix an odd
prime number p at which E has good reduction. For each n ∈ Z>0, we put
KE

n := Q(E[pn]), and hn := ordp #(Cl(OKE
n

) ⊗Z Zp), where ordp denotes
the additive p-adic valuation normalized by ordp(p) = 1 and Cl(OKE

n
) is the

ideal class group of the ring of integers OKE
n

. In recent papers [6, 18, 19],
there has been renewal of interest in an asymptotic behavior of the class
numbers {hn}n≥0 along the tower of number fields KE

n . It has been shown
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that an asymptotic inequality which gives a lower bound of {hn}n≥0 in terms
of the Mordell–Weil rank rankZE(Q) of E (cf. Remark 1.12). For some
generalizations of these results including abelian varieties over a number
field, see [5] and [14]. In these works, the divisible part of the fine Selmer
group Selp(Q, E[p∞]) (cf. Definition 5.3) plays important roles.

We define a quotient AE
n of Cl(OKE

n
)⊗ZZp, which is cut out by the Galois

representation E[pn] (see (1.2) below). In this paper, we shall describe the
asymptotic behavior of AE

n by using the fine Selmer group Selp(Kn, E[pn]),
where we put Kn := Q(µpn). As an application of our result, we shall
show an asymptotic formula on the order of AE

n using Iwasawa’s µ and
λ-invariants of the cyclotomic Iwasawa module associated with the fine
Selmer group of the elliptic curve E, as “Iwasawa’s class number formula”
([8]).

1.1. The statements of the main results. In order to state our main
results, let us introduce some notation. For each N ∈ Z>0, we denote by
µN := µN (Q) the group of N -th roots of unity. For each m ∈ Z≥0, we
define Km := Q(µpm) (in particular, we put K0 := Q), and set K∞ :=⋃

m≥0Km. For each m1,m2 ∈ Z≥0 ∪ {∞} with m2 > m1, we set Gm2,m1 :=
Gal(Km2/Km1), and put ∆ := G1,0 ≃ (Z/pZ)×. For any m ≥ 1, we have
Gm,0 = ∆ × Gm,1. We can regard Zp[∆] as a subring of Zp[Gm,0]. We put
∆̂ := Hom(∆,Z×

p ). For each χ ∈ ∆̂, we define Zp(χ) := Zp to be the Zp[∆]-
algebra where ∆ acts via χ, and for a Zp[∆]-module M , we set Mχ :=
M⊗Zp[∆]Zp(χ). We have M =

⊕
χ∈∆̂Mχ because p is odd. For each m,n ∈

Z≥0, we define
Rm,n := Z/pnZ[Gm,0] = Zp/p

nZp[Gal(Km/Q)],
and put Rn := Rn,n. For each number field L, that is, a finite extension of
Q, and each n ∈ Z≥0 ∪ {∞}, let Sel(L,E[pn]) be the Selmer group in the
classical sense, and Selp(L,E[pn]) the kernel of the localization map

Sel(L,E[pn]) −→
∏
v|p
H1(Lv, E[pn])

which is called the fine Selmer group (for details, see Definition 5.3 and
Remark 5.6 later). For each m,n ∈ Z≥0, the group Selp(Km, E[pn]) becomes
an Rm,n-module. For any n ∈ Z≥0, the field KE

n = Q(E[pn]) contains µpn

and hence KE
n ⊇ Kn = Q(µpn) because of the Weil pairing E[pn]×E[pn]→

µpn ([24, Chapter III, Corollary 8.1.1]).
Let

ρE
n : Gal(KE

n /Q) −→ AutZp(E[pn]) = GL2(Z/pnZ)
be the natural left action of Gal(KE

n /Q) on E[pn], and

(1.1) (ρE
n )∨ : Gal(KE

n /Q)op −→ AutZp(E[pn]∨) = GL2(Z/pnZ)
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be the right action of Gal(KE
n /Q) on the Pontrjagin dual

E[pn]∨ = HomZp(E[pn],Z/pnZ)

of E[pn]. We define an Rn-module AE
n by

(1.2) AE
n := (M2(Z/pnZ), (ρE

n )∨)⊗Z[Gal(KE
n /Kn)] Cl(OKE

n
[1/p]),

where (M2(Z/pnZ), (ρE
n )∨) denotes the matrix algebra M2(Z/pnZ) of de-

gree two over Z/pnZ equipped with the right action of Gal(KE
n /Q) (for the

precise definition, see (6.28) in Section 6). We denote by

(AE
n )∨ = HomZp(AE

n ,Z/pnZ)

the Pontrjagin dual of AE
n . The following theorem is the main result of our

paper.

Theorem 1.1 (Theorem 6.16). Let E be an elliptic curve over Q, and p
an odd prime number where E has good reduction. Suppose that E satisfies
the following conditions (C1), (C2) and (C3).

(C1) The Galois representation

ρE
1 : GK∞ := Gal(Q/K∞) −→ AutFp(E[p]) ≃ GL2(Fp)

is absolutely irreducible over Fp.
(C2) For any n ∈ Z≥1 and any place v of Kn where the base change

EKn,v of E has potentially multiplicative reduction, we have
E(Kn,v)[p] = 0.

(C3) If E has complex multiplication, the ring End(E) of endomorphisms
of E defined over Q is the maximal order of an imaginary quadratic
field.

Then, there exists a family of Rn-homomorphisms

rn : Selp(Kn, E[pn])⊕2 −→ (AE
n )∨

such that the kernel Ker(rn) and the cokernel Coker(rn) are finite with order
bounded independently of n.

Remark 1.2. As we see Proposition 4.1 below, the condition (C1) is sat-
isfied if the following condition (C1)str holds:
(C1)str The Galois representation

ρE = ρE,p : GQ −→ AutZp(Tp(E)) ≃ GL2(Zp)

is surjective.
Note that if E does not have complex multiplication, then the map ρE is
surjective for all but finitely many prime number p by Serre’s open image
theorem ([22, 4.4, Théorème 3], [23, p. IV-11]).
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Remark 1.3. In Section 4, we show that for any elliptic curve E over Q,
there exists a quadratic twist E′/Q of E which satisfies the condition (C2)
(Proposition 4.2).

Remark 1.4. If the condition (C1) for E is satisfied, then the ring homo-
morphism Zp[GK∞ ] → M2(Fp) induced by ρE

1 = (ρE mod p) is surjective,
where M2(Fp) is the matrix algebra of degree two over Fp. Hence, with
the aid of Nakayama’s lemma for finitely generated Zp-modules, the condi-
tion (C1) for E implies that the homomorphism

(ρE
n )∨ : Zp[Gop

Kn
] −→M2(Z/pnZ)

of Zp-algebras induced by (1.1) is surjective. Under the assumption of (C1),
we can regard AE

n as a quotient of Cl(OKE
n

).

Remark 1.5. For each n ∈ Z≥1, we define an Rn-module

Sn := HomZp[Gal(KE
n /Kn)](Cl(OKE

n
[1/p])⊗Z Zp, E[pn]).

In Section 6, we prove Theorem 1.1 by constructing Gal(Kn/Q)-homo-
morphisms

Selp(Kn, E[pn])⊕2 −→ S⊕2
n

≃←−− (AE
n )∨,

where the orders of the kernel and the cokernel of the former map are
bounded and the latter is an isomorphism.

Remark 1.6. In [16], under certain assumptions on (E, p), Prasad and
Shekhar studied a relation between Selp(Q, E[p]) and

S̃ := HomZp(Cl(OKE
1

)⊗Z Fp, E[p]).

Here, we give a remark on a relation between S̃ and our AE
1 . Let 1 ∈ ∆̂

be the trivial character. Note that S1,1 in the sense of Remark 1.5 is an
Fp-subspace of S̃. Moreover, if E(Qp)[p] = {0}, then the natural injection
S1,1 ↪→ S̃ becomes an isomorphism. Indeed, in such case, for any f ∈ S̃ and
any prime ideal p of KE

1 , it follows from the comparison of the action of
the decomposition group at p in Gal(KE

1 /Q) that we have f([p] ⊗ 1) = 0.
Hence by Remark 1.5, we deduce that if E(Qp)[p] = {0}, then we have
AE

1,1 ≃ S̃⊕2.

Here, we shall note that Theorem 1.1 gives a description of the asymp-
totic behavior of the higher Fitting ideals of the Zp-modules AE

n . Let M be
a finitely generated Zp-module. For each i ∈ Z≥0, we denote by FittZp,i(M)
the i-th Fitting ideal of M (cf. Definition 2.1), and put

Φi(M) := ordp(FittZp,i(M)) ∈ Z≥0 ∪ {∞}.
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The sequence {Φi(M)}i≥0 determines the isomorphism class of the Zp-
module M (see Remark 2.4). There is an equality Φi(AE

n,χ) = Φi((AE
n,χ−1)∨)

for any χ ∈ ∆̂ because AE
n,χ is non-canonically isomorphic to

(AE
n,χ−1)∨ = HomZp(AE

n,χ−1 ,Z/pnZ)

as a Zp-module. Similarly, we have Φi(AE
n ) = Φi((AE

n )∨).
Let {an}n and {bn}n be sequences of real numbers. we write an ≻ bn if it

holds that lim infn→∞(an − bn) > −∞, namely, if the sequence {an − bn}n
is bounded below. If an ≻ bn and bn ≻ an, then we write an ∼ bn. For
a family of homomorphisms fn : Mn → M ′

n of finitely generated torsion
Zp-modules if the order of Ker(fn) and that of Coker(fn) are bounded
independently of n, then we have Φi(Mn) ∼ Φi(M ′

n) for any i ∈ Z≥0 (Lem-
ma 2.8). Theorem 1.1 implies the following corollary:

Corollary 1.7. Let E be an elliptic curve over Q, and p an odd prime
number where E has good reduction. Suppose that E satisfies the condi-
tions (C1), (C2) and (C3). Then, for any i ∈ Z≥0 and χ ∈ ∆̂, it holds

Φi(AE
n,χ) = Φi((AE

n,χ−1)∨) ∼ Φi

(
Selp(Kn, E[pn])⊕2

χ−1

)
,

and moreover, we have Φi(AE
n ) = Φi((AE

n )∨) ∼ Φi
(
Selp(Kn, E[pn])⊕2).

1.2. Asymptotic formulas as Iwasawa’s class number formula. For
each χ ∈ ∆̂, we put hE

n,χ := ordp(#AE
n,χ), and hE

n := ordp(#AE
n ) =∑

χ∈∆̂ h
E
n,χ. Since AE

n is a quotient of Cl(OKE
n

) as noted in Remark 1.4,
we have

hn := ordp(# Cl(OKE
n

)⊗ Zp) ≥ hE
n .

As we shall see below, Corollary 1.7 for i = 0 gives a description of as-
ymptotic behavior of hE

n like “Iwasawa’s class number formula”. Let us
introduce Iwasawa theoretic notation. We put Γ := G∞,1 = Gal(K∞/K1).
There is a non-canonical isomorphism Γ ≃ Zp and fix a topological gener-
ator γ ∈ Γ. We set Λ := Zp[[Γ]]. There exists an isomorphism Λ ≃−→ Zp[[T ]]
of Zp-algebras sending γ to 1 + T . For each m,n ∈ Z>0, we define

Λm,n := Z/pnZ[Gm,1] ≃ Λ/(pn, γpm−1 − 1),
and put Λn := Λn,n. Since we have Gm,0 = ∆ × Gm,1, the equality Rm,n =
Λm,n[∆] holds. In the following, we introduce the Iwasawa module of the
Pontrjagin dual of the fine Selmer groups. Write

Selp(K∞, E[p∞]) := lim−→
m

Selp(Km, E[p∞]).

For any m,n ∈ Z≥0 ∪ {∞}, define
Xm,n := Selp(Km, E[pn])∨ := HomZp (Selp(Km, E[pn]),Qp/Zp) ,



596 Toshiro Hiranouchi, Tatsuya Ohshita

and put Xn := Xn,n. It is known that the Λ-module X∞ is finitely generated
and torsion ([9]). Take any χ ∈ ∆̂. The control theorem of the fine Selmer
groups (Corollary 5.10) implies that

(1.3) Φ0(X∞,χ ⊗Λ Λn) ∼ Φ0(Xn,χ) ∼ Φ0
(
Selp(Kn, E[pn])χ−1

)
.

Since X∞,χ is a finitely generated torsion Λ-module, we can define Iwa-
sawa’s µ and λ-invariants µ(X∞,χ) and λ(X∞,χ) of the Λ-module X∞,χ

(for the definitions see Section 3). By Proposition 3.2 proved later, we have
(1.4) Φ0(X∞,χ ⊗Λ Λn) ∼ µ(X∞,χ)pn−1 + λ(X∞,χ)n.

The invariants Φ0, µ and λ satisfy the additivity property (cf. (2.4) in Sec-
tion 2). Corollary 1.7 for i = 0 and the equations (1.3), (1.4) imply the
following.

Corollary 1.8. Let E be an elliptic curve over Q, and p an odd prime
number where E has good reduction. Suppose that E satisfies the conditions
(C1), (C2) and (C3). Then, for any χ ∈ ∆̂, we have

hE
n,χ ∼ 2

(
µ(X∞,χ)pn−1 + λ(X∞,χ)n

)
,

and moreover, hE
n ∼ 2

(
µ(X∞)pn−1 + λ(X∞)n

)
.

As we note below, by assuming the Iwasawa main conjecture for elliptic
curves, the constants µ(X∞) and λ(X∞) are described in terms of Kato’s
Euler systems. Let us recall the Iwasawa main conjecture (in the formula-
tion using Kato’s Euler systems). By using Euler systems of Beilinson–Kato
elements, Kato constructed a Λ-submodule Z of H1, where we set

Hq = Hq(Tp(E)) := lim←−
m

Hq(Km, Tp(E))

for each q ∈ Z≥0 (or the construction of Z, see [9, Theorem 12.6] for the
Galois representation T = Tp(E) ⊆ VQp(fE), where fE is the cuspform
attached to E). The Iwasawa main conjecture for (fE , p, χ) with χ ∈ ∆̂
in the sense of [9, Conjecture 12.10] (combined with [9, Theorem 12.6])
predicts the equality
(1.5) charΛ(H2

χ) = charΛ(H1
χ/Zχ).

Since E has good reduction at p, for the left hand side of (1.5), we have
charΛ(X∞,χ) = charΛ(H2

χ) because of the following:
• By the limit of the Poitou–Tate exact sequence, our X∞ coincides

with

H2(Tp(E))0 := Ker
(

H2 −→ H2
loc := lim←−

m

H2(Qp(µpm), Tp(E))
)

(see, for instance, the proof of [15, Proposition 3.17]).
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• When E has good reduction at p, the local duality of the Galois
cohomology and Imai’s result [7] imply that the order of H2

loc is
finite, and hence the index of H2(Tp(E))0 in H2(Tp(E)) is finite.

By using the Euler systems, Kato proved that the half side of (1.5), that
is, the inclusion

charΛ(H2
0,χ) ⊇ charΛ(H1

χ/Zχ)

holds for any χ ∈ ∆̂ under the following condition which is satisfied when
(C1)str holds:

The image of the Galois representation

ρE |GK∞ : GK∞ −→ AutZp(Tp(E)) ≃ GL2(Zp)

contains SL2(Zp)
(See [9, Theorem 13.4]. Note that (C1)str implies the assumption (3) in [9,
Theorem 13.4]). By summarizing all χ-parts, the following corollary follows
from Corollary 1.8.

Corollary 1.9. Let E be an elliptic curve over Q, and p an odd prime
number where E has good reduction.

(1) Suppose that E satisfies the conditions (C1)str and (C2). Then, we
have

hE
n ≺ 2

(
µ(H1/Z)pn−1 + λ(H1/Z)n

)
.

(2) Suppose that E satisfies the conditions (C1), (C2) and (C3). Let
χ0 ∈ ∆̂. Then, if the Iwasawa main conjecture for (fE , p, χ0) holds,
we have

hE
n,χ0 ∼ 2

(
µ(H1

χ0/Zχ0)pn−1 + λ(H1
χ0/Zχ0)n

)
.

In particular, if the Iwasawa main conjecture for (fE , p, χ) holds for
every χ ∈ ∆̂, then we have

hE
n ∼ 2

(
µ(H1/Z)pn−1 + λ(H1/Z)n

)
.

Let 1 ∈ ∆̂ be the trivial character. In [26], Skinner and Urban proved
the Iwasawa main conjecture for (fE , p,1) with the following conditions
(see [26, Theorem 3.33]):

• The pair (E, p) satisfies (C1)str.
• The elliptic curve E has good ordinary reduction at p.
• There exists a prime number ℓ0 where E has multiplicative reduc-

tion.
These conditions are satisfied when E is semistable, and p is a prime number
of good ordinary reduction satisfying p ≥ 11 (see [26, Theorem 3.34]). We
obtain the following corollary.
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Corollary 1.10. Suppose that E is semistable, and let p be a prime num-
ber with p ≥ 11 where E has good ordinary reduction. If E satisfies the
condition (C2), then we have

hE
n,1 ∼ 2

(
µ(H1

1/Z1)pn−1 + λ(H1
1/Z1)n

)
.

Let us see the relation between our results and previous works on the
asymptotic behavior of hn. By the arguments in [14, Section 4.1], for any
number field L, we have

corankZp Selp(L,E[p∞]) ≥ rankZE(L)− [L : Q].
(Indeed, the fine Selmer group Selp(L,E[p∞]) contains the kernel of

E(L)⊗Z Qp/Zp −→ E(L⊗Q Qp)⊗Z Qp/Zp =
∏
v|p
E(Lv)⊗Z Qp/Zp,

and we have corankZp

(∏
v|pE(Lv)⊗ZQp/Zp

)
=
∑

v|p[Lv : Qp] = [L : Q].) By
the control theorem of fine Selmer groups (Corollary 5.10 and Remark 5.11),
we deduce that

λ(X∞) ≥ rankZE(Km)− φ(pm)
for any m ∈ Z≥0, where φ denotes Euler’s totient function. Thus, Corol-
lary 1.8 implies the following.
Corollary 1.11. Let E be an elliptic curve over Q which has good reduction
at an odd prime p. Suppose that E satisfies the conditions (C1), (C2) and
(C3). Then, for any fixed m ∈ Z≥0, we have

hn ≥ hE
n ≻ 2(rm − φ(pm))n

as n→∞, where we put rm := rankZE(Km).
Remark 1.12. The assertion of Corollary 1.11 for m = 0 implies the
“asymptotic parts” of the results by [6, 18, 19], and that for general m ≥ 0
implies [14] for the p-adic representation Tp(E) = lim←−n

E[pn] of GKm . (Here,
the “asymptotic parts” means the assertions without description of constant
error factors.) Our results, in particular Theorem 1.1 and Corollary 1.8, can
be regarded as a refinement of them in the following senses.

• Corollary 1.8 determines the quotient AE
n of the ideal class group

Cl(OKE
n

), whose growth is described by the fine Selmer groups.
• Theorem 1.1 describes not only the asymptotic behavior of the or-

der of AE
n but also asymptotic behavior of the Rn-module (and in

particular, Zp-module) structure.
Example 1.13. Let E be the elliptic curve over Q of the LMFDB label
5077.a1 (the Cremona label 5077a1), which is defined by the equation

y2 + y = x3 − 7x+ 6,
and set p := 7. It is known the following ([11]):



Class groups and Iwasawa theory of elliptic curves 599

(i) The elliptic curve E does not have CM, and (E, p) satisfies (C1)str.
(ii) The conductor of E is 5077, which is a prime number, and E has

non-split multiplicative reduction at 5077.
(iii) The rank of E(Q) is 3.
(iv) Let X̃ := Sel(Q∞, E[7∞])∨ be the Iwasawa module of the Pontrjagin

dual of the classical Selmer group of E over the cyclotomic Z7-
extension field Q∞ of Q. We have µ(X̃) = 0, and λ(X̃) = 3.

The properties (iii) and (iv) imply that we have charΛ(X̃) = (γ − 1)3Λ.
We further obtain charΛ(X∞,1) = (γ−1)2Λ (see, for instance, [30, Proposi-
tion VI.10]). This implies that µ(X∞,1) = 0 and λ(X∞,1) = 2. Moreover, we
can show that the pair (E, p) satisfies the condition (C2) (see Example 4.7
in Section 4.3). Therefore, we obtain

hE
n,1 ∼ 2n.

Notation. Let L/F be a Galois extension with G = Gal(L/F ), and M
a topological abelian group equipped with a Z-linear action of G. For
each i ∈ Z≥0, we denote by H i(L/F,M) = H i

cont(G,M) the i-th con-
tinuous Galois cohomology group. If L is a separable closure of F , then
we write H i(F,M) = H i(L/F,M). When F is a non-archmedean local
field, we denote by F ur the maximal unramified extension of F . We define
H1

ur(F,M) = Ker(H1(F,M)→ H1(F ur,M)) (cf. [17, Definition 1.3.1]).
For a Zp-module A, let Adiv denote its maximal divisible subgroup. For

an abelian group M and an endomorphism f of M , we put M [f ] := Ker(f).
In particular, if M is a module over a ring R, then, for each a ∈ R, we set
M [a] := {x ∈M |ax = 0}. For an elliptic curve E over a field K and a field
extension L/K, we will denote by EL := E ⊗K L the base change to L.

Acknowledgments. The authors thank to the referee for careful reading,
and many valuable suggestions to improve our manuscript.

2. The higher Fitting ideals

Definition 2.1 (cf. [4, Section 20.2]). Let R be a commutative ring, and
M a finitely presented R-module given by a presentation

(2.1) Rm A−→ Rn −→M −→ 0

with m ≥ n. We define the i-th Fitting ideal FittR,i(M) of the R-module
M to be the ideal of R generated by (n− i)× (n− i) minors (that is, the
determinants of the submatrices) of the matrix A. When i ≥ n, we define
FittR,i(M) := R.

