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New p-adic hypergeometric functions and

syntomic regulators

par MASANORI ASAKURA

RESUME. Nous introduisons un nouveau type de fonctions hypergéométriques
p-adiques, que nous appelons fonctions hypergéométriques p-adiques de type
logarithmique. Le premier résultat principal de cet article est la preuve des re-
lations de congruence similaires a celles de Dwork. Le deuxieme résultat prin-
cipal est que les valeurs spéciales de nos nouvelles fonctions apparaissent dans
le calcul des régulateurs syntomiques pour les courbes hypergéométriques,
courbes de Fermat et certaines courbes elliptiques. D’apres la conjecture de
Beilinson p-adique de Perrin-Riou, on s’attend a ce qu’elles soient liées aux
valeurs spéciales des fonctions L p-adiques. Nous en donnons un exemple.

ABSTRACT. We introduce a new type of p-adic hypergeometric functions,
which we call the p-adic hypergeometric functions of logarithmic type. The
first main result is to prove the congruence relations that are similar to
Dwork’s. The second main result is that the special values of our new func-
tions appear in the syntomic regulators for hypergeometric curves, Fermat
curves and some elliptic curves. According to the p-adic Beilinson conjecture
by Perrin-Riou, they are expected to be related with the special values of
p-adic L-functions. We provide one example for this.

1. Introduction

Let s > 1 be an integer. For a s-tuple a = (a1,...,as) € Z, of p-adic
integers, let

Rt =om () = 3 @ g

1,...,1 n! n!

n=0

be the hypergeometric power series where (a), = a(a+1)---(a+n —1)
denotes the Pochhammer symbol. In his seminal paper [12], B. Dwork
discovered that certain ratios of the hypergeometric power series are the
uniform limit of rational functions. We call his functions Dwork’s p-adic
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hypergeometric functions. Let o/ denote the Dwork prime, which is defined
to be (a+1)/p where [ € {0,1,...,p — 1} is the unique integer such that
a+1 = 0 mod p. The i-th Dwork prime a(?) is defined by a1 = (a(V)’ and
a®) = a. Write ¢/ = (d,...,d.) and o) = (agi),...,agi)). Then Dwork’s
p-adic hypergeometric function is defined to be

(1.1) T (t) = Fu(t)/ Fu (P).
This is a convergent function in the sense of Krasner. More precisely Dwork
proved the congruence relations ([12, p. 41, Thm. 3])

ZDw iy — Falt)]<pr
(2 7= @)
where for a power series f(t) = > c,t", we write [f(t)]<m = > pem Cnt”
the truncated polynomial. This implies that ﬁfw(t) is a convergent func-

mod p"Z,[t]

tion. More precisely, for f(t) € Zy[t], let f(t) € F,[t] denote the reduction
modulo p. Let I C Zxo be a finite subset such that {[F,) (t)]<p}iez-, =

{[F, &) (t)]<pticr as sets. Put h(t) = [[;er[F, o (t)]<p. Then (1.2) implies

TV (t) € Ly(t, h(t)™") = lim(Zy /" Zp[t, h(8) 1)),

n>1

and hence that Z2%(t) is a convergent function on a domain {z € C, |
h(2)lp = 1}.

Dwork showed a geometric aspect of his p-adic hypergeometric functions.
Let E be the elliptic curve over F,, defined by a Weierstrass equation y? =
z(l —x)(1 — az) with a € Fp \ {0,1}. Suppose that E is ordinary, which
means that p { a, where T2 — a,T + p is the characteristic polynomial of
the Frobenius on E. Let ap be the root of T? — apT + p in Z, such that
lag|p, = 1, which is often referred to as the unit root. Then Dwork proved
a formula )

ap=(-1)'7 #P(@)
where @ € Z; is the Teichmiiller lift of a € F, . This is now called Dwork’s
unit root formula (cf. [24, §7])