Remark 2.2. The ideal FittR,i(M) in Definition 2.1 does not depend on
the choice of the presentation (2.1) ([4, Corollary-Definition 20.4]).
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Remark 2.3. The higher Fitting ideals are compatible with base change
in the following sense: Let R be a commutative ring, and M a finitely
presented R-module. Then, for any R-algebra S and any i ∈ Z≥0, we have
FittS,i(S ⊗R M) = FittR,i(M)S ([4, Corollary 20.5]).

Remark 2.4. Let R be a PID, and suppose that M is a finitely generated
R-module. By the structure theorem of finitely generated modules over a
PID, the R-module M is isomorphic to an elementary R-module R⊕r ⊕⊕s

j=1R/djR with a sequence {dj}j ⊆ R∖R× satisfying dj | dj−1 for every
j. We have

(2.2) FittR,i(M) =


{0} if i < r,(∏s

j=i−r+1 dj

)
R if r ≤ i < s+ r,

R if i ≥ s+ r.

In particular, the higher Fitting ideals {FittR,i(M)}i determine the isomor-
phism class of the R-module M .

Remark 2.5. Let R be a commutative ring, and M an R-module with the
presentation (2.1). Let N be an R-submodule of M .

(1) For any i ∈ Z≥0, we have FittR,i(M) ⊆ FittR,i(M/N). Indeed,
we have a presentation of M/N of the form Rm+k (A|B)−−−→ Rn →
M/N → 0 whose relation matrix is the augmented matrix (A |B)
of A and some n× k matrix B with some k. Every (n− i)× (n− i)
minor of A becomes an (n− i)× (n− i) minor of (A |B).

(2) Suppose that R = Zp, and M is a torsion Zp-module. For any
finitely generated torsion Zp-module L, we denote by L∨ =
HomZp(L,Qp/Zp) the Pontrjagin dual of L. The dual N∨ is a quo-
tient of M∨, and there are non-canonical isomorphisms M ≃ M∨

and N ≃ N∨. By (1), we have
FittR,i(M) = FittR,i(M∨) ⊆ FittR,i(N∨) = FittR,i(N)

for any i ∈ Z≥0.

As in Section 1, we introduce the following notation:

Definition 2.6. Let M be a finitely generated torsion Zp-module. For each
i ∈ Z≥0, we define

Φi(M) = ordp(FittZp,i(M)) := min{m ∈ Z≥0 | pm ∈ FittZp,i(M)}.

If M is a torsion Zp-module isomorphic to
⊕s

j=1 Zp/p
ejZp with a de-

creasing sequence {ej}j ⊆ Z>0, then

(2.3) Φi(M) =
{∑s

j=i+1 ej if 0 ≤ i < s,

0 if i ≥ s,
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immediately follows from (2.2). In particular, we have Φ0(M) = ordp(#M).
The additivity of Φ0 holds:
(2.4) Φ0(M ⊕N) = Φ0(M) + Φ0(N)
for finitely generated torsion Zp-modules M and N . As noted in Section 1,
the isomorphism class of a finitely generated torsion Zp-module M is de-
termined by {Φi(M)}i by (2.3).

Lemma 2.7. Let M be a finitely generated torsion Zp-module. Then, for
any i ∈ Z≥0, we have

Φi(M) = min
(a1,...,ai)∈M i

ordp

#
(
M

/ i∑
j=1

Zpaj

) .
Proof. By the structure theorem, we have M =

⊕s
j=1(Z/pejZ)mj , where

the sequence {ej} ⊆ Z>0 is decreasing. For any j ∈ Z with 1 ≤ j ≤ s, the
annihilator of mj ∈ M is pejZp. Fix any i ∈ Z≥0. If i = 0 or i ≥ s, then
the assertion of Lemma 2.7 is clear. Now, we assume 1 ≤ i ≤ s − 1. Put
N0 :=

∑i
j=1 Zpmj . We have

ordp(#(M/N0)) = ordp

#
(

s⊕
j=i+1

(Z/pejZ)mj

) =
s∑

j=i+1
ej

(2.3)= Φi(M).

Take any a1, . . . , ai ∈M , and put N :=
∑i

j=1 Zpaj . In order to prove Lem-
ma 2.7, it suffices to show the following inequality

Φi(M) ≤ ordp(#(M/N)).
Let πN : Zi

p →→ N be the surjection given by the generators a1, . . . , ai ∈ N ,
and take a presentation

Zk
p

A−→ Zi
p

πN−→ N −→ 0
for some k ≥ 1. By definition, the Zp-module M is torsion, so is N . We
can choose k = i. Since M/N is a torsion Zp-module, there is a square
presentation

0 −→ Zt
p

B−→ Zt
p −→M/N −→ 0

by the structure theorem. This gives a presentation

Zi+t
p

C−→ Zi+t
p −→M −→ 0

with C =
(

A ∗
O B

)
. We obtain #(M/N) = detB ∈ FittZp,i(M/N). This

implies #(M/N) ≥ Φi(M). □

Let {an}n and {bn}n be sequences of real numbers. We write an ≻ bn if
it holds that lim infn→∞(an−bn) > −∞, namely, if the sequence {an−bn}n
is bounded below. If an ≻ bn and bn ≻ an, then we write an ∼ bn.
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Lemma 2.8. Let {Mn}n≥0 be a sequence of finitely generated torsion Zp-
modules, and suppose that for each n ∈ Z≥0, a Zp-submodule Nn of Mn is
given. Then, the following hold.

(1) If {(Mn : Nn)}n≥0 is bounded, then we have Φi(Mn) ∼ Φi(Nn) for
any i ∈ Z≥0.

(2) If {#Nn}n≥0 is bounded, then we have Φi(Mn) ∼ Φi(Mn/Nn) for
any i ∈ Z≥0.

Proof. Let us show the assertion (1). Suppose that there exists some B ∈
Z>0 such that (Mn : Nn) ≤ pB for any n ∈ Z≥0. Since Nn is a submodule
of Mn, by Remark 2.5(2), we have Φi(Mn) ≥ Φi(Nn). In order to prove the
assertion (1), it suffices to show that Φi(Mn) ≤ Φi(Nn)+B. By Lemma 2.7,
there exist a1, . . . , ai ∈ Nn such that

ordp

#
(
Nn

/ i∑
j=1

Zpaj

) = Φi(Nn).

Since (Mn : Nn) ≤ pB, Lemma 2.7 implies that

Φi(Mn) ≤ ordp

#
(
Mn

/ i∑
j=1

Zpaj

) ≤ Φi(Nn) +B.

Accordingly, we obtain Φi(Mn) ∼ Φi(Nn), and the assertion (1) is veri-
fied. By taking the Pontrjagin dual, the assertion (2) immediately follows
from (1). □

3. Iwasawa’s invariants and asymptotic behavior

As in Section 1, for each n ∈ Z≥0, we define Kn = Q(µpn) and K∞ =⋃
n≥0Kn. We put Γ := G∞,1 = Gal(K∞/K1). There is a non-canonical

isomorphism Γ ≃ Zp and fix a topological generator γ ∈ Γ. We set Λ :=
Zp[[Γ]]. There exists an isomorphism Λ ≃−→ Zp[[T ]] of Zp-algebras sending γ
to 1 + T . By this isomorphism, we identify Λ with Zp[[T ]]. For each m,n ∈
Z>0, we define

Λm,n := Z/pnZ[Gm,1] ≃ Λ/(pn, γpm−1 − 1),

where Gm,1 = Gal(Km/K1). Finally, we put Λn := Λn,n. In this section,
let us study the asymptotic behavior of Φ0(M ⊗Λn) for any finitely gener-
ated Λ-module M from the view point of the structure theorem of finitely
generated Λ-module (for instance, see [29, Theorem 13.12]).

First, let us recall the notion of pseudo-isomorphism. Let M and N be
finitely generated Λ-modules. We say that a homomorphism f : M → N of
Λ-modules is a pseudo-isomorphism if both the kernel and the cokernel of
f have finite order.
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Lemma 3.1. Let M and N be finitely generated torsion Λ-modules, and
ι : M → N a pseudo-isomorphism of Λ-modules. Then, we have

Φ0(M ⊗Λ Λn) ∼ Φ0(N ⊗Λ Λn).

Proof. Let ι : M → N be a pseudo-isomorphism of Λ-modules. Since the
map ι : M → N is the composite of the surjection ι : M →→ Im ι and the
inclusion Im ι ↪→N , we may consider the cases when ι is surjective, or when
ι is injective.

First, suppose that ι is surjective. For any n ∈ Z>0, we have an exact
sequence

(Ker ι)⊗Λ Λn −→M ⊗Λ Λn
ι⊗Λn−−−−→ N ⊗Λ Λn −→ 0.

Since ι⊗Λn is a surjection, and since we have #((Ker ι)⊗Λ Λn) ≤ #(Ker ι),
by Lemma 2.8, we obtain Φ0(M ⊗Λ Λn) ∼ Φ0(N ⊗Λ Λn).

Next, suppose that ι is injective. Take any n ∈ Z>0. We have an exact
sequence

TorΛ
1 (Coker ι,Λn) −→M⊗Λ Λn

ι⊗Λn−−−−→ N⊗Λ Λn −→ (Coker ι)⊗Λ Λn −→ 0.
Clearly, we have # Coker(ι⊗Λn) = #((Coker ι)⊗Λ Λn) ≤ #(Coker ι). Note
that TorΛ

1 (Coker ι,Λn) is a subquotient of (Coker ι)⊕2 because we have a
projective resolution

0 −→ Λ

(
γpn−1 −1

−pn

)
−−−−−−−−→ Λ⊕2 ( pn γpn−1 −1 )

−−−−−−−−−→ Λ −→ Λn = Λ/(pn, γpn−1 − 1)
of the Λ-module Λn. Consequently, we obtain # Ker(ι⊗Λn) ≤ #(Coker ι)2.
By Lemma 2.8, we deduce that Φ0(M ⊗Λ Λn) ∼ Φ0(N ⊗Λ Λn). □

Let M be a finitely generated torsion Λ-module. By the structure theo-
rem (cf. [29, Theorem 13.12]), there exists a pseudo-isomorphism

(3.1) M −→
(

s⊕
i=1

Λ/pniΛ
)
⊕

 t⊕
j=1

Λ/fj(T )mj Λ


of Λ-modules for some s, t ∈ Z≥0, some n1, . . . , ns,m1, . . . ,mt ∈ Z>0 and
some distinguished polynomials f1(T ), . . . , ft(T ) ∈ Zp[T ] which are irre-
ducible over Qp. (Recall that a non-constant polynomial f(T ) ∈ Zp[T ] is
said to be distinguished if f(T ) is a monic polynomial satisfying f(T ) ≡
T deg f(T ) mod pZp[T ].) The characteristic ideal charΛ(M) of the Λ-module
M is the principal ideal of Λ generated by

p
∑s

i=1 ni

t∏
j=1

fj(T )mj .

We define the Iwasawa µ-invariant µ(M) by µ(M) :=
∑s

i=1 ni, and the
Iwasawa λ-invariant λ(M) by λ(M) :=

∑t
j=1mj deg fj(T ). Note that
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charΛ(M), µ(M) and λ(M) are independent of the choice of the pseudo-
isomorphism (3.1).

Proposition 3.2. For any finitely generated torsion Λ-module M , we have
(3.2) Φ0(M ⊗Λ Λn) ∼ µ(M)pn−1 + λ(M)n.

Proof. By the structure theorem, Lemma 3.1 and the additivity of Φ0
(cf. (2.4)), we reduce the proof into the following three cases:

(i) the case when M = Λ/pmΛ for some m ∈ Z>0,
(ii) the case when M = Λ/gd(1 + T )mΛ for some d,m ∈ Z>0, where

gd(T ) ∈ Zp[T ] denotes the pd-th cyclotomic polynomial, or
(iii) the case when M = Λ/f(T )mΛ for some m ∈ Z>0 and for some

distinguished polynomial f(T ) ∈ Zp[T ] irreducible over Qp whose
roots in Qp are not of the form ζ − 1 for p-power roots ζ of unity.

Case (i). M = Λ/pmΛ for some m ∈ Z>0. Take any n ∈ Z≥m. Then, we
have

M ⊗Λ Λn ≃ Λ/(pm, γpn−1 − 1) ≃ Z/pmZ[Gal(Kn/K1)] = Λn,m.

This implies that

Φ0(M ⊗ Λn) = Φ0(Λn,m) = Φ0
(
(Z/pmZ)⊕pn−1) = ordp(pmpn−1) = mpn−1.

The sequence {Φ0(M ⊗ Λn)−mpn−1}n is bounded so that
Φ0(M) ∼ mpn−1.

Since we have µ(M) = m and λ(M) = 0 in this case, we obtain (3.2).

Case (ii). M = Λ/gd(1 + T )mΛ for some d,m ∈ Z>0, where gd(T ) ∈ Zp[T ]
denotes the pd-th cyclotomic polynomial. The cyclotomic polynomial gd(T )
has degree (p− 1)pd−1. We have µ(M) = 0 and λ(M) = m(p− 1)pd−1. We
put Od := Zp[µpd ]. Set Λ̃ := Od⊗Zp Λ = Od[[T ]], and Λ̃n := Od⊗Zp Λn. The
cyclotomic polynomial gd(T ) is decomposed into gd(T ) =

∏
ζ∈µ×

pd (T − ζ) in
Λ̃, where µ×

pd denotes the set of primitive pd-th roots of unity in Qp. We
have an injective homomorphism

ι : Od ⊗Zp M ≃ Λ̃
/( ∏

ζ∈µ×
pd

(T − ζ + 1)m

)
Λ̃ �
� //

∏
ζ∈µ×

pd

Λ̃/(T − ζ + 1)mΛ̃

of Λ̃-modules, where the last homomorphism is given by the diagonal map-
ping. The cokernel of ι has finite order. In particular, the map ι is a pseudo-
isomorphism of Λ-modules. Hence, we obtain

Φ0(M ⊗Zp Λ̃n) ∼
∑

ζ∈µ×
pd

Φ0
((

Λ̃/(T − ζ + 1)mΛ̃
)
⊗Λ̃ Λ̃n

)
.
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Since Od is a free Zp-module of rank #µ×
pd = (p− 1)pd−1, we have

Φ0(Od ⊗Zp M) = (p− 1)pd−1Φ0(M).

For each ζ ∈ µ×
pd , put M̃n,ζ :=

(
Λ̃/(T − ζ + 1)mΛ̃

)
⊗Λ̃ Λ̃n. In order to

prove (3.2) for our case, it suffices to show that

(3.3) Φ0
(
M̃n,ζ

)
∼ λ(M)n = m(p− 1)pd−1n.

Fix any ζ ∈ µ×
pd . We set ϖd := ζ− 1, and T̃ := T −ϖd = T − ζ+ 1. Note

that we have Λ̃ = Od[[T̃ ]]. For each k ∈ Z≥0, we define the ideal Ik of Λ̃ by

Ik :=
(
T̃ pk

, ϖpk

d , pT̃ pk−1
, pϖpk−1

d , p2T̃ pk−2
, p2ϖpk−2

d , . . . , pkT̃ , pkϖd

)
Λ̃
.

By definition, we have Ik = T̃ pkΛ̃ +ϖpk

d Λ̃ + pIk−1.

Claim 1. For any k ∈ Z≥0, we have

(3.4) (1 + T )pk − 1 ∈ Ik.

Proof of Claim 1. For any k ∈ Z>0 and any h(T̃ ) ∈ Ik−1, we have ph(T̃ ) ∈
Ik. For any f1(T̃ ), f2(T̃ ) ∈ Λ̃, it holds that(

1 + f1(T̃ )T̃ pk + f2(T̃ )ϖpk

d + ph(T̃ )
)p

≡ 1 + f1(T̃ )pT̃ pk+1 + f2(T̃ )pϖpk+1

d mod pIk.

We show the claim by induction on k. For the case k = 0, we have
(1 + T ) − 1 = T = T̃ + ϖd and this is in I0 = (T̃ , ϖd)Λ̃. We assume the
assertion for k ≥ 0: (1 + T )pk − 1 ∈ Ik. Thus, there exist f1(T̃ ), f2(T̃ ) ∈ Λ̃
and h(T̃ ) ∈ Ik−1 such that (1 + T )pk − 1 = f1(T̃ )T̃ pk + f2(T̃ )ϖpk

d + ph(T̃ ).
We have

(1 + T )pk+1 − 1 =
(
1 + (1 + T )pk − 1

)p
− 1

=
(
1 + f1(T̃ )T̃ pk + f2(T̃ )ϖpk

d + ph(T̃ )
)p
− 1

≡ f1(T̃ )pT̃ pk+1 + f2(T̃ )pϖpk+1

d mod pIk.

This implies the assertion (1 + T )pk+1 − 1 ∈ Ik. □

Let N ∈ Z>0 be an integer satisfying that pN > max{m, (p − 1)pd−1}.
Take any n ∈ Z>N . Note that as we see below, for ν ∈ Z with 0 ≤ ν ≤ n−1,
we have pν T̃ pn−1−ν

, pνϖpn−1−ν

d ∈
(
T̃m, pn−1−N

)
Λ̃:

• When 0 ≤ ν < n− 1−N , we have T̃ pn−1−ν ∈ T̃ pN Λ̃ ⊆ T̃mΛ̃, and

pνϖpn−1−ν = pν(ϖpN )pn−1−N−ν ∈ pν+pn−1−N−ν Λ̃ ⊆ pn−1−N Λ̃.
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• When n− 1−N ≤ ν ≤ n− 1, we clearly have

pν T̃ pn−1−ν
, pνϖpn−1−ν

d ∈ pn−1−N Λ̃.

Consequently, it holds that In−1 ⊆
(
T̃m, pn−1−N

)
Λ̃. By (3.4) for k = n− 1,

we obtain

(3.5)
(
T̃m, (1 + T )pn−1 − 1, pn

)
Λ̃
⊆
(
T̃m, pn−N−1

)
Λ̃
.

Obviously, we also have

(3.6)
(
T̃m, pn−1

)
Λ̃
⊆
(
T̃m, (1 + T )pn−1 − 1, pn

)
Λ̃
.

Since we have

M̃n,ζ =
(
Λ̃/(T − ζ + 1)mΛ̃

)
⊗Λ̃ Λ̃n ≃ Λ̃/

(
T̃m, (1 + T )pn−1 − 1, pn

)
Λ̃
,

by (3.5) and (3.6), we obtain

Φ0
(
Λ̃/(T̃m, pn−1−N )Λ̃

)
≤ Φ0

(
M̃n,ζ

)
≤ Φ0

(
Λ̃/(T̃m, pn−1)Λ̃

)
.

For any ν ∈ Z>0, it holds that

Φ0
(
Λ̃/(T̃m, pν)Λ̃

)
= Φ0

(
m−1⊕
j=0

(Od/p
νOd)T j

)
= m(p− 1)pd−1ν.

So, we obtain

m(p− 1)pd−1(n− 1−N) ≤ Φ0
(
M̃n,ζ

)
≤ m(p− 1)pd−1(n− 1).

Hence, the sequence {Φ0(M̃n,ζ) − λ(M)n}n is bounded, and hence (3.3)
holds. This completes the proof of (3.2) for the case (ii).

Case (iii). M = Λ/f(T )mΛ for some m ∈ Z>0 and for some distinguished
polynomial f(T ) ∈ Zp[T ] irreducible over Qp whose roots in Qp are not of
the form ζ − 1 for p-power roots ζ of unity. Put d := deg(f(T )). Note that
in this case, we have µ(M) = 0, and λ(M) = md. Let N1 ∈ Z≥2 be an
integer satisfying

(3.7) (p− 1)pN1−2 > d = deg(f(T ))

Take any n ∈ Z≥N1 . For each ν ∈ Z>0, we put Oν := Zp[µpν ], and fix
ζpν ∈ µpν a primitive pν-th root of unity. Then, we have an injective homo-
morphism

en : Λ/((1 + T )pn−1 − 1)Λ �
� // Λ/((1 + T )pn−2 − 1)Λ×On−1
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of Zp-modules which sends γ = 1+T to (γ, ζpn−1). We set Qn := Coker(en).
Note that the order of Qn is finite. We denote gn−1(T ) ∈ Zp[T ] by the pn−1-
th cyclotomic polynomial. Putting ϖn−1 := ζpn−1 − 1, we have

Qn ≃ Λ
/(

(1 + T )pn−2 − 1 , gn−1(1 + T )
)

≃
(

Λ/(gn−1(1 + T ))
)/(

(1 + T )pn−2 − 1
)

≃ On−1
/(
ζpn−2

pn−1 − 1
)

= On−1

/ ∏
ζ∈µpn−2

(ζpn−1 − ζ)


(⋆)= On−1/(ϖpn−2

n−1 ).

(3.8)

Here, the last equality (⋆) follows from the equalities (ζpn−1 − ζ)On−1 =
(ϖn−1− (ζ − 1))On−1 = ϖn−1On−1 for each ζ ∈ µpn−2 . Let us consider the
following commutative diagram:

(3.9)

0 // Λ(
(1 + T )pn−1 − 1

) //en //

×f(T )m

��

Λ(
(1 + T )pn−2 − 1

) ×On−1 //

×f(T )m

��

Qn
//

×f(T )m

��

0

0 // Λ(
(1 + T )pn−1 − 1

) //en // Λ(
(1 + T )pn−2 − 1

) ×On−1 // Qn
// 0.

Since Λ = Zp[[T ]] is a UFD, and since f(T ) is prime to (1 + T )pn−1 − 1, we
have(

Λ
((1+T )pn−1 −1)

)
[f(T )m] =

(
Λ

((1+T )pn−2 −1) ×On−1

)
[f(T )m] = 0.

By applying the snake lemma to the diagram (3.9), we obtain the exact
sequence

0 −→ Qn[f(T )m] δ−→ Λ(
(1 + T )pn−1 − 1, f(T )m

)(3.10)

−→ Λ(
(1 + T )pn−2 − 1, f(T )m

)× On−1
(f(ϖn−1)m) −→

Qn

f(T )mQn
−→ 0.

Since the order of Qn is finite, it holds that

Φ0(Qn[f(T )m]) = Φ0(Qn/f(T )mQn).



608 Toshiro Hiranouchi, Tatsuya Ohshita

We put Mk := Λ
/(

(1 + T )pk − 1, f(T )m
)

for each k ∈ Z>0. By (3.10), we
obtain a recurrence formula:

Φ0 (Mn−1) = Φ0 (Mn−2) + Φ0 (On−1/(f(ϖn−1)m)) .
The distinguished polynomial

f(T ) = T d + ad−1T
d−1 + · · ·+ a0

satisfies p | ai and hence ai ∈ pOn−1 = ϖ
(p−1)pn−2

n−1 On−1 for 0 ≤ i ≤ d − 1.
By (3.7) combined with n ≥ N1, we have ϖ(p−1)pn−2

n−1 On−1 ⊊ ϖd
n−1On−1. It

holds that f(ϖn−1)On−1 = ϖd
n−1On−1, and hence

Φ0 (On−1/(f(ϖn−1)m)) = md = λ(M).
Therefore, we obtain
(3.11) Φ0 (Mn−1) = Φ0 (Mn−2) + λ(M)
for any n ≥ N1. For each n ∈ Z>0, we have M ⊗Λ Λn ≃ Mn−1/p

nMn−1.
Let us show the following claim.
Claim 2. Let N2 ∈ Z>N1 be an integer satisfying pN2−2 > md, and kN2 ∈
Z≥0 be the integer satisfying that

AnnO1(MN2 ⊗Zp O1) = ϖ
kN2
1 O1,

where we put ϖ1 := ζp − 1 ∈ O1 = Zp[µp]. Then, for any n ∈ Z>2N2, we
have

AnnO1(Mn−1 ⊗Zp O1) ⊇ ϖkN2 +n−1−N2
1 O1.

Proof of Claim 2. Since O1 is flat over Zp, by taking ( · )⊗Zp O1, the exact
sequence (3.10) induces an exact sequence

0 −→ Qn[f(T )m]⊗ZpO1 −→Mn−1⊗ZpO1 −→Mn−2⊗ZpO1×
On−1 ⊗Zp O1(
ϖmd

n−1 ⊗ 1
) .

By (3.8), we have Qn ≃ On−1/
(
ϖpn−2

n−1

)
and thus

Qn[f(T )m]⊗Zp O1 ≃
(
On−1/(ϖmd

n−1)
)
⊗Zp O1

≃
(
On−1/

(
ϖmd

n−1

))⊕(p−1)

For pN2−2 > md and n > N2, the O1-module Qn[f(T )m]⊗Zp O1 is annihi-
lated by ϖ1. Hence, we obtain

AnnO1(Mn−1 ⊗Zp O1) ⊇ AnnO1(Qn[f(T )m]⊗Zp O1)

·AnnO1

(
Mn−2 ⊗Zp O1 ×

On−1 ⊗Zp O1(
ϖmd

n−1 ⊗ 1
) )

⊇ϖ1
(
AnnO1(Mn−2 ⊗Zp O1) ∩ϖmd

1 O1
)
.
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Note that kN2 + n − 1 −N2 > md for any n ∈ Z>2N2 . By induction on n,
we obtain the assertion of Claim 2. □

Now, let us complete the proof of Proposition 3.2. Take N2 as in Claim 2,
and let N3 ∈ Z>2N2 be an integer satisfying that (p − 1)N3 > kN2 + N3 −
1−N2. By Claim 2 above, for any n ∈ Z>N3 , it holds that

AnnO1(Mn−1 ⊗Zp O1) ⊇ ϖkN2 +n−1−N2
1 O1 ⊇ ϖn−N3

1 pN3O1 ⊇ pnO1,

and in particular pn ∈ AnnZp(Mn−1). For any n ∈ Z>N3 , we have pnMn−1 =
0 and this implies that M ⊗Λ Λn ≃Mn−1. By (3.11), we obtain

Φ0(M ⊗Λ Λn) = Φ0(Mn−1) = Φ0(MN3−1) + (n−N3)λ(M)
for any n > N3. Thus, the sequence

{Φ0(M ⊗Λ Λn)− nλ(M)}n
is bounded for the case (iii). This completes the proof of (3.2) □

4. The conditions (C1) and (C2)

Until the end of this note, we use the following notation: Fix an odd
prime number p. Let E be an elliptic curve over Q. We denote by DE the
discriminant of the minimal Weierstrass model for E over Z. We define
the p-adic Tate module Tp(E) by Tp(E) := lim←−n

E[pn], and put Vp(E) :=
Qp⊗Zp Tp(E). As in Section 1, for each n ∈ Z≥0, we define KE

n = Q(E[pn]),
and Kn = Q(µpn). Put also KE

∞ =
⋃

n≥0K
E
n and K∞ =

⋃
n≥0Kn.

In this section, we review some results on the conditions (C1) and (C2)
referred in Theorem 1.1 under the additional assumption that E has good
reduction at p. First, we recall the conditions:

(C1) The restriction
ρE

1 : GK∞ −→ AutFp(E[p]) ≃ GL2(Fp)

to GK∞ of the mod p Galois representation ρE
1 : GQ → AutFp(E[p])

is absolutely irreducible over Fp.
(C2) For any n ∈ Z≥1 and any place v of Kn with the base change

EKn,v of E has potentially multiplicative reduction, we have
E(Kn,v)[p] = 0.

4.1. Remarks on (C1) and (C2). In this paragraph, we shall show
some properties relating (C1) and (C2) mentioned in Section 1. First, let
us verify the following property, which is noted in Remark 1.2.

Proposition 4.1. The condition (C1) is satisfied if the Galois representa-
tion

ρE : GQ −→ AutZp(Tp(E)) ≃ GL2(Zp)
is surjective.
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Proof. It is enough to show that the image of ρE
1 : GK∞ → GL2(Fp) gener-

ates EndFp(E[p]) ≃M2(Fp) over Fp. By using the Weil pairing, the Galois
group GQ acts on

∧2
Zp
Tp(E) ≃ Tp(µ) via the cyclotomic character χ, where

Tp(µ) := lim←−n
µpn (cf. [24, Chapter V, Section 2]). We obtain the following

commutative diagram with exact rows:

0 // GK∞
//

��

GQ

ρE

��

// Gal(K∞/Q) //

χ≃
��

0

0 // SL2(Zp) // GL2(Zp) det // Z×
p

// 0.

The assumption implies that the image of the restriction ρE |GK∞ coincides
with SL2(Zp). By taking the mod p reduction, SL2(Fp) = ρE

1 (GK∞) and
this generates M2(Fp) over Fp. □

Next, let us see the following property referred in Remark 1.3.

Proposition 4.2. There exists a quadratic twist E′/Q of E which satisfies
the condition (C2).

Proof. For each prime number ℓ, put Lℓ := Qℓ(µp∞). Suppose that E is
defined by the Weierstrass equation y2 = x3 + ax + b with a, b ∈ Q, and
let S(E) be the set of all the prime numbers at which E has potentially
multiplicative reduction. As E has good reduction at p, we have p ̸∈ S(E).
For each ℓ ∈ S(E), we fix an embedding ιℓ : Q ↪→ Qℓ, and regard µp∞ as
a subgroup of Q×

ℓ . Note that under these notations, the elliptic curve E
satisfies the condition (C2) if and only if E(Lℓ)[p] = 0 for any ℓ ∈ S(E). In
order to show the assertion of Proposition 4.2, we may suppose that E does
not satisfy the condition (C2). In particular, the set S(E) is not empty. We
define

S0(E) := {ℓ ∈ S(E)|E(Lℓ)[p] ̸= 0, 2 ∤ [Qℓ(µp) : Qℓ]},
S1(E) := {ℓ ∈ S(E)|E(Lℓ)[p] ̸= 0, 2 | [Qℓ(µp) : Qℓ]}

and put N∗
1 :=

∏
ℓ′∈S1(E)(ℓ′)∗, where for each odd prime number ℓ, we write

ℓ∗ := (−1)
ℓ−1

2 ℓ, and put 2∗ := 2. For each odd ℓ ∈ S(E) ∖ S1(E), we put

εℓ :=
∏

ℓ′∈S1(E)

((ℓ′)∗

ℓ

)
,

where
( ·

ℓ

)
denotes the Legendre symbol modulo ℓ. For each odd prime

ℓ ∈ S(E) ∖ S1(E), take a positive integer aℓ < ℓ such that(
aℓ

ℓ

)
=
{
−εℓ if ℓ ∈ S0(E),
εℓ if ℓ /∈ S0(E).
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Furthermore, take a positive integer a8 < 8 satisfying

a8N
∗
1 ≡

{
1 mod 8 if 2 ∈ S(E) ∖ (S0(E) ∪ S1(E)),
5 mod 8 if 2 ∈ S0(E).

By the Chinese remainder theorem, there exists a positive integer q0 such
that q0 ≡ aℓ mod ℓ for any odd ℓ ∈ S0(E) and q0 ≡ a8 mod 8. Dirichlet’s
theorem on arithmetic progressions say that there exist infinitely many
primes q such that

q ≡ q0 mod 8
∏

ℓ∈S(E)∖S1(E), odd
ℓ.

As a result, there exists an odd prime number q prime to p such that

(4.1)
(
q

ℓ

)
=
{
−εℓ if ℓ ∈ S0(E),
εℓ if ℓ /∈ S0(E),

for any odd ℓ ∈ S(E) ∖ S1(E), and

qN∗
1 ≡

{
1 mod 8 if 2 ∈ S(E) ∖ (S0(E) ∪ S1(E)),
5 mod 8 if 2 ∈ S0(E).

In fact, if 2 ̸∈ S1(E) then N∗
1 ≡ 1 mod 4. This satisfies q ≡ 1 mod 4.

Take such a prime number q, and let E′ be a quadratic twist of E defined
by the Weierstrass equation qN∗

1 y
2 = x3 + ax + b. We have an equality

S(E′) = S(E) because E and E′ are isomorphic over the field Q(
√
qN∗

1 ).
Let us show that E′ satisfies (C2). In the following, we prove E′(Lℓ)[p] =

0 for any ℓ ∈ S(E′). Take any ℓ ∈ S(E′).

The case ℓ ̸∈ S0(E) ∪ S1(E). First, we suppose that ℓ does not belong to
S0(E) ∪ S1(E).

Claim 1. The prime ℓ splits in Q(
√
qN∗

1 )/Q.

Proof of Claim 1. When ℓ is odd, the prime ℓ is split in Q(
√
qN∗

1 )/Q if and
only if

(
qN∗

1
ℓ

)
= 1 ([12, Chapter 1, Proposition 8.5]). By (4.1), we have(
qN∗

1
ℓ

)
=
(
q

ℓ

)(
N∗

1
ℓ

)
= εℓ

∏
ℓ′∈S1(E)

((ℓ′)∗

ℓ

)
= 1.

Next, consider the case ℓ = 2. As ℓ ̸∈ S1(E) in this case, we know that N∗
1

is odd. Since qN∗
1 ≡ 1 mod 8, the prime ℓ = 2 splits in Q(

√
qN∗

1 )/Q. □

From the above claim, the completion of Q(
√
qN∗

1 ) at a place v above ℓ
is Qℓ and the base change to the local field Qℓ, we obtain E′

Qℓ
≃ EQℓ

. As a
result, we have

E′(Lℓ)[p] ≃ E′
Qℓ

(Lℓ)[p] ≃ EQℓ
(Lℓ)[p] ≃ E(Lℓ)[p] = 0.
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The case ℓ ∈ S0(E) ∪ S1(E). Next, we suppose that ℓ belongs to S0(E) ∪
S1(E). It holds that E(Lℓ)[p] ̸= 0 and fix a non-zero P ∈ E(Lℓ)[p].

Claim 2. The action of GLℓ
on E[p] is unipotent.

Proof of Claim 2. Take a basis {P,Q} of E[p] as an Fp-vector space with
Q ∈ E[p] ∖FpP . Recall that the Weil pairing e : E[p]×E[p]→ µp is alter-
nating and GLℓ

-equivariant ([24, Chapter III, Section 8]). As µp ⊆ Lℓ,
we have σ (e(P,Q)) = e(P,Q) for any σ ∈ GLℓ

. On the other hand,
σ (e(P,Q)) = e(σP, σQ) = e(P, σQ) implies e(P, σQ − Q) = 1. Here, the
element of the form σQ − Q is in the kernel of E[p] → µp;T 7→ e(P, T )
which is generated by P so that σQ − Q = aP for some a ∈ Fp. Accord-
ing to the fixed basis above, the action of σ is written as ( 1 a

0 1 ) which is
unipotent. □

Claim 3. The extension Lℓ(
√
qN∗

1 )/Lℓ is quadratic.

Proof of Claim 3. Let us show the claim by dividing into three cases.
(i) Suppose that ℓ ∈ S0(E), and ℓ is odd. The equalities(

qN∗
1
ℓ

)
(4.1)= −εℓ

∏
ℓ′∈S1(E)

((ℓ′)∗

ℓ

)
= −1

imply that the prime ℓ is inert in the extension Q(
√
qN∗

1 )/Q. For
the prime 2 does not divide [Qℓ(µp) : Qℓ], we have Qℓ(

√
qN∗

1 ) ̸⊆ Lℓ.
Hence, the extension Lℓ(

√
qN∗

1 )/Lℓ is non-trivial.
(ii) Suppose that ℓ = 2 ∈ S0(E). The extension L2 = Q2(µp∞)/Q2

does not contain quadratic extension fields of Q2. Since we have
qN∗

1 ≡ 5 mod 8, the prime 2 is inert in the extension Q(
√
qN∗

1 )/Q.
Thus, the extension L2(

√
qN∗

1 )/L2 is non-trivial.
(iii) Suppose that ℓ ̸∈ S0(E). Then ℓ ∈ S1(E) and thus ℓ | N∗

1 . This
implies that the prime ℓ is ramified in the extension Q(

√
qN∗

1 )/Q.
We also have Lℓ(

√
qN∗

1 ) ̸= Lℓ because Lℓ/Qℓ is unramified.
In each case, the extension Lℓ(

√
qN∗

1 )/Lℓ is quadratic. □

From Claim 2 above, there exists a basis {P,Q} of E[p] as Fp-vector
space such that GLℓ

acts trivially on FpP , and also E[p]/FpP which is
generated by the residue class represented by Q ∈ E[p]∖FpP . We have an
isomorphism f : E[p]⊗Fp(ψ) ≃−→ E′[p] of Fp[GLℓ

]-modules, where ψ denotes
the quadratic character attached to Lℓ(

√
qN∗

1 )/Lℓ. Take a lift σ ∈ GLℓ
of

the generator of Gal(Lℓ(
√
qN∗

1 )/Lℓ). This satisfies σP = P and σQ−Q ∈
FpP . Thus, the element σ acts by ψ(σ) = −1 on both Fpf(P ⊗ 1) ⊆ E′[p]
and E′[p]/Fpf(P ⊗ 1). Therefore, for any ℓ ∈ S(E′) = S(E), we have
E′(Lℓ)[p] = 0. □
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4.2. Equivalent conditions of (C2). For later use in the proof of our
main results, let us study some equivalent conditions of (C2).

Lemma 4.3. Suppose that E has potentially multiplicative reduction at ℓ
( ̸= p). Then, the elliptic curve EKE

1
has split multiplicative reduction at

every place of KE
1 = Q(E[p]) above ℓ.

Proof. We may assume that the j-invariant j(E) is not equal to 0 or 1728
because E has potentially good reduction at all primes in such cases ([24,
Chapter VII, Proposition 5.5]). By [25, Chapter V, Lemma 5.2], there exist
elements q, γ ∈ Q×

ℓ with ordℓ(q) > 0 such that EQℓ(√γ) has split multiplica-
tive reduction, and we have a GQℓ

-equivariant isomorphism

f : E[p∞] ≃−→ (Q×
ℓ /q

Z)[p∞]⊗Zp Zp(χ),

where χ : GQℓ
→ Z×

p is the trivial character or the quadratic character
attached to the extension Qℓ(

√
γ)/Qℓ. In order to prove the assertion, it is

sufficient to show that √γ ∈ Qℓ(E(Qℓ)[p]). If χ is trivial, then √γ ∈ Qℓ

and there is nothing to show. We may assume that χ is non-trivial. Since
the Weil paring

E(Qℓ)[p]× E(Qℓ)[p] −→ µp(Qℓ) = µp

preserves the action of GQℓ
, we have µp ⊆ Qℓ(E(Qℓ)[p]). If √γ ∈ µp, then√

γ ∈ Qℓ(E(Qℓ)[p]). Suppose that √γ /∈ µp. The fields F1 := Qℓ(
√
γ) and

Qℓ(µp) are linearly disjoint over Qℓ. Moreover, as p is odd, the fields F1 and
F2 := Qℓ(µp, p

√
q) are linearly disjoint over Qℓ. Put F̃ := Qℓ(µp, p

√
q,
√
γ) =

F2F1. By the isomorphism f , we have Qℓ(E(Qℓ)[p],
√
γ) = F̃ . Recall that

F̃ /Qℓ(µp) is an abelian extension whose degree divides 2p, and p is odd. The
extension F̃ /Qℓ(µp) has only one subextension F ′ with [F̃ : F ′] = 2. It holds
that F2 ⊆ Qℓ(E(Qℓ)[p]) because [F̃ : F2] = 2 and [F̃ : Qℓ(E(Qℓ)[p])] ≤ 2.
Furthermore, by the isomorphism f , the group Gal(F̃ /F2) (≃ Gal(F1/Qℓ))
acts faithfully on E(Qℓ)[p]. This implies that Qℓ(E(Qℓ)[p]) = F̃ , and espe-
cially √γ ∈ Qℓ(E(Qℓ)[p]). Consequently, the elliptic curve EKE

1
has split

multiplicative reduction at every place of KE
1 . □

The following Lemma 4.4 gives some conditions equivalent to (C2).

Lemma 4.4. Let ℓ be a prime number. Suppose that E has potentially
multiplicative reduction at ℓ. Then, the following are equivalent:

(a) The condition (C2) holds, i.e., for any n ∈ Z≥1 and any place v of
Kn above ℓ, we have E(Kn,v)[p] = 0.
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(b) For any n ∈ Z≥1 and any place w of KE
n above ℓ where the base

change EKE
n,w

of E has split multiplicative reduction, we have

H0
(
Kn,v, E(KE,ur

n,w )[p∞]div
)

= 0.

Here, we denote by v the place of Kn below w. (Note that the ab-
solute Galois group GKn,v acts on E(KE,ur

n,w )[p∞]div because the ex-
tension KE,ur

n,w /Kn,v is Galois.)
(c) For any n ∈ Z≥1 and any place w of KE

n above ℓ at where EKE
n

has
split multiplicative reduction, we have

H0
(
Kn,v, E[p∞]/E(KE,ur

n,w )[p∞]div
)

= 0,

where v denotes the place of Kn below w.
(d) For any n ∈ Z≥1, any place v of Kn above ℓ and any subquotient

Zp[GKn,v ]-module M of E[p∞], we have

H0 (Kn,v,M) = 0.

Remark 4.5. Recall that the condition (C2) holds if and only if for any
prime number ℓ with E has potentially multiplicative reduction, the con-
dition (a) in Lemma 4.4 holds. As we are assuming E has good reduction
at p, the prime number ℓ ̸= p.

Proof of Lemma 4.4. (a) =⇒ (b). Suppose that the base change EKE
n,w

has
split multiplicative reduction for n ≥ 1 and a place w of KE

n above ℓ, we
have

H0(Kn,v, E(KE,ur
n,w )[p∞]div) = E(Kn,v)[p∞]div ⊆ E(Kn,v)[p∞].

The latter group is trivial because of E(Kn,v)[p] = 0.

(d) =⇒ (a). Take any n ≥ 1, and any place v of Kn above ℓ. As E[p]
is a submodule of E[p∞], the condition (d) implies E(Kn,v)[p] =
H0(Kn,v, E[p]) = 0.

(b)⇐⇒ (c). Suppose that w is a place of KE
n where EKE

n
has split multi-

plicative reduction, and let v be a place of Kn below w. The elliptic curve
E is isomorphic to a Tate curve Gm/q

Z
w ([25, Chapter V, Theorem 3.1]).

Since ℓ ̸= p and Kn,v is an extension of Qℓ, the extension Kn,v(µp∞) is un-
ramified over Kn,v ([20, Chapitre IV, §4, Proposition 16]) so that we have
E(KE,ur

n,w )[p∞]div ≃ µp∞ and

E[p∞]/E(KE,ur
n,w )[p∞]div ≃

µp∞ × (qZw ⊗Z Z[1/p])
µp∞ × qZw

.
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By the Weil pairing, we have a natural GKn,v -equivariant isomorphism(
E(KE,ur

n,w )[p∞]div

)
[p] ≃ HomZp

(
E[p∞]

E(KE,ur
n,w )[p∞]div

[p], µp

)
for any n ∈ Z≥1. As GKn,v acts trivially on µp, we deduce that (b) and (c)
are equivalent.

(b)&(c) =⇒ (a). Take any n ≥ 1, and any place v of Kn above ℓ. By Lem-
ma 4.3, the base change EKE

n,w
of E has split multiplicative reduction for

some place w of KE
n above v. The short exact sequence

0 −→ E(KE,ur
n,w )[p∞]div −→ E(KE,ur

n,w )[p∞] −→
E(KE,ur

n,w )[p∞]
E(KE,ur

n,w )[p∞]div
−→ 0

induces the exact sequence

H0
(
Kn,v, E(KE,ur

n,w )[p∞]div
)

−→ E(Kn,v)[p∞] −→ H0
(
Kn,v,

E(KE,ur
n,w )[p∞]

E(KE,ur
n,w )[p∞]div

)
by the equality H0(Kn,v, E(KE,ur

n,w )[p∞]) = E(Kn,v)[p∞]. From the condi-
tion (b), we have H0

(
Kn,v, E(KE,ur

n,w )[p∞]div
)

= 0. It is enough to show

H0
(
Kn,v,

E(KE,ur
n,w )[p∞]

E(KE,ur
n,w )[p∞]div

)
= 0. As the functor H0(Kn,v,−) is left exact,

the condition (c) implies

H0
(
Kn,v,

E(KE,ur
n,w )[p∞]

E(KE,ur
n,w )[p∞]div

)
⊆ H0

(
Kn,v,

E[p∞]
E(KE,ur

n,w )[p∞]div

)
= 0.

We obtain E(Kn,v)[p] ⊆ E(Kn,v)[p∞] = 0 and this implies the condition (a).

(b)&(c) =⇒ (d). For any n ≥ 1 and any place v ofKn above ℓ, take any sub-
quotient Zp[GKn,v ]-module M of E[p∞]. From Lemma 4.3, the elliptic curve
EKE

n,w
has split multiplicative reduction for some place w of KE

n above v. We
define a Zp[GKn,v ]-submodule M1 of E[p] by M1 :=

(
E(KE,ur

n,w )[p∞]div
)
[p],

and put

M2 := E[p]/M1 ≃
(
E[p∞]/E(KE,ur

n,w )[p∞]div

)
[p].

Since M1 and M2 are one dimensional vector spaces over Fp, the Zp[GKn,v ]-
modules M1 and M2 are simple, and the filtration 0 ⊆M1 ⊆ E[p] becomes
a Jordan–Hölder series of the Zp[GKn,v ]-module E[p]. The Jordan–Hölder
theorem implies that for any N ∈ Z>0, every simple subquotient of the
Zp[GKn,v ]-module E[p] is isomorphic to M1 or M2 since the Zp[GKn,v ]-
module E[pN ] is written as a successive extension of copies of E[p]. (For the
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Jordan–Hölder theorem in an abelian category, in particular, for Zp[GKn,v ]-
modules, see for instance, [27, Lemma 0FCK].) Hence every simple subquo-
tient of the Zp[GKn,v ]-module E[p∞] = lim−→N>0E[pN ] is isomorphic to M1
or M2. As M is a subquotient Zp[GKn,v ]-module of E[p∞], every simple
subquotient of M is isomorphic to M1 or M2. The conditions (b) and (c)
imply (d). This completes the proof of Lemma 4.4 □

4.3. Example of (C2). It is obvious that if E has potentially good reduc-
tion everywhere, then (E, p) satisfies the condition (C2). Here, we introduce
an example of (E, p) satisfying (C2) such that E has multiplicative reduc-
tion at some primes. The following proposition is useful to find such a pair
(E, p).

Proposition 4.6. Let ℓ be a prime number distinct from p. Suppose that
E has non-split multiplicative reduction at ℓ. We also assume that p ≡
3 mod 4, and −p is quadratic residue modulo ℓ. Then, it holds that

E(Kn,v)[p] = 0

for any n ∈ Z≥0, and any place v of Kn above ℓ.

Proof. Fix any embedding Q ↪→ Qℓ, and regard µp∞ as a subgroup of Q×
ℓ .

Let q, γ ∈ Qℓ be as in the proof of Lemma 4.3. We have √γ /∈ Qℓ because
E has non-split multiplicative reduction at ℓ. Let χ : GQℓ

→ Z×
p be the

quadratic character attached to Qℓ(
√
γ)/Qℓ. We have a GQℓ

-equivariant
isomorphism

f : E[p∞] −→ (Q×
ℓ /q

Z)[p∞]⊗Zp Zp(χ).
In order to prove Proposition 4.6, it suffices to show that

(4.2) H0(Qℓ(µp∞), (Q×
ℓ /q

Z)[p∞]⊗Zp Zp(χ)) = 0.

It holds that
√
−p ∈ Qℓ, because −p is quadratic residue modulo ℓ. As

p ≡ 3 mod 4, the extension degree [Qℓ(µp) : Qℓ] is odd. This implies that
Qℓ(µp∞) never contains any quadratic extension field of Qℓ because p is
odd. We obtain

H0(Qℓ(µp∞), µp∞ ⊗Zp Zp(χ)) ≃ H0(Qℓ(µp∞), (Qp/Zp)(χ)) = 0.

Suppose that (4.2) does not hold. There exists an element

P ∈ H0(Qℓ(µp∞), (Q×
ℓ /q

Z)[p∞]⊗Zp Zp(χ))

of order p. Let ζ be a primitive p-th root of unity, and σ ∈ GQℓ(µp∞ )
an element satisfying χ(σ) = −1. Note that in µp∞ ⊗Zp Zp(χ), we have
σ(ζ ⊗ 1) = ζ ⊗ (−1). By taking the Weil pairing e : E[p] × E[p] → µp, we
obtain

e(ζ ⊗ 1, P ) = σ(e(ζ ⊗ 1, P )) = e (σ(ζ ⊗ 1), σP ) = e(ζ ⊗ 1, P )−1.

https://stacks.math.columbia.edu/tag/0FCK
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As p is odd, this contradicts the fact that the Weil pairing e is non-
degenerate. Consequently, the assertion (4.2) holds. □

Example 4.7. Let (E, p) be as in Example 1.13. Then, the elliptic curve
E has good reduction outside the prime 5077, and it has non-split multi-
plicative reduction at 5077. Since p = 7 ≡ 3 mod 4, and −7 is a quadratic
residue modulo 5077, Proposition 4.6 implies that (E, p) satisfies the con-
dition (C2).

5. Selmer Groups

In this section, we shall recall the definition of the fine Selmer groups of
an elliptic curve, and introduce some preliminary results related to Selmer
groups. In Section 5.2, we shall review preliminary results in the Iwasawa
theoretical setting. We keep the notation and the assumptions in Section 4.

5.1. Definition of Selmer groups. Let K be a number field, that is,
a finite extension field of Q. First, let us recall Bloch–Kato’s finite local
conditions.

Definition 5.1 ([17, Definition 1.3.4, Remark 1.3.6]). Let v be any place
of K. We define H1

f (Kv, Vp(E)) to be the Qp-vector space
H1

ur(Kv, Vp(E)) if v ∤ p,
Ker

(
H1(Kv, Vp(E))→ H1(Kv, Bcris ⊗Qp Vp(E))

)
if v | p,

0 if v | ∞,

where Bcris is Fontaine’s p-adic period ring and v | ∞ we mean that v is an
infinite place in K. We define
H1

f (Kv, E[p∞]) ⊆ H1(Kv, E[p∞]) and H1
f (Kv, Tp(E)) ⊆ H1(Kv, Tp(E))

to be the image and the inverse image, respectively, of H1
f (Kv, Vp(E)) un-

der the natural maps H1(Kv, Tp(E))→ H1(Kv, Vp(E))→ H1(Kv, E[p∞]).
For each n ∈ Z>0, we define H1

f (Kv, E[pn]) to be the inverse image of
H1

f (Kv, E[p∞]) by the natural map

(5.1) ιn,v : H1(Kv, E[pn]) −→ H1(Kv, E[p∞]).

The subgroup H1
f (Kv, E[pn]) coincides with the image of H1

f (Kv, Tp(E))
under the map H1(K,Tp(E)) → H1(Kv, E[pn]) induced by Tp(E) →
Tp(E)/pnTp(E) ≃ E[pn] ([17, Lemma 1.3.8]).

Remark 5.2. Let v be any finite place of K not above p. Suppose that
EK has good reduction at v. The p-adic Tate module Tp(E) is unrami-
fied at v (from the “easy” direction of the Néron–Ogg–Shafarevich crite-
rion [24, Chapter VII, Theorem 7.1]) so that H1

f (Kv, E[pn]) coincides with
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H1
ur(Kv, E[pn]) (cf. [17, Lemma 1.3.8]), for each n ∈ Z>0 ∪ {∞}. Further-

more, the inflation-restriction exact sequence (e.g., [17, Proposition B.2.5])
gives a natural isomorphism

H1(Kur
v /Kv, E[pn]) ≃ H1

f (Kv, E[pn]).

Definition 5.3 (the fine Selmer group). For each n ∈ Z>0∪{∞}, we define
the fine Selmer group Selp(K,E[pn]) to be the kernel of

H1(K,E[pn]) −→
∏
u|p
H1(Kv, E[pn])×

∏
v∤p

H1(Kv, E[pn])
H1

f (Kv, E[pn])
,

where u runs through all the places of K above p, and v runs through all
the places of K not above p.

Remark 5.4. When v is an infinite place of K, the cohomology group
H1(Kv, E[pn]) is annihilated by at most 2 for each n ∈ Z≥1 ∪ {∞}. Since
we are considering the odd prime p, we have H1(Kv, E[pn]) = 0. Because
of this, we may not care about infinite places in the following.

Remark 5.5. We denote by ΣK the set of places of K above the prime
divisors of pDE and the all infinite places and by KΣ the maximal algebraic
extension field of K unramified outside ΣK . Then, for each n ∈ Z>0∪{∞},
the kernel of the natural map

H1(K,E[pn]) −→
∏

v /∈ΣK

H1(Kv, E[pn])
H1

f (Kv, E[pn])

coincides withH1(KΣ/K,E[pn]) ([17, Lemma 1.5.3]). The fine Selmer group
Selp(K,E[pn]) can be regarded as a subgroup of H1(KΣ/K,E[pn]).

Remark 5.6. Here, we give a remark on the relation between Selp(K,E[pn])
and the classical Selmer group. Take any n ∈ Z>0. Recall that the classical
Selmer group Sel(K,E[pn]) is defined by

Sel(K,E[pn]) := Ker
(
H1(K,E[pn]) −→

∏
v

H1(Kv, E[pn])
H1

cl(Kv, E[pn])

)
,

where v runs through all the finite places of K, and H1
cl(Kv, E[pn]) denotes

the image of the homomorphism
δn,v : E(Kv) = H0(Kv, E(Kv)) −→ H1(Kv, E[pn])

induced by the short exact sequence

0 −→ E[pn] ⊆−→ E(Kv) ×pn

−−−→ E(Kv) −→ 0.
For any n ∈ Z>0, there exists a short exact sequence

0 −→ E(K)⊗Z Z/pnZ −→ Sel(K,E[pn]) −→X(EK/K)[pn] −→ 0,
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where X(EK/K) denotes the Tate–Shafarevich group of EK/K. By the
well-known fact below (Proposition 5.7 which follows from the arguments
in [1, Example 3.11]), it holds that

Selp(K,E[pn]) = Ker

Sel(K,E[pn]) −→
∏
v|p
H1(Kv, E[pn])

 .
Proposition 5.7. Let K be a number field. For any finite place v of K, it
holds that

(5.2) H1
cl(Kv, E[pn]) = H1

f (Kv, E[pn]).

Proof. The short exact sequence

0 −→ Tp(E) −→ Vp(E) −→ E(Kv)[p∞] −→ 0

induces a natural isomorphism

δ : E(Kv)[p∞] ≃−→ H1(Kv, Tp(E))tor,

where H1(Kv, Tp(E))tor denotes the torsion part of H1(Kv, Tp(E)) ([28,
(2.3) Proposition]). Note that we have H1(Kv, Tp(E))tor ⊆ H1

f (Kv, Tp(E))
by definition. We also note that the diagram

(5.3)

E(Kv)[p∞] δ

≃
//

� _

η1

��

H1(Kv, Tp(E))tor

η2

��
E(Kv)⊗ Zp

δn,v⊗Zp

// H1(Kv, E[pn])

commutes, where η1 and η2 are natural homomorphisms.
First, suppose that v lies above a prime number ℓ distinct from p. As

noted in [1, Example 3.11], we have

H1
f (Kv, Vp(E)) = H1

ur(Kv, Vp(E))
inf←−
≃

H1(Gal(Kur
v /Kv), H0(Kur

v , Vp(E))) = 0.

By the Weil pairing, we have

HomQp(Vp(E),Qp ⊗Zp lim←−
n

µpn) ≃ Vp(E).

The local duality ([1, Proposition 3.8]) implies that

H1(Kv, Vp(E))/H1
f (Kv, Vp(E)) ≃ H1

f (Kv, Vp(E)) = 0.

Therefore, we obtain H1(Kv, Vp(E)) = 0 and hence H1(Kv, Tp(E)) is tor-
sion. This implies the equalities

H1(Kv, Tp(E))tor = H1
f (Kv, Tp(E)) = H1(Kv, Tp(E)).
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Since E(Kv) is a compact commutative ℓ-adic Lie group of dimension [Kv :
Qℓ], the group E(Kv) is isomorphic to the direct sum of Z[Kv :Qℓ]

ℓ and a finite
abelian group. This implies that η1 in (5.3) becomes an isomorphism. Since
H1

f (Kv, E[pn]) coincides with the image of H1
f (Kv, Tp(E)) under the map

H1(Kv, Tp(E)) η2→ H1(Kv, E[pn]) ([17, Lemma 1.3.8]), the commutative
diagram (5.3) above implies the equality (⋆) below

H1
cl(Kv, E[pn]) = Im(δn,v) = Im(δn,v ⊗ Zp) (⋆)= Im(η2) = H1

f (Kv, E[pn]).

Next, let us suppose that v lies above p. (Note that we do not use this
case in this manuscript, but for the sake of the readers’ convenience, we
give a proof.) We denote by H1

cl(Kv, Tp(E)) the image of

(δm,v)m : E(Kv) −→ lim←−
m

H1(Kv, E[pm]) ≃ H1(Kv, Tp(E)).

Claim. The group H1
cl(Kv, Tp(E)) coincides with the inverse image of

H1
cl(Kv, Tp(E))⊗Zp Qp

via the natural mapping H1(Kv, Tp(E))→ H1(Kv, Tp(E))⊗Qp.

Proof. The torsion part H1
cl(Kv, Tp(E))tor coincides with the image of δ

in (5.3). We have H1
cl(Kv, Tp(E))tor = H1(Kv, Tp(E))tor. There is a com-

mutative diagram

H1
cl(Kv, Tp(E))⊗Zp Z/pZ

� _

(inclusion)⊗Z/pZ
��

H1(Kv, Tp(E))⊗Zp Z/pZ
� _

inclusion
��

E(Kv)⊗Z Z/pZ �
�

δ1,v⊗Z/pZ
//

(δn,v)n⊗Z/pZ

33 33

H1(Kv, E[p]).

Note that in the above commutative diagram, the injectivity of δ1,v⊗Z/pZ
and the surjectivity of (δn,v)n⊗Z/pZ imply that the vertical dotted arrow is
injective. By Nakayama’s lemma, a basis of the Zp-module H1

cl(Kv ,Tp(E))
H1(Kv ,Tp(E))tor

extends to a basis of the Zp-module H1(Kv ,Tp(E))
H1(Kv ,Tp(E))tor

. Hence, the quotient
H1

cl(Kv ,Tp(E))
H1(Kv ,Tp(E))tor

coincides with

(
H1

cl(Kv, Tp(E))⊗Zp Qp

)
∩ H1(Kv, Tp(E))
H1(Kv, Tp(E))tor

.

The claim follows from this. □
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The arguments in [1, Example 3.11] (the isomorphism ∂ in commuta-
tive diagram (3.11.1) and the first equality in (3.11.2)) imply the equality
H1

cl(Kv, Tp(E))⊗Zp Qp = H1
f (Kv, Vp(E)). The above claim gives

H1
cl(Kv, Tp(E)) = H1

f (Kv, Tp(E)).

Both of the Zp-modules H1
cl(Kv, E[pn]) and H1

f (Kv, E[pn]) coincide with
the image of H1

cl(Kv, Tp(E)) and H1
f (Kv, Tp(E)) respectively under the map

H1(Kv, Tp(E))→ H1(Kv, E[pn]). Hence, we obtain the equality (5.2). □

5.2. Preliminaries of Iwasawa theory. For each place v of K1, we
denote by Dv the decomposition subgroup of the Galois group Γ := G∞,1 =
Gal(K∞/K1) at v, and define

Av :=

AnnZp[[Dv ]]
(

E(K∞,w)[p∞]
E(K∞,w)[p∞]div

)
if v | p,

AnnZp[[Dv ]]
(
H1

(
Kur

∞,w/K∞,w,
E(Kur

∞,w)[p∞]
E(Kur

∞,w)[p∞]div

))
if v ∤ p,

where w is a place of K∞ above v. We set
AN :=

∏
v|pDE

AvZp[[Γ]].

Recall that, for each m,n ∈ Z≥1, we have

Λm,n := Z/pnZ[Gm,1] ≃ Λ/(pn, γpm−1 − 1),
where Λ = Zp[[Γ]] and γ is the fixed topological generator of Γ. Write

Selp(K∞, E[p∞]) := lim−→
m

Selp(Km, E[p∞]).

For any m,n ∈ Z≥0 ∪ {∞}, we put Xm,n := Selp(Km, E[pn])∨ and Xn :=
Xn,n.

Proposition 5.8 (Control theorem, [17, Proposition 7.4.4]). Suppose that
E satisfies the condition (C1). Let m,n ∈ Z≥0 be any integers. Then, the
following hold.

(1) The restriction map H1(Km, E[p∞])→ H1(K∞, E[p∞]) is injective.
(2) The natural map H1(Km, E[pn])→ H1(Km, E[p∞])[pn] is injective.
(3) The cokernel of the restriction map

Selp(Km, E[p∞]) −→ H0(Km,Selp(K∞, E[p∞]))
is finite, and annihilated by AN .

(4) The cokernel of the natural map
Selp(Km, E[pn]) −→ Selp(Km, E[p∞])[pn]

is finite, and independent of n.

Remark 5.9. In [17, Proposition 7.4.4], the following two additional as-
sumptions are assumed:
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• (Assumption 7.1.4) For every sub extension F ⊂ K∞ with [F :
Q] < ∞, both ΛF / char(X∞)ΛF and X∞ ⊗ ΛF are finite, where
ΛF = Zp[Gal(F/Q)].
• (Assumption 7.1.5) For every prime number ℓ dividing pDE , the

decomposition group of ℓ contains an element γℓ with the property
that

Tp(E)γpn

ℓ
=1 = (Tp(E)∨)γpn

ℓ
=1 = 0

for every n ≥ 0, where the superscript γpn

ℓ = 1 stands for the fixed
part by γpn

ℓ .
However, the arguments in the proof of [17, Proposition 7.4.4] do not need
Assumption 7.1.4. In our setting, it follows from Hasse–Weil’s theorem that
the Zp[GK1 ]-module Tp(E) satisfies Assumption 7.1.5. We also note that
(C1) for E implies

Aglob := AnnZp[[Γ]](E(K∞)) = Zp[[Γ]]

(cf. [17, Definition 7.4.1]).

By Proposition 5.8, we immediately obtain the following corollary.

Corollary 5.10. There exists an integer νX such that for any m,n ∈ Z>0,
the orders of the kernel and the cokernel of X∞ ⊗Λ Λm,n → Xm,n are at
most pνX .

Remark 5.11. Recall that ∆ = Gal(K1/Q). Take any n ∈ Z>0. Since the
order of ∆ is prime to p, we have

H0(∆,Selp(K1, E[pn])) ≃ Selp(Q, E[pn]),

and hence (X1,n)1 ≃ X0,n, where 1 ∈ ∆̂ denotes the trivial character.
By Corollary 5.10, the orders of the kernel and the cokernel of

X∞,1 ⊗Λ Λ1,n −→ (X1,n)1 ≃ X0,n

are at most pνX .

6. Proof of Main results

In this section, we shall prove our main results, in particular, Theo-
rem 1.1. We keep the notation in Section 4 and we suppose that the elliptic
curve E over Q has good reduction at an odd prime number p.

6.1. Boundedness of the order of Galois cohomology. In this para-
graph, let us prove the following Proposition 6.1, which is related to the
boundedness of the order of the kernel and the cokernel of the restriction
map

H1(Kn, E[pn]) −→ H1(KE
n , E[pn]).
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Proposition 6.1. Suppose that the elliptic curve E satisfies the conditions
(C1) and (C3). Then, for any i ∈ {1, 2}, the set

{#H i(KE
n /Kn, E[pn])}n≥0

is bounded.

In order to prove Proposition 6.1, we need the following lemmas.

Lemma 6.2. We assume the condition (C1) and also E has complex mul-
tiplication by an order o of an imaginary quadratic field Q(

√
−d). Then,

the fields Q(
√
−d) and K∞ are linearly disjoint over Q.

Proof. Assume Q(
√
−d) ⊆ K∞ for the contradiction. As E is defined

over Q, every endomorphism of E is defined over Q(
√
−d) ([25, Chap-

ter II, Theorem 2.2(b)]), hence over K∞. Recall that E[p] is a free o/po-
module of rank 1 ([25, Chapter II, Proposition 1.4]). The two dimen-
sional representation ρE

1 : GK∞ → AutFp(E[p]) is given by a character
GK∞ → Auto⊗ZZp(E[p]) ≃ (o/po)×. This contradicts (C1). □

Lemma 6.3. Suppose that E satisfies (C1) and (C3). Then, for any i ∈
Z≥0, it holds that H i(KE

∞/K∞, Vp(E)) = 0.

Proof. The case non CM. First, suppose that E does not have complex
multiplication. Recall that GQ acts on

∧2
Zp
Tp(E) via the cyclotomic char-

acter (cf. [24, Chapter V, Section 2]). By Serre’s open image theorem ([22,
4.4, Théorème 3], [23, p. IV-11]), the image H of the Galois representation

ρE : Gal(KE
∞/K∞) ↪−→ AutZp(Tp(E)) ≃ GL2(Zp)

becomes an open subgroup of SL2(Zp). There exists an open normal stan-
dard pro-p subgroup U of H ([2, 8.29 Theorem]), because H is a p-adic Lie
group. By [10, Chapter V, (2.4.9) Théorème], we have

Hq(U, Vp(E)) = Hq(Lie(U), Vp(E))
for any q ≥ 0. Since Lie(U) is an open Lie-subalgebra of

sl2(Zp) := {A ∈ pM2(Zp) | TrA = 0},

a matrix of the form
(

1+pn 0
0 −(1+pn)

)
for some n belongs to Lie(U). By [21,

Théorème 1], we obtain Hq(Lie(U), Vp(E)) = 0. Hence, the Hochschild–
Serre spectral sequence

Epq
2 = Hp(H/U,Hq(U, Vp(E))) =⇒ Hp+q(H,Vp(E))

implies that H i(KE
∞/K∞, Vp(E)) = H i(H,Vp(E)) = 0 for any i ≥ 0.

The case CM. Next, let us assume that E has complex multiplication. By
the assumption (C3), the ring End(E) of endomorphisms of E defined over
Q is the maximal order o of an imaginary quadratic field L := Q(

√
−d).
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Put LE
∞ = LKE

∞. Since E is defined over Q, every element of End(E) is de-
fined over L ([25, Chapter II, Theorem 2.2(b)]). Consider the representation
ρ : GL → Aut(Tp(E)) which is arising from the action of GL on Tp(E). This
factors through an injective homomorphism Gal(LE

∞/L) → Aut(Tp(E))
which is also denoted by ρ. The Tate module Tp(E) = lim←−n

E[pn] is a free
o ⊗Z Zp-module of rank 1 because E[pn] is a free o/pno-module of rank 1
([25, Chapter II, Proposition 1.4]). As we noted above, every endomorphism
of E is defined over L, the action of Gal(LE

∞/L) commutes with the scalar
multiplication by o, and we obtain the commutative diagram

(6.1)

Gal(LE
∞/L) �

� ρ //
� w

ρo **

Aut(Tp(E))

Auto⊗ZZp(Tp(E)) ≃ (o⊗Z Zp)×.
?�

OO

In particular, the extension LE
∞/L is an abelian extension. The short exact

sequence

0 // Gal(LE
∞/L) // Gal(LE

∞/Q) // Gal(L/Q) // 0

induces the action of Gal(L/Q) to Gal(LE
∞/L). In fact, let c be the unique

generator of Gal(L/Q) and take c̃ ∈ Gal(LE
∞/Q) a lift of c. The action

of Gal(L/Q) on Gal(LE
∞/L) is given by σ 7→ c̃σc̃−1. The induced map

ρo preserves the action of Gal(L/Q). Let πo× : Auto⊗ZZp(Tp(E)) = (o ⊗Z
Zp)× → (o ⊗Z Zp)×/o× be the natural surjection. We denote by H ′ the
image of ρo, and by H ′ that of πo× ◦ ρo. Let LH′ be the maximal subfield
of LE

∞/L fixed by the kernel of πo× ◦ ρo. We have

(6.2)
Gal(LE

∞/L) ≃ H ′ ⊂ (o⊗Z Zp)×, and
Gal(LH′/L) ≃ H ′ ⊆ (o⊗Z Zp)×/o×.

Claim 1. The extension LH′/L is the maximal abelian extension unrami-
fied outside p.

Proof of Claim 1. The elliptic curve E is defined over Q so that the class
number of L is 1 ([25, Chapter II, Theorem 4.1]). We denote by LH′

n
be

the fixed field of LE
n := L(E[pn]) by the kernel of the composition

Gal(LE
n /L) ↪−→Auto⊗Z/pnZ(E[pn]) −→→

Auto⊗Z/pnZ(E[pn])
Aut(E) ≃ (o/pno)×/o×.

By the theory of complex multiplication ([25, Chapter II, Theorem 5.6]),
LH′

n
is the ray class field of L modulo pno. The claim follows from LH′ =⋃

n LH′
n
. □
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By the global class field theory, the above claim implies that the group
H ′ ≃ Gal(LH′/L) has a quotient isomorphic to Z2

p (see, for instance, [29,
Chapter 13, Proposition 13.2 and Theorem 13.4]). The subgroup H ′ is open
in (o⊗Z Zp)×, and in particular, the complex conjugate c acts non-trivially
on H ′.
Claim 2. The field KE

∞ contains L = Q(
√
−d).

Proof of Claim 2. If KE
∞ and L are linearly disjoint over Q, then the ex-

tension LE
∞ = LKE

∞/Q becomes abelian. Therefore, the complex conjugate
c acts on Gal(LE

∞/L) trivially, and it acts on H ′ via ρo. This contradicts
the fact that c acts on H ′ non-trivially. □

From the above claim, we have LE
∞ = LKE

∞ = KE
∞.

Claim 3. There exists a lift c̃ ∈ Gal(KE
∞/Q) of c whose order is two such

that
Gal(KE

∞/Q) = ⟨c̃⟩⋉ Gal(KE
∞/L) ≃ ⟨c̃⟩⋉H ′.

Proof of Claim 3. From Claim 2, we have KE
∞ ⊇ L. Fix an embedding

ιC : KE
∞ ↪→ C. Consider the following short exact sequence:

0 // Gal(KE
∞/L)

ρE
o ≃��

// Gal(KE
∞/Q) // Gal(L/Q) // 0.

H ′ ⟨c⟩

The embedding ιC induces a splitting of this short exact sequence which
sends c to the restriction c̃ ∈ Gal(KE

∞/Q) of the complex conjugation after
regarding KE

∞ as a subfield of C via ιC. This splitting gives Gal(KE
∞/Q) ≃

⟨c̃⟩⋉H ′. □

Claim 4. Putting L∞ = LK∞, we have LH′ ∩Qab = L∞.

Proof of Claim 4. By Lemma 6.2, the fields K∞ and L = Q(
√
−d) are lin-

early disjoint. The composition field L∞ = K∞L is an abelian extension
of Q so that L∞ ⊆ Qab. The extension K∞ = Q(µp∞) =

⋃
n Q(µpn) of Q

is unramified outside p and hence the extension L∞ = K∞L/L is unram-
ified outside p. Let us show that LH′ ∩ Qab = L∞. Claim 1 implies that
LH′ ∩Qab ⊇ L∞ because the extension L∞/L is unramified outside p. Ac-
cordingly, it suffices to show that LH′ ∩Qab ⊆ L∞. As E is defined over Q,
the class number of L is one. Put p∗ := (−1)(p−1)/2p. Lemma 6.2 implies
that Q(

√
p∗) and L are linearly disjoint over Q because Q(

√
p∗) is contained

in K1 = Q(µp). We deduce that p is unramified in L/Q. In fact, if p were
ramified in L/Q, the Hilbert class field of L would contain the quadratic
extension L(

√
p∗)/L. Since L is the imaginary quadratic field of class num-

ber one, there exists a unique prime qL ∈ {2, 3, 7, 11, 19, 43, 67, 163} which
is ramified in L/Q.



626 Toshiro Hiranouchi, Tatsuya Ohshita

For each prime ℓ, we denote by Iℓ the inertia subgroup of Gal((LH′ ∩
Qab)/Q) at ℓ. We define L1 to be the subfield of LH′ ∩Qab fixed by Ip, and
L2 to be that fixed by IqL . The extension LH′/L is unramified outside p,
and L has class number one. The extension (LH′ ∩Qab)/L does not contain
the proper extension field of L where every place above p is unramified. As
p is unramified in L/Q, we obtain L1 = L. The field L2 coincides with the
maximal intermediate field of (LH′ ∩Qab)/Q unramified outside p because
the extension LH′/Q is unramified outside {p, qL}. The inclusion L2 ⊆
K∞ holds, because K∞/Q is the maximal abelian extension unramified
outside p. As a result, we obtain L1L2 ⊆ L∞. Additionally, the extension
LH′ ∩ Qab of L1 = L is unramified outside p. In particular, the extension
(LH′ ∩Qab)/L1 is unramified at qL. Because of this, we have

Ip ∩ IqL = Gal((LH′ ∩Qab)/L1) ∩ IqL = {1}.

Consequently, we deduce that LH′ ∩Qab = L1L2 ⊆ L∞. □

By this Claim 4, the abelianization of the Galois group Gal(LH′/Q) is

(6.3) Gal(LH′/Q)ab = Gal(LH′ ∩Qab/Q) = Gal(L∞/Q).

The abelianization Gal(LH′/Q)ab is the maximal quotient of Gal(LH′/Q)
where c acts trivially, and we have Gal(LH′/Q) ≃ ⟨c̃⟩ ⋉ H ′ by Claim 3.
Therefore, we obtain

Gal(L∞/Q) (6.3)= Gal(LH′/Q)ab

≃
(
⟨c̃⟩⋉H ′)/(⟨c̃⟩⋉ (1− c)H ′)

≃ H ′/(1− c)H ′.

(Here, the group operation of H ′ is written in additive manner.) Let H ′
∞ be

the inverse image of (1−c)H ′ by πo× |H′ : H ′ ⊆ (o⊗ZZp)× → (o⊗ZZp)×/o×.
By (6.2), we have

Gal(LH′/L∞) ≃ (1− c)H ′, and

Gal(LE
∞/L∞)Claim 2= Gal(KE

∞/L∞) ≃ H ′
∞.

By Lemma 6.2, the fields K∞ and L are linearly disjoint over Q. We obtain
an isomorphism Gal(L∞/K∞) ≃ Gal(L/Q) and an exact sequence

0 // Gal(KE
∞/L∞)

ρE
o ≃��

// Gal(KE
∞/K∞) // Gal(L∞/K∞) //

≃
��

0.

H ′
∞ ⟨c⟩

There exists a lift c̃′ ∈ Gal(KE
∞/K∞) of c. Note that c̃′ and the isomorphism

Gal(KE
∞/L∞) ≃ H ′

∞ generate Gal(KE
∞/K∞), and we have (Gal(KE

∞/K∞) :
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H ′
∞) = 2.

LE
∞

H′KE
∞ LH′

L∞

H′
∞

K∞

L

H′

Q

Claim 5. We have H ′
∞ ⊆ H ′[(1 + c)2]. Here, the (1 + c)2-torsion part of a

Z[Gal(L/Q)]-module M is denoted by M [(1 + c)2].
Proof of Claim 5. Note that (1 − c)H ′ is contained in H ′[1 + c] and o×

is contained in H ′[1 + c]. For any x ∈ H ′
∞ = π−1

o× ((1 − c)H ′), we have
πo×(x) ∈ (1− c)H ′ ⊆ H ′[1 + c]. For (1 + c)x ∈ Ker(πo×) = o× ⊆ H ′[1 + c],
we obtain (1 + c)2x = (1 + c)(1 + c)x = 0. □

Put V := (o ⊗Z Zp)× ⊗Z Qp ≃ Q2
p. Since c acts on V non-trivially, and

1 + p ∈ V is a non-trivial element fixed by c, the eigenvalues of the action
of c on V are 1 and −1. The group (o ⊗Z Zp)×[(1 + c)2] has a subgroup
of finite index which is isomorphic to Zp. This implies that there exists
an element x ∈ H ′

∞ of infinite order such that the closure H∞ of ⟨x⟩
has finite index in H ′

∞. Fix an embedding ιp : L ↪→ Qp. The embedding
ιp induces the ring homomorphism ι̃p : o ⊗Z Zp → Qp sending a ⊗ b to
ιp(a)b. The eigenvalues of the action of x on Vp(E) ⊗Qp Qp are ι̃p(x) and
ι̃p(c(x)) = ι̃p(x)−1. We obtain Vp(E)[x − 1] = 0 and Vp(E)/(1 − x) = 0.
Note that H∞ is topologically generated by x. By [13, (1.7.7) Proposition]
combined with [28, (2.2) Corollary and (2.3) Proposition], it holds that
Hq(H∞, Vp(E)) = 0 for any q ≥ 0. Let us identify H ′

∞ with Gal(KE
∞/L∞).

We may regard H∞ as a normal subgroup of Gal(KE
∞/K∞) because c acts

on H∞ by x 7→ x−1. Hence, by the Hochschild–Serre spectral sequence

Epq
2 = Hp(Gal(KE

∞/K∞)/H∞, H
q(H∞, Vp(E)))

=⇒ Hp+q(KE
∞/K∞, Vp(E)),

we deduce that H i(KE
∞/K∞, Vp(E)) = 0 for any i ≥ 0. □

In the proof of Proposition 6.1, we use a corollary of the following well-
known lemma called topological Nakayama’s lemma.
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Lemma 6.4 (Topological Nakayama’s lemma). Let (R,m) be a Noetherian
complete local ring whose residue field is finite, and M a compact Hausdorff
R-module. Suppose that dimR/mM/mM < ∞. Then, the R-module M is
finitely generated.

Proof. Since M is compact, for any neighborhood U of 0 ∈M , there exists
an integer n ∈ Z≥0 such that mnM ⊆ U . As M is Hausdorff, we obtain⋂

n≥0 m
nM = 0. By [4, Exercise 7.2], we deduce that M is finitely generated

over R if dimR/mM/mM < ∞. (See [29, Lemma 13.16] for the proof of
Lemma 6.4 in the case when R = Zp[[T ]].) □

Corollary 6.5. Let M be a torsion Zp-module satisfying dimFp M [p] <∞.
Then, it holds that M is a cofinitely generated Zp-module.

Proof. We regard M as a topological group equipped with the discrete
topology. By applying Lemma 6.4 to the Pontrjagin dual of M , we ob-
tain Corollary 6.5. □

Proof of Proposition 6.1. Take any i ∈ {1, 2}. Let j ∈ Z be any integer
satisfying 0 ≤ j ≤ i. The group Gal(KE

∞/K∞) is topologically finitely
presented because it is isomorphic to a closed subgroup of GL2(Zp). This
implies that Hj(KE

∞/K∞, E[p]) is of finite order. The long exact sequence
arising from the short exact sequence

0 −→ E[p] −→ E[p∞] p−→ E[p∞] −→ 0
induces the surjective homomorphism

Hj(KE
∞/K∞, E[p]) −→→ Hj(KE

∞/K∞, E[p∞])[p].
In particular, we have

dimFp H
j(KE

∞/K∞, E[p∞])[p] ≤ dimFp H
j(KE

∞/K∞, E[p]) <∞.

By Corollary 6.5, it holds that Hj(KE
∞/K∞, E[p∞]) is cofinitely generated

over Zp. Moreover, the short exact sequence
0 −→ Tp(E) −→ Vp(E) −→ E[p∞] −→ 0

induces

Hj(KE
∞/K∞, Vp(E)) −→ Hj(KE

∞/K∞, E[p∞])
−→ Hj+1(KE

∞/K∞, Tp(E)).

From Lemma 6.3, we have Hj(KE
∞/K∞, Vp(E)) = 0. Since the Zp-module

Hj+1(KE
∞/K∞, Tp(E)) does not have a non-trivial divisible Zp-submodule

by [28, (2.1) Proposition], it follows from the above short exact sequence
that #Hj(KE

∞/K∞, E[p∞]) < ∞. Take any n ∈ Z≥0. As K∞/Kn is a
pro-cyclic extension, the Hochschild–Serre spectral sequence
Epq

2 = Hp(K∞/Kn, H
q(KE

∞/K∞, E[p∞])) −→ Hp+q(KE
∞/Kn, E[p∞])
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implies that

#H i(KE
∞/Kn, E[p∞]) ≤

∏
q≤i

{#Hq(KE
∞/K∞, E[p∞])} <∞.

Therefore, the sequence {#H i(KE
∞/Kn, E[p∞])}n≥0 is bounded. The exact

sequence

H i−1(KE
∞/Kn, E[p∞])
pn

−→H i(KE
∞/Kn, E[pn]) −→H i(KE

∞/Kn, E[p∞])[pn]

implies that {#H i(KE
∞/Kn, E[pn])}n≥0 is bounded. The inflation map

H1(KE
n /Kn, E[pn]) −→ H1(KE

∞/Kn, E[pn])

is injective ([17, Proposition B.2.5]). The assertion of Proposition 6.1 for
i = 1 follows from this. In order to prove Proposition 6.1 for i = 2, by
considering the inflation-restriction sequence

H1(KE
∞/K

E
n , E[pn])Gal(KE

n /Kn) −→ H2(KE
n /Kn, E[pn])

−→ H2(KE
∞/Kn, E[pn])

([17, Proposition B.2.5(ii)]), it suffices to show that the order of

H0(Kn,Hom(Gal(KE
∞/K

E
n ), E[pn]))

is bounded. Put Hn,m := H0(Kn,Hom(Gal(KE
∞/K

E
n ), E[pm])). The short

exact sequence

0 −→ E[p] −→ E[pn] −→ E[pn−1] −→ 0

induces an exact sequence

0 −→ Hn,1 −→ Hn,m −→ Hn,m−1.

The lemma below (Lemma 6.6) says that there exists an integer N such
that

Hn,1 = H0(Kn,Hom(Gal(KE
∞/K

E
n ), E[p])) = 0

for all n ≥ N . Thus, we have a sequence of injective homomorphisms

Hn,m ↪−→ Hn,m−1 ↪−→ · · · ↪−→ Hn,1.

The lemma below again implies Hn,1 = 0. In particular, we have

Hn,n = H0(Kn,Hom(Gal(KE
∞/K

E
n ), E[pn])) = 0

for all n ≥ N . Therefore, the sequence

{#H0(Kn,Hom(Gal(KE
∞/K

E
n ), E[pn]))}n≥0

is bounded. □
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Lemma 6.6. Suppose that E satisfies (C1) and (C3). There exists an
integer N such that

H0(Km,Hom(Gal(KE
∞/K

E
m), E[p])) = 0

for any m ∈ Z≥N .

Proof. The case non-CM. First, suppose that E does not have complex
multiplication. The representation ρE : GQ → Aut(Tp(E)) ≃ GL2(Zp) fac-
tors through Gal(KE

∞/Q) → GL2(Zp) and is also denoted by ρE . In this
non-CM case, Serre’s open image theorem ([22, 4.4, Théorème 3], [23,
p. IV-11]) implies that the group ρE(Gal(KE

∞/Q)) is an open subgroup
of GL2(Zp). We can take an integer N ∈ Z≥1 such that ρE(Gal(KE

∞/Q))
contains 1 + pNM2(Zp). Take any m ∈ Z≥N . As we have

Hom(Gal(KE
∞/K

E
m), E[p])GKm = HomGal(KE

∞/Km)(Gal(KE
∞/K

E
m), E[p]),

it is enough to show that there is no non-trivial Gal(KE
∞/Km)-equivariant

homomorphism Gal(KE
∞/K

E
m)→ E[p]. The commutative diagram

Gal(KE
∞/Q) �

� ρE

//

����

Aut(Tp(E)) ≃ GL2(Zp)

����
Gal(KE

m/Q) �
� // Aut(E[pm]) ≃ GL2(Z/pmZ)

indicates that ρE(Gal(KE
∞/K

E
m)) ⊆ 1 + pmM2(Zp). As we have

1 + pmM2(Zp) ⊆ 1 + pNM2(Zp) ⊆ ρE(Gal(KE
∞/Q)),

it holds

ρE(Gal(KE
∞/K

E
m)) = ρE(Gal(KE

∞/Q))∩
(
1 + pmM2(Zp)

)
= 1 + pmM2(Zp).

Hence, every group homomorphism Gal(KE
∞/K

E
m)→ E[p] factors through

Gal(KE
m+1/K

E
m) ≃ gl2(Fp) = M2(Fp).

The group G := ρE(Gal(KE
∞/Km)) ⊆ GL2(Zp) acts on M2(Fp) via the

conjugate action, and we have M2(Fp) = Fp ⊕ sl2(Fp) as Fp[G]-modules,
where we set

sl2(Fp) := {A ∈M2(Fp)|TrA = 0}.
The condition (C1) for E implies that there is no non-trivial G-equivariant
homomorphism Fp → E[p]. Now, we suppose that there is a non-trivial
G-equivariant homomorphism f : sl2(Fp) → E[p], and show that this as-
sumption leads to a contradiction. Put V := Ker(f). By (C1), we have
dimFp Im(f) = 2, and dimFp V = 1. Take any non-zero A ∈ V .
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• First, let us suppose that A is nilpotent. In this case, there exists a
matrix P ∈ GL2(Fp) such that A = P ( 0 1

0 0 )P−1. Since G acts via
the conjugate action on the space V = FpA, for any B ∈ G there
exists a ∈ F×

p such that BAB−1 = aA. This implies that if v ∈ F2
p is

an eigenvector of A, then Bv is also an eigenvector of A. As a result,
the group G is contained in the Borel subgroup P

(
F×

p Fp

0 F×
p

)
P−1 of

GL2(Fp). This implies that G acts on the subspace W ⊆ sl2(Fp)
generated by P

( 1 0
0 −1

)
P−1 and A. In fact, for Q = P

(
a b
0 d

)
P−1 ∈ G

with a, d ∈ F×
p (ad ̸= 0), b ∈ Fp, we have

QP

(
1 0
0 −1

)
P−1Q−1 = P

(
1 0
0 −1

)
P−1 + −b

d
A ∈W, and

QAQ−1 = a

d
A ∈W.

Since A ∈ V = Ker(f), the image of W by f becomes a proper
G-stable Fp-subspace of E[p]. This contradicts (C1).
• Next, suppose that A is not nilpotent. If we assume the matrix
A ∈ sl2(Fp) has one eigenvalue α, then 0 = TrA = 2α. Since
p is odd, we have α = 0 and A is nilpotent. The matrix A has
two distinct eigenvalues α,−α in Fp. Since V is stable under the
conjugate action of G, for any B ∈ G, there exists some a ∈ F×

p

such that BAB−1 = aA. For each eigenvalue β ∈ {α,−α} of A, we
denote by Vβ ⊆ Fp

2 the eigenspace associated with the eigenvalue
β. Take any non-zero v ∈ Vα. Note that Bv is also an eigenvector
of A, for we have BA = aAB. Suppose that Bv ∈ V−α. The group
G acts on {Vα, V−α} transitively, and G has a subgroup of index
2. This contradicts the fact that G is a pro-p-group. Because of
this, we obtain Bv ∈ Vα. This implies that Vα is G-stable. This
contradicts (C1).

Hence, there is no non-trivial G-equivariant homomorphism sl2(Fp)→ E[p],
and the assertion for the non-CM case follows from this.

The case CM. Suppose that E has complex multiplication. By the assump-
tion (C3), the ring End(E) is the maximal order o of some imaginary qua-
dratic field L := Q(

√
−d). As we shall see below, in this case, we can take

N := 1. Take any m ∈ Z≥1, and put G := Gal(KE
∞/Km). Let H ′

m be the
subgroup of (o⊗Z Zp)× corresponding to Gal(KE

∞/Lm) by

ρE
o : Gal(KE

∞/L) −→ Auto⊗ZZp(Tp(E)) = (o⊗Z Zp)×,

where Lm = KmL (cf. (6.1)). Recall that L = Q(
√
−d) and K∞ are linearly

disjoint over Q (Lemma 6.2) and LKE
∞ = KE

∞ by Claim 2 in the proof
of Lemma 6.3. There exists a lift c̃m ∈ G = Gal(KE

∞/Km) of the generator
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c ∈ Gal(L/Q). Note that G is generated by c̃m and H ′
m, and H ′

m is a normal
subgroup of G of index two.

Claim. There exists a non-trivial element of H ′
m whose order is prime to p.

Proof of the Claim. Suppose that H ′
m has no non-trivial element whose or-

der is prime to p for the contradiction. Then H ′
m becomes a pro-p group,

and hence there exists a non-zero element a ∈ E[p] fixed by H ′
m (cf. [20,

Chapitre IX, §1, Lemme 2]).
• If a is an eigenvector of c̃m, then a spans a proper G-stable Fp-

subspace of E[p].
• Let us suppose that a is not an eigenvector of c̃m. Note that H ′

m

acts trivially on both a and c̃m(a), for H ′
m is a normal subgroup of

G. Since E[p] is spanned by {a, c̃m(a)} over Fp, the action of H ′
m on

E[p] is trivial. The action of G on E[p] factors through the cyclic
group G/H ′

m of order two, especially prime to p, generated by the
image of c̃m.

In any cases, it contradicts (C1). As a result, there exists a non-trivial
element H ′

m whose order is prime to p. □

Take any non-trivial element x ∈ H ′
m whose order is prime to p. Since

[Km : K1] and [KE
m : KE

1 ] are powers of p, we may regard x as an element
of Gal(KE

∞/Km). Since the order of x ∈ (o ⊗Z Zp)× is prime to p, we also
note that there is no non-trivial element of E[p] fixed by x. However, the
element x acts trivially on Gal(KE

m+1/K
E
m) because Gal(KE

m+1/K
E
m) is a

subquotient of the abelian group H ′
m which contains x. This implies that

there is no non-trivial G-equivariant homomorphism Gal(KE
m+1/K

E
m) →

E[p]. This completes the proof of Lemma 6.6. □

6.2. The kernel and the cokernel of the restriction maps. The goal
of this subsection is to show the following proposition which is a key of the
proof of Theorem 1.1.

Proposition 6.7. Suppose that E satisfies the conditions (C1), (C2) and
(C3). Let

resSel
n : Selp(Kn, E[pn]) −→ H0(Kn,Selp(KE

n , E[pn])).
be the restriction map. Then, the following hold.

(1) There exists a non-negative integer νKer
res such that

# Ker(resSel
n ) ≤ pνKer

res

for any n ∈ Z≥0.
(2) There exists a non-negative integer νCoker

res such that

# Coker(resSel
n ) ≤ pνCoker

res
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for any n ∈ Z≥0.

In order to prove Proposition 6.7, we need the following theorem:

Theorem 6.8. Let ℓ be a prime number, and F/Qℓ a finite extension. Fix an
embedding Q ↪→ F , and regard µp∞ as a subset of F . If ℓ is distinct from p,
suppose that EF (µpn ) has additive reduction for any n≥1. Then the sequence

{#E(F (µpn))[p∞]}n≥0

is bounded.

Proof. For the case ℓ = p, this follows from Imai’s result [7]. Consider the
case ℓ ̸= p. For every n ≥ 1, put Fn := F (µpn) and we denote by κn

the residue field of Fn. Following the notation in [24, Chapter VII, Sec-
tion 2], we denote by π : EFn(Fn)→ ẼFn(κn) the reduction map. We define
ẼFn,ns to be the set of non-singular points in the reduction ẼFn and put
EFn,0(Fn) := π−1(ẼFn,ns(κn)) the group of rational points whose reduction
is non-singular. The reduction map π induces a short exact sequence
(6.4) 0 −→ EFn,1(Fn) −→ EFn,0(Fn) −→ ẼFn,ns(κn) −→ 0,
where the left term EFn,1(Fn) is defined by the exactness ([24, Chapter VII,
Proposition 2.1]). From the assumption that EFn has additive reduction,
the order of the quotient EFn(Fn)/EFn,0(Fn) is at most 4 ([24, Chapter VII,
Theorem 6.1]). Hence, it is enough to show that {#EFn,0(Fn)[p∞]}n≥0 is
bounded. The above sequence (6.4) induces

0 −→ EFn,1(Fn)[pm] −→ EFn,0[pm] −→ ẼFn,ns(κn)[pm] −→ EFn,1(Fn)
pmEFn,1(Fn)

for any m ≥ 1. Since EFn,1(Fn) is written by the group associated to the for-
mal group law and has no non-trivial points of order pm ([24, Chapter VII,
Proposition 3.1]), we obtain EFn,1(Fn)[pm] = EFn,1(Fn)/pmEFn,1(Fn) = 0.
From the assumption that EFn has additive reduction again, it follows that
ẼFn,ns(κn) is isomorphic to the additive group κn ([24, Chapter III, Exer-
cise 3.5]) so that ẼFn,ns(κn)[pm] = 0. The assertion follows from this. □

Lemma 6.9. Suppose that E has potentially multiplicative reduction
at a prime number ℓ (distinct from p). Then, there exists an integer Nℓ

such that for any n ∈ Z≥Nℓ
and any place w of KE

n above ℓ, we have
pnE(KE

n,w)[p∞] = 0.

Proof. Suppose that E has potentially multiplicative reduction at a prime ℓ.

Claim. There exists a finite Galois extension field L of Q contained in KE
∞

satisfying the following conditions:
(a) The elliptic curve EL has split multiplicative reduction at every

place of L above ℓ.
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(b) Every place of L above ℓ is inert in L∞ := L(µp∞)/L.
(c) There exists N ∈ Z≥1 such that KN ⊆ L ⊆ KE

N .

Proof of the Claim. By Lemma 4.3, the base change EKE
1

has split multi-
plicative reduction at every place of KE

1 above ℓ. Take any integer N ∈ Z>0
satisfying µpN ̸⊆ Qℓ(E(Qℓ)[p]), and put L := KE

1 (µpN ). As µpN ⊂ KE
N , the

conditions (a) and (c) are satisfied. Note that L∞ := KE
1 (µp∞)/KE

1 is
a (cyclotomic) Zp-extension, and our choice of N implies that the group
Gal(L∞/L) becomes a proper subgroup of the decomposition group of
Gal(L∞/K

E
1 ) at any place v of KE

1 above ℓ. The condition (b) is satis-
fied. □

In order to prove Lemma 6.9, it suffices to show that there exists an
integer N ′ ∈ Z>0 such that for any n ∈ Z≥N ′ and any place w of KE

n above
ℓ, it holds that E(KE

n,w)[p∞] = E[pn]. For the field L and N ∈ Z≥1 given
in the above claim, take any n ∈ Z≥N and any place w of KE

n above ℓ. Let
u be the place of L below w. Since ELu has split multiplicative reduction,
we have a GLu-invariant isomorphism

(6.5) E(Lu) ≃−→ L×
u /q

Z

for some q ∈ Lu with ordu(q) > 0. Recall that every place of L above ℓ is
inert in L∞/L. By the isomorphism (6.5), if n ≥ N0 := N + ordu(q), then
we have E(KE

n,w)[pn] = E[pn], and E(KE,ur
n,w )[p∞] ≃ µp∞ × qp−nZ/qZ. □

Lemma 6.10 ([1, Example 3.11]). For any prime number ℓ distinct from
p and any finite extension F/Qℓ, it holds that H1

f (F,E[p∞]) = 0.

For each n ∈ Z≥0, we denote by Σn,p the set of all the finite places v of
Kn above p, and Σn,bad by the set of all the finite places v of Kn where
EKn,v has bad reduction. We put Σn := Σn,p ∪ Σn,bad and define Σ0

n to be
the subset of Σn,bad consisting of all the places v which lies below some
w ∈ Σm for every m ∈ Z≥n. Namely, we have

(6.6) Σ0
n =

{
v ∈ Σn,bad

∣∣∣∣∣ for any m ≥ 0, the elliptic curve
EKm has bad reduction for some w | v

}
.

Since the elliptic curve E has good reduction at p, the set of places Σn,p is
not contained in Σ0

n.

Proof of Proposition 6.7. In this proof, once we fix n ∈ Z≥0 and simplify
the notation H i(F ′/F,E[pn]) = H i(F ′/F ) for an extension F ′/F . We de-
note by Kn,Σn the maximal unramified extension of Kn outside Σn. As
noted in Remark 5.5, the fine Selmer group Selp(Kn, E[pn]) is a subgroup
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of H1(Kn,Σn/Kn). The Hochschild–Serre spectral sequence gives the fol-
lowing commutative diagram with exact rows:

Ker(resloc
n ) �

� //Coker(ιn)
resloc

n //Coker(ιEn )

H1(KE
n /Kn)

OO

� � Infn//H1(Kn,Σn/Kn)

OOOO

resn //H1(Kn,Σn/K
E
n )GKn

OOOO

//H2(KE
n /Kn)

Ker(resSel
n ) �
� //

?�

OO

Selp(Kn, E[pn])
?�

ιn

OO

resSel
n // Selp(KE

n , E[pn])GKn

?�
ιE
n

OO

//Coker(resSel
n ).

OO

The snake lemma induces the exact sequence

(6.7) 0 −→ Ker(resSel
n ) −→ H1(KE

n /Kn) −→ Ker(resloc
n )

δ−→ Coker(resSel
n ) −→ H2(KE

n /Kn).

By Proposition 6.1, the order of H1(KE
n /Kn) = H1(KE

n /Kn, E[pn]) is
bounded independently of n, and so is the kernel Ker(resSel

n ). We obtain
the assertion (1).

Let us investigate the cokernel of resSel
n . By Proposition 6.1, the group

H2(KE
n /Kn) = H2(KE

n /Kn, E[pn]) is finite and its order is bounded inde-
pendently of n. From the exact sequence (6.7), to show the assertion (2) it
is enough to give a bound for {# Ker(resloc

n )}n≥0.
For each finite place v in Kn, we define restriction maps

resloc
n,v : H1(Kn,v, E[pn]) −→ H0

(
Kn,

∏
w|v

H1(KE
n,w, E[pn])

)
,

resf
n,v : H1

f (Kn,v, E[pn]) −→ H0
(
Kn,

∏
w|v

H1
f (KE

n,w, E[pn])
)
, and

resloc
n,v : H

1(Kn,v, E[pn])
H1

f (Kn,v, E[pn])
−→ H0

(
Kn,

∏
w|v

H1(KE
n,w, E[pn])

H1
f (KE

n,w, E[pn])

)
.

These maps induce the following commutative diagram with exact rows:

0 // H1
f (Kn,v)

resf
n,v

��

// H1(Kn,v) //

resloc
n,v

��

H1(Kn,v)
H1

f
(Kn,v) → 0

resloc
n,v

��

0 //
(∏

w|v
H1

f (KE
n,w))

)GKn

//
(∏

w|v
H1(KE

n,w)
)GKn

//
(∏

w|v

H1(KE
n,w)

H1
f

(KE
n,w)

)GKn

.



636 Toshiro Hiranouchi, Tatsuya Ohshita

By applying the snake lemma to the above diagram, there is an exact
sequence

(6.8) Ker(resloc
n,v) −→ Ker(resloc

n,v) −→ Coker(resf
n,v).

By the definition of the fine Selmer groups (Definition 5.3), we obtain
the commutative diagram

Coker(ιn) �
� //

resloc
n

��

∏
v|pH

1(Kn,v)×
∏

v∤p
H1(Kn,v)
H1

f
(Kn,v)

(resloc
n,v)v|p×(resloc

n,v)v∤p
��

Coker(ιEn ) �
� // ∏

v|p

(∏
w|v H

1(KE
n,w)

)GKn ×
∏

v∤p

(∏
w|v

H1(KE
n,w)

H1
f

(KE
n,w)

)GKn

.

This diagram induces an injective homomorphism

(6.9) Ker(resloc
n ) ↪−→

∏
v|p

Ker(resloc
n,v)×

∏
v∤p

Ker(resloc
n,v).

When EKn has good reduction at a finite place v ∤ p of Kn, then the Tate
module Tℓ(E) for the prime number ℓ with v | ℓ is unramified ([24, Chap-
ter VII, Theorem 7.1]). We have H1

f (Kn,v, E[pn]) = H1
ur(Kn,v, E[pn]) and

H1
f (KE

n,w, E[pn]) = H1
ur(KE

n,w, E[pn]) ([17, Lemma 1.3.8(ii)]). Moreover, the
extension KE

n,w/Kn,v is unramified for any w | v as E[pn] is unramified.
From the definition of the unramified cohomology (cf. Notation), we have
a commutative diagram

H1(Kn,v, E[pn])
H1

ur(Kn,v, E[pn])
� _

��

resloc
n,v // ∏

w|v

(
H1(KE

n,w,E[pn])
H1

ur(KE
n,w,E[pn])

)GKn

� _

��
H1(Kur

n,v, E[pn])
resur

n,v // ∏
w|v H

1(KE,ur
n,w , E[pn])GKn .

From the inflation-restriction sequence ([17, Proposition B.2.5(i)]), the ker-
nel of the bottom horizontal map resur

n,v equals to⋂
w|v

H1(KE,ur
n,w /Kur

n,v, E[pn]GKur
n,v ) = 0

and the map resur
n,v is injective. In particular, we have Ker(resloc

n,v) = 0 for
any finite place v /∈ Σn. This implies that the order of Ker(resloc

n,v) is bounded
independently of n for the case v ∤ p and v ̸∈ Σ0

n. From (6.9), in order to
prove Proposition 6.7(2), it is left to show the following assertions.

• For v | p, the sequence {# Ker(resloc
n,v)}n≥0 is bounded.

• For v ∤ p, and v ∈ Σ0
n, the sequence {# Ker(resloc

n,v)}n≥0 is bounded.
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By the exact sequence (6.8), these assertions follow from Lemma 6.11 below.
□

By definition (cf. (6.6)), we have

Σ0
0 =

{
ℓ : prime number

∣∣∣∣∣ for any m ≥ 0, the elliptic curve
EKm has bad reduction at a place above ℓ

}
.

We are assuming E has good reduction at p, so that p ̸∈ Σ0
0.

Lemma 6.11.
(1) For any prime number ℓ ∈ Σ0

0 (distinct from p), the set{
# Ker(resloc

n,v)
∣∣∣n ≥ 0, v | ℓ

}
is bounded.

(2) For the fixed prime p, the set{
# Ker(resloc

n,v)
∣∣∣n ≥ 0, v | p

}
is bounded.

(3) For any prime number ℓ ∈ Σ0
0 (distinct from p), the set{

# Coker(resf
n,v)

∣∣∣n ≥ 0, v | ℓ
}

is bounded.

Proof. First, we prove the following claim.

Claim 1. There exists a finite Galois extension field L of Q contained in
KE

∞ = Q(E[p∞]) satisfying the following conditions.
(a) The elliptic curve EL has semistable reduction everywhere.
(b) The elliptic curve EL has split multiplicative reduction at every

place u of L above a prime number q where E has potentially mul-
tiplicative reduction.

(c) Every place of L above every ℓ ∈ Σ0
0 is inert in L∞ := L(µp∞)/L.

(d) There exists an integer N ∈ Z≥0 such that KN ⊆ L ⊆ KE
N .

Proof of Claim 1. Let q0 be a prime number where E has potentially good
additive reduction. Since q0 is distinct from p, the order of the image of GQur

q0
in AutZp(Tp(E)) is finite ([24, Chapter VII, Theorem 7.1]). This implies
that there exists an intermediate field F

(q0)
pg of KE

∞/Q such that F (q0)
pg /Q

is a finite Galois extension, and E
F

(q0)
pg

has good reduction at every place
above q0. Let Fpg be the composite of the fields F (q)

pg where q runs all the
prime numbers where E has potentially good additive reduction. By Lem-
ma 4.3, the composite field L := FpgK

E
1 satisfies the conditions (a) and (b).

Moreover, take a sufficiently large N ∈ Z>0, and replace L with L(µpN ), the
additional conditions (c) and (d) follow from the similar arguments in the
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proof of Lemma 6.9. Note that L = FpgK
E
1 (µpN ) is a finite Galois extension

field of Q contained in KE
∞. □

Put Ln := L(µpn) for each n ≥ 1. Take any prime number ℓ ∈ Σ0
0. Fix

a place w∞ of KE
∞ above ℓ. For any m ∈ Z≥N , denote by wm the place of

KE
m below w∞ and by um the place of Lm below w∞ respectively.
Let us prove the assertion (1). Take any n ∈ Z≥N , and let v = vn be the

place of Kn below w∞. For the fixed place wn, by identifying GKn,v with the
decomposition subgroup of GKn at v, we consider H1(KE

n,wn
, E[pn]) as an

GKn,v -module and
∏

w|v H
1(KE

n,w, E[pn]) is isomorphic to the induced mod-
ule IndGKn,v

GKn
(H1(KE

n,wn
, E[pn])). Shapiro’s lemma gives an isomorphism

(6.10) H0
(
Kn,

∏
w|v

H1(KE
n,w, E[pn])

)
≃ H0

(
Kn,v, H

1(KE
n,wn

, E[pn])
)

(cf. [13, (1.6.4) Proposition]). By the Hochschild–Serre exact sequence ([17,
Proposition B.2.5(ii)]), we obtain the following commutative diagram whose
rows are exact:

0 // Ker(resloc
n,v)

��

// H1(Kn,v)
resloc

n,v //
(∏

w|v H
1(KE

n,w)
)GKn

(6.10) ≃
��

0 // H1(KE
n,wn

/Kn,v) // H1(Kn,v) // H1(KE
n,wn

)GKn,v .

Here, we put H1(F ′/F,E[pn]) = H1(F ′/F ) for an extension F ′/F . It holds
that

(6.11) Ker(resloc
n,v) ≃−→ H1(KE

n,wn
/Kn,v, E[pn]).

The order of Ker(resloc
n,v) depends only on the prime number ℓ and the

positive integer n (in particular, it is independent of the choice of the place
w∞ of KE

∞ above the fixed prime number ℓ). For any intermediate field M
of KE

n,wn
/Kn,v which is Galois over Kn,v, we have an exact sequence

0 −→ Yn(M) −→ Ker(resloc
n,v) −→ Zn(M),

where we put

Yn(M) := H1(M/Kn,v, E(M)[pn]), and
Zn(M) := H0(Kn,v, H

1(KE
n,wn

/M,E[pn])).

First, let us study the cases when ℓ ̸= p. Recall that ELn,un
has good or

split multiplicative reduction and EKn,v has bad reduction from the very
definition of Σ0

0.
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The case: Potentially good reduction with ℓ ̸= p. Suppose that ℓ ̸= p, and
E has potentially good reduction at ℓ. Let Mn be the maximal subfield of
KE

n,wn
which is unramified above Kn,v. As the extension Mn/Kn,v is cyclic,

we have

H1(Mn/Kn,v, E(Mn)[pn]) ≃ Ĥ−1(Mn/Kn,v, E(Mn)[pn])

=
Ker

(
NMn/Kn,v

: E(Mn)[pn]→ E(Kn,v)[pn]
)

⟨Forbv −1⟩ ,

where Ĥ∗ stands for the Tate cohomology group, NMn/Kn,v
is the norm

map and Forbv is the Frobenius automorphism at v which is a generator
of the cyclic group Gal(Mn/Kn,v) (cf. [20, Chapitre VIII, §4]). There are
(in)equalities below:

#Yn(Mn) = #H1(Mn/Kn,v, E(Mn)[pn])

= #Ĥ−1(Mn/Kn,v, E(Mn)[pn])

≤ #
(
E(Mn)[pn]
⟨Forbv −1⟩

)
= #(E(Mn)[pn])[Forbv −1]
= #E(Kn,v)[pn]
≤ #E(Kn,v)[p∞].

From Theorem 6.8, the sequence {#Yn(Mn)}n≥0 is bounded. Let us study
Zn(Mn). Note that KE

n,wn
/Ln,un is unramified because ELn,un has good

reduction. Since KE
n,wn

/Mn is totally ramified, we have

[KE
n,wn

: Mn] = [Ln,un : Ln,un ∩Mn] ≤ [Ln,un : Kn,v] ≤ [L : KN ].

This implies that

sup
n≥N

#Zn(Mn) ≤ sup
n≥N

#H1(KE
n,wn

/Mn, E[pn]) <∞.

Consequently, the set {# Ker(resloc
n,v)|n ≥ 0, v | ℓ} is bounded.

The case: Potentially multiplicative reduction with ℓ ̸=p. Suppose that ℓ ̸=
p, and E has potentially multiplicative reduction at ℓ. Put Yn := Yn(Ln,un)
and Zn := Zn(Ln,un). Let u := uN be the place of L below un. The elliptic
curve ELu is isomorphic to a Tate curve Gm/q

Z
u , and in particular, we have

a GLu-equivariant isomorphism

(6.12) E[p∞] ≃ µp∞ × qZ[p−1]
u /qZu .

This implies that KE
∞,w∞/L∞,u∞ is a totally ramified cyclic extension,

where u∞ is the place of L∞ below w∞. Fix a topological generator τ ∈
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Gal(KE
∞,w∞/L∞,u∞). Since L∞,u∞/Lu is unramified, the homomorphism

Gal(KE
∞,w∞/L∞,u∞) −→ Gal(KE

n,wn
/Ln,un); σ 7−→ σ|KE

n,wn

is surjective. Firstly, we show that {#Yn}n≥0 is bounded. We define

E′
n :=

(
E(KE,ur

n,wn
)[p∞]div

)
[pn].

The isomorphism (6.12) implies that E′
n is isomorphic to µpn as a Zp[GLu ]-

module. Note that E′
n is GKn,v -stable as KE,ur

n,wn
/Kn,v is a Galois extension.

We obtain an exact sequence
(6.13) Y ′

n −→ Yn −→ Y ′′
n ,

where we put
Y ′

n := H1(Ln,un/Kn,v, E
′
n), and

Y ′′
n := H1(Ln,un/Kn,v, E(Ln,un)[pn]/E′

n).

Let us study Y ′′
n . Note that τ acts on Tp(E) non-trivially and unipotently.

Putting ντ := ordp(#(Tp(E)/⟨τ − 1⟩)tor), we have

#(E(Ln,un)[pn]/E′
n) ≤ #(E(L∞,u∞)[p∞]/E′

∞) = pντ .

It follows that the sequence {#Y ′′
n }n≥0 is bounded, because of the inequality

[Ln,un : Kn,v] ≤ [L : Q].
Let us consider Y ′

n. Recall that we have E′
n ≃ µpn as Zp[GLu ]-modules.

We define Hn to be the maximal subgroup of Gal(Ln,un/Kn,v) acting triv-
ially on E′

n, and L′
n the maximal subfield of Ln,un fixed by Hn. Now, we

consider an exact sequence
0 −→ H1(L′

n/Kn,v, E
′
n) −→ Y ′

n −→ H1(Ln,un/L
′
n, E

′
n).

By (C2) for E, we know H0(Kn,v, E
′
n) = 0 (Lemma 4.4). Since L′

n/Kn,v is
cyclic, we have

H1(L′
n/Kn,v, E

′
n) ≃ Ĥ−1(L′

n/Kn,v, E
′
n)

(cf. [20, Chapitre VIII, §4]). For E′
n is finite, its Herbrand quotient is trivial

so that
#Ĥ−1(L′

n/Kn,v, E
′
n) = #Ĥ0(L′

n/Kn,v, E
′
n)

([20, Chapitre VIII, §4, Proposition 8]). Therefore, we have

#H1(L′
n/Kn,v, E

′
n) = #Ĥ0(L′

n/Kn,v, E
′
n) ≤ #H0(Kn,v, E

′
n) = 1.

Since Ln,un/L
′
n is a cyclic extension whose order is at most [L : Q], we have

#H1(Ln,un/L
′
n, E

′
n) = # HomZp(Gal(Ln,un/L

′
n),Z/pnZ) ≤ [L : Q].

The sequence {#Y ′
n}n≥0 is bounded. This implies that {#Yn}n≥0 is bounded

by (6.13).
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Secondly, let us show that {#Zn}n≥0 is bounded. Recall that Zn =
Zn(Ln,un) = H0(Kn,v, H

1(KE
n,wn

/Ln,un , E[pn])). We have an exact sequence

(6.14) H0(Ln,un , E[pn]/E′
n) δn−→ H1(KE

n,wn
/Ln,un , E

′
n)

−→ H1(KE
n,wn

/Ln,un , E[pn]) −→ H1(KE
n,wn

/Ln,un , E[pn]/E′
n).

We put
Z ′

n := H0(Kn,v,Coker(δn)), and
Z ′′

n := H0(Kn,v, H
1(KE

n,wn
/Ln,un , E[pn]/E′

n)).
In order to prove that {#Zn}n≥0 is bounded, considering the exact se-
quence (6.14) it suffices to show that

{#Z ′
n}n≥0 and {#Z ′′

n}n≥0

are bounded. Let us show that the sequence {#Z ′
n}n≥0 is bounded. The

extension KE
n,wn

/Ln,un is non-trivial and totally ramified. The Galois group
Gal(KE

n,wn
/Ln,un) acts trivially on E′

n. By the Weil pairing, we have E′
n ≃

Hom (E[pn]/E′
n, µpn). The Galois group Gal(KE

n,wn
/Ln,un) also acts triv-

ially on E[pn]/E′
n. It holds that
H0(Ln,un , E[pn]/E′

n) = E[pn]/E′
n ≃ Z/pn.

Put τn := τ |KE
n,wn

. Note that τn generates Gal(KE
n,wn

/Ln,un). We have an
isomorphism

H1(KE
n,wn

/Ln,un , E
′
n) = Hom(Gal(KE

n,wn
/Ln,un), E′

n) ≃−→ E′
n[pMn ]

given by the evaluation at τn, where Mn := ordp([KE
n,wn

: Ln,un ]). We
denote by E′

n the image of E′
n in E[pn]/⟨τ − 1⟩. Its order is bounded as

#E′
n ≤ pντ . By definition, the coboundary map δn is given by

δn : E[pn]/E′
n −→ E′

n[pMn ]; (P mod E′
n) 7−→ (τ − 1)P.

We obtain
#Z ′

n ≤ # Coker(δn) ≤ #E′
n ≤ pντ .

Finally, let us show that {#Z ′′
n}n≥0 is bounded. Note that we have an

isomorphism

H1(KE
n,wn

/Ln,un , E[pn]/E′
n) ≃−→ E[pn]/E′

n

⟨τ − 1⟩ = E[pn]/E′
n.

By (C2) for E and Lemma 4.4, it holds that Z ′′
n = H0(Kn,v, E[pn]/E′

n) = 0.
This implies that {#Zn}n≥0 is bounded. Hence, we deduce that
{# Ker(resloc

n,v)|n ≥ 0, v | ℓ} is bounded.
Now, suppose that ℓ ̸= p, and let us show the assertion (3) of Lem-

ma 6.11. Again, take any n ∈ Z≥N , and let v = vn be the place of Kn

below w∞. The order of Coker(resf
n,v) depends only on ℓ and n. By the
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short exact sequence 0→ E[pn]→ E[p∞] ×pn

−−→ E[p∞]→ 0, there is a short
exact sequence

0 −→ A0
n

δ−→ H1(Kn,v, E[pn]) ιn,v−−→ H1(Kn,v, E[p∞])[pn],

where A0
n := E(Kn,v)[p∞]⊗Zp (Z/pnZ). Recall that H1

f (Kn,v, E[pn]) is de-
fined to be the inverse image of H1

f (Kn,v, E[p∞]) by ιn,v (cf. (5.1)). Thus,
the map ιn,v induces the short exact sequence 0→ A0

n → B0
n → C0

n, where

B0
n := H1

f (Kn,v, E[pn]), and C0
n := H1

f (Kn,v, E[p∞])[pn].

Furthermore, we obtain a commutative diagram

0 // A0
n

//

an

��

B0
n

//

bn

��

C0
n

cn

��
0 // A1

n
// B1

n
// C1

n

whose rows are exact, where

A1
n := H0

Kn,
∏
w|v

E(KE
n,w)[p∞]⊗Zp (Z/pnZ)

 ,
B1

n := H0

Kn,
∏
w|v

H1
f (KE

n,w, E[pn])

 ,
C1

n := H0

Kn,
∏
w|v

H1
f (KE

n,w, E[p∞])[pn]

 ,
and the arrows an and cn are restriction maps, and bn = resf

n,v. By Lem-
ma 6.10, we have C0

n = C1
n = 0. In order to prove Lemma 6.11(3), it

suffices to show that the sequence {# Coker(an)}n≥N is bounded. By the
exact sequence

0−→ pnE(KE
n,w)[p∞]−→E(KE

n,w)[p∞]−→E(KE
n,w)[p∞]⊗Zp(Z/pnZ)−→ 0,

using Shapiro’s lemma as in (6.10), we obtain an exact sequence

E(Kn,v)[p∞] an−→ A1
n −→ H1

KE
n /Kn,

∏
w|v

pnE(KE
n,w)[p∞]

 =: Ξn.

In order to prove that {# Coker(an) | n ∈ Z≥N} is bounded, it suffices to
show that {#Ξn}n is bounded. Fix a place wn of KE

n . We have

Ξn ≃ H1(KE
n,wn

/Kn,v, p
nE(KE

n,wn
)[p∞]).
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For any intermediate field M of KE
n,wn

/Kn,v which is Galois over Kn,v, we
have the inflation-restriction exact sequence

0 −→ Ξ′
n(M) −→ Ξn −→ Ξ′′

n(M),
where we put

Ξ′
n(M) := H1(M/Kn,v, H

0(M,pnE(KE
n,wn

)[p∞])
)
, and

Ξ′′
n(M) := H0(Kn,v, H

1(KE
n,wn

/M, pnE(KE
n,wn

)[p∞]
))
.

Recall that KE
n contains L, the elliptic curve EKE

n
has semistable reduction

everywhere. Let un be the place of Ln := L(µpn) below wn.

The case: Good reduction. Suppose that ELn,un
has good reduction. Let

Mn be the maximal subfield of KE
n,wn

which is unramified over Kn,v. By
similar arguments of the boundedness of {#Yn(Mn)}n≥0 for The case: Po-
tentially good reduction with ℓ ̸= p in the proof of (1), we have

#Ξ′
n(Mn) = #H1(Mn/Kn,v, p

nE(KE
n,wn

)[p∞])

≤ #
(
pnE(Mn)[p∞]
⟨Forbv −1⟩

)
= #pnE(Kn,v)[p∞]
≤ #E(Kn,v)[p∞].

Theorem 6.8 implies that {#Ξ′
n(Mn)}n≥0 is bounded. Moreover, as noted

in the proof of the boundedness of {#Zn(Mn)}n≥0 in The case: Potentially
good reduction with ℓ ̸= p, the sequence {[KE

n : Mn]}n≥N is bounded, and
hence {#Ξ′′

n(Mn)}n≥N is bounded.

The case: Multiplicative reduction. Suppose that ELn,un
has multiplicative

reduction. Put Ξ′
n := Ξ′

n(Ln,un) and Ξ′′
n := Ξ′′

n(Ln,un). In this case, Lem-
ma 6.9 implies that Ξ′

n = 0 and Ξ′′
n = 0 for sufficiently large n, and in

particular, the sequences {#Ξ′′
n}n≥N and {#Ξ′′

n}n≥N is bounded.
By the above arguments, we deduce that in any case, the set {#Ξ′′

n}n≥N

is bounded and so is {#Ξn}n≥N . Accordingly, the assertion Lemma 6.11(3)
is proved.

Let us show the assertion (2). Here, we study the case when ℓ = p. Recall
that by our assumption, the elliptic curve E has good reduction at p.

The case: Good ordinary reduction. Suppose that the elliptic curve E has
good ordinary reduction at p. In this case, there exists a GQp-stable Z/pnZ-
submodule FilE[pn] of E[pn] of rank one such that the inertia group IQp

of GQp acts via the cyclotomic character on FilE[pn], and trivially on
E[pn]/FilE[pn]. Fix a generator Pn of the cyclic Zp-module FilE[pn] and a
liftQn ∈ E[pn] of a generator of the cyclic Zp-moduleQn ∈ E[pn]/FilE[pn].
The pair (Pn, Qn) becomes a basis of the free Z/pnZ-module of rank two.
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Let Mn be the maximal subfield of KE
n,wn

which is unramified over Kn,v,
and put In := Gal(KE

n,wn
/Mn). Since In acts trivially on FilE[pn] and

E[pn]/FilE[pn], the group In is a cyclic group which is generated by an
element acting on E[pn] via a unipotent matrix

U =
(

1 xn

0 1

)
∈M2(Z/pnZ)

under the basis (Pn, Qn). Fix a lift τ ∈ Gal(KE
n,wn

/Kn,v) of the Frobenius
Forbv ∈ Gal(Mn/Kn,v). The filtration FilE[pn] is stable under the action of
Gal(KE

n,wn
/Kn,v), and the Weil pairing e : E[pn]×E[pn]→ µpn is an alter-

native pairing preserving the action of Gal(KE
n,wn

/Kn,v) ([24, Chapter III,
Section 8]). Accordingly, the fixed lift τ acts on E[pn] by a matrix

(6.15) A =
(
an bn

0 a−1
n

)
∈M2(Z/pnZ)

for some an ∈ (Z/pnZ)× and bn ∈ Z/pnZ. We can define a := (an)n ∈
lim←−n

(Z/pnZ)× = Z×
p . Since E has good reduction at p, Theorem 6.8 im-

plies that ak ̸= 1 for any k ∈ Z>0. In fact, if ak = 1, then for any m ∈ Z≥0,
the group FilE[pm] of order pm is contained in E(Qpk(µpm)), and contra-
dicts Theorem 6.8. Here, we denote by Qpk the unramified extension field
of Qp of degree k. It holds that

(6.16) AUA−1 =
(

1 a2
nxn

0 1

)
= Ua2

n .

By the short exact sequence

0 −→ FilE[pn] −→ E[pn] −→ E[pn]/FilE[pn] −→ 0

and (6.11), we obtain an exact sequence

(6.17) Yn −→ Ker(resloc
n,v) −→ Zn,

where

Yn := H1(KE
n,wn

/Kn,vn ,FilE[pn]), and
Zn := H1(KE

n,wn
/Kn,vn , E[pn]/FilE[pn]).

In order to show that {# Ker(resloc
n,v)}n≥0 is bounded, it is sufficient to prove

that both {#Yn}n≥0 and {#Zn}n≥0 are bounded.
First, let us study the order of Zn. Since In acts trivially on the quotient

E[pn]/FilE[pn], we have an exact sequence

(6.18) 0 −→ Z ′
n −→ Zn −→ Z ′′

n,
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where

Z ′
n := H1(Mn/Kn,vn , E[pn]/FilE[pn]), and

Z ′′
n := H0(Kn,v, H

1(KE
n,wn

/Mn, E[pn]/FilE[pn]))
= H0(Kn,v,Hom(In, E[pn]/FilE[pn])).

Since a ̸= 1, we have #(E[p∞]/FilE[p∞])[a−1 − 1] <∞, and

#Z ′
n ≤ #

(
E[pn]/FilE[pn]
⟨τ − 1⟩

)
= #

(
E[pn]/FilE[pn])
⟨a−1 − 1⟩

)
= #(E[pn]/FilE[pn])[a−1 − 1]
≤ #(E[p∞]/FilE[p∞])[a−1 − 1].

The sequence {#Z ′
n}n≥0 is bounded. Let us consider the order of Z ′′

n. The
matrix presentation (6.15) implies that the Galois group Gal(Mn/Kn,v) =
⟨Forbv⟩ acts on E[pn]/FilE[pn] via the character Forbv 7→ a−1

n , and (6.16)
implies that Forbv ∈ Gal(Mn/Kn,v) acts on In via the character Forbv 7→
a2

n. Recall that a = (an)n satisfies a3 ̸= 1, namely a2 ̸= a−1. There exists
an integer m0 ∈ Z>0 such that a2

m0 ̸= a−1
m0 . We have

Z ′′
n ⊆ Hom(In, E[pm0−1]/FilE[pm0−1]).

Since In is cyclic, the sequence {# Hom(In, E[pm0−1]/FilE[pm0−1])}n≥0
is bounded and so is {#Z ′′

n}n≥0. As a result, the sequence {#Zn}n≥0 is
bounded from (6.18).

The boundedness of {#Yn} follows from the arguments in the previous
paragraph just by replacing E[pn]/FilE[pn] with FilE[pn], where the Ga-
lois group Gal(Mn/Kn,v) = ⟨Forbv⟩ acts via the character Forbv 7→ an.
By the short exact sequence (6.17) we deduce that {# Ker(resloc

n,v)}n≥0 is
bounded.

The case: Good supersingular reduction. Suppose that E has good super-
singular reduction at p. In order to prove that the sequence

{# Ker(resloc
n,v)|n ≥ 0, v | p}

is bounded, by (6.11) it suffices to show that H1(KE
n,wn

/Kn,v, E[pn]) = 0
for any n ≥ 0. The short exact sequence

0 −→ E[p] −→ E[pm+1] ×p−−→ E[pm] −→ 0
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induces the exact sequence

H1(KE
n,wn

/Kn,v, E[p]) −→ H1(KE
n,wn

/Kn,v, E[pm+1])
−→ H1(KE

n,wn
/Kn,v, E[pm]).

By induction on m, it is enough to show that H1(KE
n,wn

/Kn,v, E[p]) = 0.
We denote the inertia subgroup of GQp by IQp := Gal(Qp/Qur

p ), and the
wild inertia subgroup by Iw

Qp
:= Gal(Qp/Qtame

p ) ⊆ IQp , where Qtame
p is the

maximal tamely ramified extension of Qp. Let It
Qp

:= IQp/I
w
Qp
≃ lim←−n

F×
pn

be the tame inertia group of GQp (cf. [22, 1.3, Proposition 2]), and ψ : It
Qp
→

F×
p2 the character induced by the natural projection lim←−n

F×
pn → F×

p2 . The
characters ψ and ψp form the fundamental characters of level 2 (cf. [22,
1.7]). By [22, 1.11, Proposition 12], the following hold.

• The action of the wild inertia subgroup Iw
Qp

on E[p] is trivial, so
that the action of the inertia group IQp of GQp on E[p] factors
through It

Qp
.

• The group E[p] has a structure of Fp2-vector space of dimension 1.
• The image of IQp in Aut(E[p]) is a cyclic group of order p2 − 1.
• The action of It

Qp
on E[p] is given by the fundamental character ψ

of level 2.
Let us regard E[p] as an Fp-vector space, and consider the Fp2-vector space
E[p]⊗Fp Fp2 , which is the extension of scalar of E[p]. By the properties of
E[p] noted above, the action of It

Qp
on E[p]⊗Fp Fp2 is given by the matrix

(6.19)
(
ψ 0
0 ψp

)
after taking a suitable Fp2-basis E[p]⊗Fp Fp2 (cf. [22, 1.9, Corollaire 3], see
also [3, 2.6 Theorem] which is a result on modulo p Galois representations
attached to modular forms with coefficients in Fp). Let F be the maximal
unramified extension field of Qp contained in KE

1,w1 . Put Fn := F (µpn). We
have the following inflation-restriction exact sequences:

(6.20) H1(Fn/Qp(µpn), H0(Fn, E[p])) −→ H1(KE
n,wn

/Kn,v, E[p])
−→ H1(KE

n,wn
/Fn, E[p])

and

(6.21) H1(KE
1,w1(µpn)/Fn, E[p]) −→ H1(KE

n,wn
/Fn, E[p])

−→ H1(KE
n,wn

/KE
1,w1(µpn), E[p])GFn ,
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where F ′
n is the maximal abelian extension field of KE

1,w1(µpn) contained in
KE

n,wn
. Note also that the last term in (6.21) is written as

H1(KE
n,wn

/KE
1,w1(µpn), E[p])GFn = HomZ[GFn ](Gal(F ′

n/K
E
1,w1(µpn)), E[p]).

Claim 2. We have H0(Fn, E[p]) = 0 and H1(KE
1,w1(µpn)/Fn, E[p]) = 0.

Proof of Claim 2. We may assume n ≥ 1. Since F/Qp is unramified, the
ramification index of Fn/Qp is (p−1)pn−1, which is not divisible by [KE

1,w1 :
F ] = p2 − 1. This implies that the restrictions of ψ and ψp on IQp ∩ GFn

are non-trivial, and by (6.19), we have
H0(Fn, E[p]) ⊆ H0(Fn, E[p]⊗Fp Fp2) = 0.

Furthermore, the extension KE
1,w1(µpn)/Fn is finite cyclic. By using the

Herbrand quotient of the Tate cohomology groups ([20, Chapitre VIII, §4,
Proposition 8]), we have

#H1(KE
1,w1(µpn)/Fn, E[p]) = #Ĥ1(KE

1,w1(µpn)/Fn, E[p])

= #Ĥ0(KE
1,w1(µpn)/Fn, E[p])

≤ #H0(Fn, E[p]) = 1.
Because of this, we obtain the claim. □

Applying Claim 2, the exact sequences (6.20) and (6.21) give

#H1(KE
n,wn

/Kn,v, E[p]) ≤ #H1(KE
n,wn

/Fn, E[p])
≤ # HomZ[GFn ](Gal(F ′

n/K
E
1,w1(µpn)), E[p]).

Now, we shall show that
(6.22) HomZ[GFn ](Gal(F ′

n/K
E
1,w1(µpn)), E[p]) = 0.

For each m ∈ Z with 1 ≤ m ≤ n, we define the subgroup
Film ⊂ Gal(F ′

n/K
E
1,w1(µpn))

to be the image of Gal(KE
n,wn

/KE
m,wm

(µpn)) by the natural map

Gal(KE
n,wn

/KE
1,w1(µpn)) −→ Gal(F ′

n/K
E
1,w1(µpn)).

Note that the family {Film}m becomes a GFn-stable descending filtration
of Gal(F ′

n/K
E
1,w1(µpn)). In order to show (6.22), it suffices to show that

HomZ[GFn ](Film /Film+1, E[p]⊗Zp Zp2) = 0.

Take an Fp2-basis B1 of E[p] ⊗Fp Fp2 which gives the presentation of the
action of It

Qp
by the matrix given in (6.19), and for each m ∈ Z with

2 ≤ m ≤ n, fix a basis Bm of E[pm] ⊗Zp Zp2 which is a lift of B1. Since
Gal(KE

m+1,wm+1/K
E
m,wm

) is a normal subgroup of Gal(KE
m+1,wm+1/Qp), it is
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stable under the conjugate action of GFn . Recall that we have a GFn-stable
injection from Gal(KE

m+1,wm+1/K
E
m,wm

) into

Ker
(
Aut(E[pm+1]⊗Zp Zp2) −→→ Aut(E[pm]⊗Zp Zp2)

)
= 1 + pmM2(Zp2/pm+1Zp2) ≃M2(Fp2),

where the action of σ ∈ GFn on M2(Fp2) is defined by the conjugate action
of the matrix (

ψ(σ) 0
0 ψp(σ)

)
.

Since Film /Film+1 is a quotient of Gal(KE
m+1,wm+1(µpn)/KE

m,wm
(µpn)) by

definition, and the restriction

Gal(KE
m+1,wm+1(µpn)/KE

m,wm
(µpn)) −→ Gal(KE

m+1,wm+1/K
E
m,wm

)

is an injective homomorphism, we can regard Film /Film+1 as a GFn-stable
subquotient of M2(Fp2). Let us study the Fp2 [GF ]-module structure of
M2(Fp2). Take any σ ∈ GFn . It holds that(

ψ(σ) 0
0 ψp(σ)

)(
a 0
0 b

)(
ψ(σ) 0

0 ψp(σ)

)−1
=
(
a 0
0 b

)
for any a, b ∈ Fp2 ,(

ψ(σ) 0
0 ψp(σ)

)(
0 1
0 0

)(
ψ(σ) 0

0 ψp(σ)

)−1
= ψ1−p(σ)

(
0 1
0 0

)
,

and(
ψ(σ) 0

0 ψp(σ)

)(
0 0
1 0

)(
ψ(σ) 0

0 ψp(σ)

)−1
= ψp−1(σ)

(
0 0
1 0

)
.

Note that ψ ̸= ψp−1, and ψ ̸= ψ1−p. It holds that M2(Fp2) is a semisimple
Fp2 [GFn ]-module, and there is no simple Fp2 [GFn ]-submodule of M2(Fp2)
which is isomorphic to an Fp2 [GFn ]-submodule of E[p]⊗Zp Zp2 . This implies

HomZ[GFn ](Film /Film+1, E[p]⊗Zp Zp2) = 0,

and we obtain (6.22). Consequently, we have

Ker(resloc
n,v) = H1(KE

n,wn
/Kn,v(µpn), E[pn]) = 0.

By the above arguments, we deduce that {# Ker(resloc
n,v)}n≥0,v|p is bounded.

This completes the proof of Lemma 6.11(2). □

6.3. Proof of Theorem 1.1. In this paragraph, we show our main the-
orem Theorem 1.1 (Theorem 6.16).

Recall that Σ0,bad denotes the set of prime numbers where E has bad
reduction. As E has good reduction at p the prime p does not belong to
Σ0,bad.
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Lemma 6.12. Suppose that E satisfies (C2). Let ℓ ∈ Σ0,bad. For each
n ∈ Z≥0 and i ∈ {0, 1, 2}, we put

Hi
f (ℓ, n) := H i

Kn,
∏
w|ℓ

H1
f (KE

n,w, E[pn])
H1

ur(KE
n,w, E[pn]) ∩H1

f (KE
n,w, E[pn])

 , and

Hi
ur(ℓ, n) := H i

Kn,
∏
w|ℓ

H1
ur(KE

n,w, E[pn])
H1

ur(KE
n,w, E[pn]) ∩H1

f (KE
n,w, E[pn])

 .
Then, there exists an integer N ′

ℓ ∈ Z≥1 such that for any n ∈ Z≥N ′
ℓ

and
i ∈ {0, 1, 2}, it holds that Hi

f (ℓ, n) = 0 and Hi
ur(ℓ, n) = 0.

Proof. The case: Potentially good reduction at ℓ. First, suppose that E has
potentially good reduction at ℓ. There exists an integer n0 ∈ Z≥1 such
that EKE

n0
has good reduction at every place above ℓ ([25, Chapter IV,

Proposition 10.3]). For any n ∈ Z≥n0 and any place w of KE
n , we have

H1
f (KE

n,w, E[pn]) =H1
ur(KE

n,w, E[pn]) (cf. Remark 5.2). We obtainHi
f (ℓ, n) =

0 and Hi
ur(ℓ, n) = 0 for any n ∈ Z≥n0 and i ∈ {0, 1, 2}.

The case: Potentially multiplicative reduction at ℓ. Next, suppose that E
has potentially multiplicative reduction at ℓ. Let Nℓ ∈ Z≥1 be as in Lem-
ma 6.9. By Lemma 4.3, the base change EKE

Nℓ

has split multiplicative re-
duction at every w | ℓ. Take any n ∈ Z≥Nℓ

, and let v be any place of Kn

above ℓ. For any place w of KE
n above v, EKE

n,w
is isomorphic to a Tate

curve Gm/q
Z
w. By Shapiro’s lemma as in (6.10), for each F ∈ {f, ur} and

i ∈ {0, 1, 2}, we have

Hi
F (ℓ, n) ≃ H i (Kn,v,MF (w, n)) ,

where

(6.23) MF (w, n) :=
H1

F (KE
n,w, E[pn])

H1
ur(KE

n,w, E[pn]) ∩H1
f (KE

n,w, E[pn])
.

Let us show that Hi
f (ℓ, n) = 0 for each i. The natural surjective homo-

morphism Tp(E)→ Tp(E)/pnTp(E) ≃ E[pn] induces a map

πn,w : H1(KE
n,w, Tp(E)) −→ H1(KE

n,w, E[pn]).

We note that H1
ur(KE

n,w, Tp(E)) is contained in the inverse image of the
unramified cohomology H1

ur(KE
n,w, E[pn]) by πn,w. By [17, Lemma 1.3.8],

the image of H1
f (KE

n,w, Tp(E)) by πn,w coincides with H1
f (KE

n,w, E[pn]).
From [17, Lemma 1.3.5(ii)], we have H1

ur(KE
n,w, Tp(E)) ⊆ H1

f (KE
n,w, Tp(E))
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with finite index. The map πn,w induces a surjection

(6.24) πf
n,w :

H1
f (KE

n,w, Tp(E))
H1

ur(KE
n,w, Tp(E)) −→Mf (w, n).

By [17, Lemma 1.3.5(iii)], we have

(6.25)
H1

f (KE
n,w, Tp(E))

H1
ur(KE

n,w, Tp(E)) =
(

E(KE,ur
n,w )[p∞]

E(KE,ur
n,w )[p∞]div

)Forbw=1

,

where Forbw ∈ Gal(KE,ur
n,w /KE

n,w) is the Frobenius automorphism. Note
that the Zp[GKn,v ]-module H1

f (KE
n,w, Tp(E))/H1

ur(KE
n,w, Tp(E)) is written

as a successive extension of copies of a simple Zp[GKn,v ]-module

(6.26)
E(KE,ur

n,w )[p∞]
E(KE,ur

n,w )[p∞]div
[p] ≃ (µp × qp−1Z

w )/(µp × qZw).

Here, (6.26) is valid because of the inclusion E(KE,ur
n,w ) ⊇ E[pn] and the

isomorphism E(KE,ur
n,w )[p∞]div ≃ µp∞ induced by (6.12). Since πf

n,w is sur-
jective, all the (simple) quotients Ji/Ji−1 of a Jordan–Hölder series

0 = J0 ⊆ J1 ⊆ · · · ⊆ Jt := Mf (w, n)
as Zp[GKn,v ]-modules are isomorphic to (6.26) (cf. [27, Lemma 0FCK]). It
follows from the condition (C2) for E and Lemma 4.4 that

H0
(
Kn,v,

E(KE,ur
n,w )[p∞]

E(KE,ur
n,w )[p∞]div

[p]
)
⊆ H0

(
Kn,v,

E(KE,ur
n,w )[p∞]

E(KE,ur
n,w )[p∞]div

)
= 0.

By induction on i, we have H0(Kn,v, Ji) = 0. In particular, we obtain

H0(Kn,v, Jt) = H0
f (ℓ, n) = 0.

By (6.24) and (6.25), the module Mf (w, n) defined in (6.23) is a sub-
quotient Zp[GKn,v ]-module of E[p∞]. The condition (C2) for E and Lem-
ma 4.4((a)⇒ (d)) also imply the equality

H0 (Kn,v,HomZp (Mf (w, n), µpn)
)

= 0.
By the local duality of the Galois cohomology ([13, (7.2.6) Theorem]), we
also haveH2

f (ℓ, n) = 0. Moreover, as we have ℓ ̸= p, the local Euler–Poincaré
characteristic

#H0
f (ℓ, n)#H2

f (ℓ, n)
#H1

f (ℓ, n)
is equal to 1 ([13, (7.3.1) Theorem]). We obtain H1

f (ℓ, n) = 0.
Next, let us show that Hi

ur(ℓ, n) = 0 for each i. The inclusion E[pn] ⊆
E[p∞] induces a homomorphism

ιn,w : H1(KE
n,w, E[pn]) −→ H1(KE

n,w, E[p∞]).

https://stacks.math.columbia.edu/tag/0FCK
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Recall that H1
f (KE

n,w, E[pn]) is the inverse image of H1
f (KE

n,w, E[p∞]) by the
natural map ιn,w (cf. [17, Remark 1.3.9]). From Lemma 6.10, we have

(6.27) H1
f (KE

n,w, E[pn]) = Ker(ιn,w).

By [17, Lemma 1.3.2(i)], we have

H1
ur(KE

n,w, E[pn]) ≃
E(KE,ur

n,w )[pn]
⟨Forbw−1⟩ .

The latter group is isomorphic to E[pn] = E(KE
n,w)[pn] because of KE

n =
Q(E[pn]). The image of H1

ur(KE
n,w, E[pn]) by ιn,w is contained in

H1
ur(KE

n,w, E[p∞]) ≃
E(KE,ur

n,w )[p∞]
⟨Forbw−1⟩ ,

and we have

ιn,w(H1
ur(KE

n,w, E[pn])) =
(
E(KE,ur

n,w )[p∞]
⟨Forbw−1⟩

)
[pn].

By (6.27), the map ιn,w induces

Mur(w, n) ≃−→
(
E(KE,ur

n,w )[p∞]
⟨Forbw−1⟩

)
[pn].

In particular, the Zp[GKn,v ]-module Mur(w, n) is a subquotient of E[p∞].
Therefore, by (C2) and Lemma 4.4, we have H0

ur(ℓ, n) = 0. Moreover, simi-
lar to the proof of Hi

f (ℓ, n) = 0, by using the local duality theorem and the
local Euler–Poincaré characteristic formula, we deduce that H1

ur(ℓ, n) = 0
and H2

ur(ℓ, n) = 0. This completes the proof of Lemma 6.12. □

Corollary 6.13. Suppose that E satisfies (C2). Let ℓ be a prime number
(distinct from p) at which E has bad reduction. Then, there exists an integer
N ′

ℓ ∈ Z≥1 such that for any n ∈ Z≥N ′
ℓ

and any F ∈ {f,ur}, the natural
map∏

w|ℓ

H1(KE
n,w, E[pn])

H1
f (KE

n,w, E[pn])∩H1
ur(KE

n,w, E[pn])

GKn

−→

∏
w|ℓ

H1(KE
n,w, E[pn])

H1
F (KE

n,w, E[pn])

GKn

is an isomorphism.

Proof. Take N ′
ℓ ∈ Z≥1 as in Lemma 6.12. For n ≥ N ′

ℓ, to simplify the
notation, we put H i

F ′(KE
n,w) := H i

F ′(KE
n,w, E[pn]) (F ′ ∈ {∅,ur, f}). The
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short exact sequences

0 −→
H1

F (KE
n,w)

H1
f (KE

n,w) ∩H1
ur(KE

n,w)
−→

H1(KE
n,w)

H1
f (KE

n,w) ∩H1
ur(KE

n,w)

−→
H1(KE

n,w)
H1

F (KE
n,w)

−→ 0

for all place w above ℓ induce the cohomological long exact sequence

H0
F (ℓ, n) −→

∏
w|ℓ

H1(KE
n,w)

H1
f (KE

n,w) ∩H1
ur(KE

n,w)

GKn

h−→

∏
w|ℓ

H1(KE
n,w)

H1
F (KE

n,w)

GKn

−→ H1
F (ℓ, n).

Lemma 6.12 implies that the map h is an isomorphism. □

As we referred in Section 1, we introduce a quotient AE
n of Cl(OKE

n
)⊗ZZp

for each n ∈ Z≥1 as follows: We fix a basis of the free Z/pnZ-module E[pn]
of rank 2, and identify E[pn] with the Z/pnZ-module

M2,1(Z/pnZ) =
{(

a
b

)∣∣∣∣ a, b ∈ Z/pnZ
}

consisting of column vectors of degree two. Via this identification, we can
identify the Pontrjagin dual E[pn]∨ := HomZp(E[pn],Z/pnZ) of E[pn] with
the Z/pnZ-module

M1,2(Z/pnZ) =
{(
a b

)
| a, b ∈ Z/pnZ

}
consisting of row vectors of degree two. Let

ρE
n : Gal(KE

n /Q) −→ AutZp(E[pn]) = GL2(Z/pnZ)

be the natural left action of Gal(KE
n /Q) on E[pn], and

(ρE
n )∨ : Gal(KE

n /Q)op −→ AutZp(E[pn]∨) = GL2(Z/pnZ)

be the right action of Gal(KE
n /Q) on the Pontrjagin dual E[pn]∨. Note that

for each σ ∈ Gal(KE
n /Q), the automorphism (ρE

n )∨(σ) ∈ AutZp(E[pn]∨) is
given by

E[pn]∨ = M1,2(Z/pnZ) ∋
(
a b

)
7−→ (ρE

n )∨(σ)
((
a b

))
=
(
a b

)
ρE

n (σ).

We define AE
n by

(6.28) AE
n := (M2(Z/pnZ), (ρE

n )∨)⊗Z[Gal(KE
n /Kn)] Cl(OKE

n
[1/p])
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as a Zp-module, where (M2(Z/pnZ), (ρE
n )∨) denotes the matrix algebra

M2(Z/pnZ) = M2,2(Z/pnZ) of degree two over Z/pnZ equipped with the
right action of Gal(KE

n /Q) given by

M2(Z/pnZ) ∋
(
a b
c d

)
7−→

(
(ρE

n )∨(σ)
(
(a b)

)
(ρE

n )∨(σ)
(
(c d)

)) =
(
a b
c d

)
ρE

n (σ).

We define a Zp-linear left action of GQ := Gal(Q/Q) on AE
n by

σ(A⊗ [a]) := AρE
n (σ−1)⊗ [σa]

for each σ ∈ GQ, A ∈M2(Z/pnZ) and [a] ∈ Cl(OKE
n

[1/p]). Since every σ ∈
GKn acts trivially on AE

n , we may regard AE
n as an Rn-module, where Rn =

Z/pnZ[Gal(Kn/Q)]. As noted in Remark 1.4, under the condition (C1),
one can regard the Rn-module AE

n as a quotient of the ideal class group
Cl(OKE

n
). We denote by (AE

n )∨ = HomZp(AE
n ,Z/pnZ) the Pontrjagin dual

of AE
n . We also define an Rn-module

Sn := HomZp[Gal(KE
n /Kn)](Cl(OKE

n
[1/p])⊗Z Zp, E[pn])

Lemma 6.14. For each n ∈ Z≥1, there exists a Gal(Kn/Q)-equivariant
isomorphism

(AE
n )∨ ≃−→ S⊕2

n .

Proof. By the fixed basis above, we identify the isomorphism E[pn] ≃
M2,1(Z/pnZ). Since we have a natural isomorphism

M2(Z/pnZ) ≃M2,1(Z/pnZ)⊕2,

our identification induces a Gal(KE
n /Q)-equivariant isomorphism

(6.29) (M2(Z/pnZ), ρE
n ) ≃ E[pn]⊕2,

where (M2(Z/pnZ), ρE
n ) denotes M2(Z/pnZ) equipped with the left action

of Gal(KE
n /Q) given by

M2(Z/pnZ) ∋
(
a b
c d

)
7−→

(
ρE

n (σ)
(
a
c

)
ρE

n (σ)
(
b
d

))
= ρE

n (σ)
(
a b
c d

)

for each σ ∈ Gal(KE
n /Q). We have an isomorphism

(6.30) HomZp

(
(M2(Z/pnZ), (ρE

n )∨),Z/pnZ
) ≃−→ (M2(Z/pnZ), ρE

n )
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as Gal(KE
n /Q)-modules. We obtain Gal(Kn/Q)-equivariant isomorphisms

(AE
n )∨

=
(6.28)

HomZp

(
(M2(Z/pnZ), (ρE

n )∨)⊗Z[Gal(KE
n /Kn)] Cl(OKE

n
[1/p]),Z/pnZ

)
≃−→

adjoint
& (6.30)

HomZp[Gal(KE
n /Kn)]

(
Cl(OKE

n
[1/p])⊗Z Zp, (M2(Z/pnZ), ρE

n )
)

≃−→
(6.29)

S⊕2
n .

This shows the assertion. □

Lemma 6.15. There exists an integer N ∈ Z≥1 such that, for any n ∈
Z≥N , we have an isomorphism

Sn ≃ H0(Kn, Selp(KE
n , E[pn])).

Proof. Let HE
n be the maximal subextension of the p-Hilbert class field of

KE
n which is completely split at primes above p. From the global class field

theory, the ideal class group Cl(OKE
n

[1/p])⊗ZZp is isomorphic to the Galois
group Gal(HE

n /K
E
n ). We have

Hom(Cl(OKE
n

[1/p])⊗Z Zp, E[pn])
≃ Hom(Gal(HE

n /K
E
n ), E[pn])

= Ker

Hom(GKE
n
, E[pn])

−→
∏
w|p

Hom(GKE
n,w
, E[pn])×

∏
w∤p

Hom(G
KE,ur

n,w
, E[pn])



≃ Ker

H
1(KE

n , E[pn])

−→
∏
w|p

H1(KE
n,w, E[pn])×

∏
w∤p

H1(KE,ur
n,w , E[pn])

 .
Therefore, the Rn-module Sn is isomorphic to

HomZp[Gal(KE
n /Kn)](Gal(HE

n /K
E
n ), E[pn])

≃ Hom(Gal(HE
n /K

E
n ), E[pn])GKn

= Ker


H1(KE

n , E[pn])GKn

−→
(∏

w|p
H1(KE

n,w, E[pn])×
∏
w∤p

H1(KE,ur
n,w , E[pn])

)GKn

.
By the very definition of H1

ur, there exists an injective homomorphism

H1(KE
n,w, E[pn])/H1

ur(KE
n,w, E[pn]) ↪−→ H1(KE,ur

n,w , E[pn])
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and hence we have

(6.31) Sn ≃ Ker


H1(KE

n , E[pn])GKn

−→
(∏

w|p
H1(KE

n,w, E[pn])×
∏
w∤p

H1(KE
n,w,E[pn])

H1
ur(KE

n,w,E[pn])

)GKn

 .
It follows from Corollary 6.13 that, for each prime ℓ ∈ Σ0,bad, there exists
an integer N ′

ℓ ∈ Z≥1 such that∏
w|ℓ

H1(KE
n,w, E[pn])

H1
f (KE

n,w, E[pn])∩H1
ur(KE

n,w, E[pn])

GKn

≃

∏
w|ℓ

H1(KE
n,w, E[pn])

H1
f (KE

n,w, E[pn])

GKn

,

∏
w|ℓ

H1(KE
n,w, E[pn])

H1
f (KE

n,w, E[pn])∩H1
ur(KE

n,w, E[pn])

GKn

≃

∏
w|ℓ

H1(KE
n,w, E[pn])

H1
ur(KE

n,w, E[pn])

GKn

for any n ≥ N ′
ℓ. We have an isomorphism

(6.32)

∏
w|ℓ

H1(KE
n,w, E[pn])

H1
f (KE

n,w, E[pn])

GKn

≃

∏
w|ℓ

H1(KE
n,w, E[pn])

H1
ur(KE

n,w, E[pn])

GKn

for any n ≥ N ′
ℓ. Now, we put N := max{N ′

ℓ|ℓ ∈ Σ0,bad}. For any n ≥ N ,
we have

H0(Kn,Selp(KE
n , E[pn]))

= Ker


H1(KE

n , E[pn])GKn

−→
(∏

w|p
H1(KE

n,w, E[pn])×
∏
w∤p

H1(KE
n,w,E[pn])

H1
f

(KE
n,w,E[pn])

)GKn


(♢)= Ker


H1(KE

n , E[pn])GKn

−→
(∏

w|p
H1(KE

n,w, E[pn])×
∏
w∤p

H1(KE
n,w,E[pn])

H1
ur(KE

n,w,E[pn])

)GKn


(6.31)
≃ Sn.

Here, the second equality (♢) follows from (6.32) for a bad prime ℓ ̸= p and
Remark 5.2 for a good prime ℓ ̸= p. □

Theorem 6.16. Suppose that E satisfies the conditions (C1), (C2) and
(C3). Then, there exists a family of Rn-homomorphisms

rn : Selp(Kn, E[pn])⊕2 −→ (AE
n )∨

such that the kernel Ker(rn) and the cokernel Coker(rn) are finite with order
bounded independently of n.
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Proof. By Proposition 6.7 and Lemma 6.15, there exists N ∈ Z≥1, the order
of the kernel and that of the cokernel of the map

Selp(Kn, E[pn])⊕2 (resSel
n )⊕2

−−−−−−→ H0(Kn, Selp(KE
n , E[pn]))⊕2 ≃ S⊕2

n

are at most p2νKer
res and p2νCoker

res respectively for all n ≥ N . By Lemma 6.14,
there is an isomorphism S⊕2

n ≃ (AE
n )∨. Since Selp(Kn, E[pn])⊕2 and (AE

n )∨

are finite for any n < N , this completes the proof of Theorem 6.16. □
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