In this paper, we introduce new p-adic hypergeometric functions, which
we call the p-adic hypergeometric functions of logarithmic type. We shall
first introduce the p-adic polygamma functions @b,(,r)(z) in Section 2, which
are slight modifications of Diamond’s p-adic polygamma functions [11]. Let
W = W(F,) be the Witt ring of F,, and K = Frac W the fractional field.
Let o be a p-th Frobenius on W{t] given by o(t) = ct? with ¢ € 1 + pW.
Let log : (C; — C, be the Iwasawa logarithmic function. Let

dt

Go(t) = Pplar) + -+ vy(as) + sy, — p~ tlog(e) + /(:(Fa(t) — Fy(t7)) ;
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be a power series where [;( - )4 means the operator which sends don>1 ant”
to 3°,>1 92t". It is not hard to show G4(t) € W[t] (Lemma 3.2). Then our
new function is defined to be a ratio

9150) () == Ga(t)/ Fa(t)-

Notice that 9’2(0) (t) is also p-adically continuous with respect to a. In case
ap = -+ = as = ¢ = 1, one has fg(g)(t) = (1- t)lngp)(t) the p-adic
logarithm. In this sense, we can regard ﬁg(g) (t) as a deformation of the
p-adic logarithm.

The first main result of this paper is the congruence relations for ﬁ;) (t)
that are similar to Dwork’s.

Theorem 1.1 (Theorem 3.3). Suppose that a; & Z<o for alli. Then
[Ga()]<pr

32&(“) (t) = AP mod p"Wt]

ifcel+2pW. If p=2 and c € 1+2W, then the congruence holds modulo
pnfl'

Thanks to this, %, Q(U) (t) is a convergent function,
FO) € Ly(t, h(t) ™)
and then the special value at t = av is defined for a € C,, such that |h(a)|, = 1.

The second main result is to give a geometric aspect of our ﬁg(a) (1),
which concerns with the syntomic requlator map. Let X be a smooth vari-
ety over W. Let Hg,, (X, Qy(j)) be the rigid syntomic cohomology groups
by Besser [6] (see also [21, 1B]), which agree with the syntomic cohomol-
ogy groups by Fontaine-Messing [14] (see also [16]) when X is projective.
Let K;(X) be Quillen’s algebraic K-groups. Then there is the syntomic

regulator map N -
regin + K(X) — HIT' (X, Qp(5)

syn
for each 4,7 > 0 ([6, Thm. 7.5], [21, Thm. A]). We shall concern ourselves
with only reg%?, which we abbreviate to regg, in this paper. Note that
there is the natural isomorphism HZ (X, Q,(2)) & Hlz(Xk/K) where

syn’
syn

K = Frac W is the fractional field and Xg := X xy K. Our second main
result is to relate %, CS? (t) with the syntomic regulator of a certain element
of K5 of a hypergeorrietm’c curve, which is defined in the following way. Let
N, M > 2 be integers, and p a prime such that pt NM. Let a € W satisfy
that a # 0,1 mod p. Then we define a hypergeometric curve X, to be a

projective smooth scheme over W defined by a bihomogeneous equation

(Xg = X) (15" = Vi) = aXg'¥g"
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in Py, (Xo, X1) x PL, (Yo, Y1) (Section 4.1). We put z = X1/Xp and y =
Yi/Yp.

Theorem 1.2 (Corollary 4.10). Suppose p > max(N, M). Let

= {I I om0 0

T—v Yy — 1

for (vi,12) € un(K) X puyp(K) where py,(K) denotes the group of m-th
roots of unity in K (cf. (4.24)). Let
Q : Hig(Xo,x/K) © Hip (Xox/K) — Hip(Xox/K) 2 K

be the cup-product pairing. Suppose that h(a) Z 0 mod p where h(t) is as
above. For a pair of integers (i, j) such that 0 <i < N and 0 < j < M, we
put w; j = Nat=lyi=M /(1 — 2N)dx a regular 1-form (cf. (4.4)), and eyt
the unit root vectors which are explicitly given in Theorem 4.7. Then we
have

- =) =) e, -
Qrogun(€). N n5) =~ 5 Far) (@Qwig RN ).

For some elliptic curves, we also have similar results to the above (see
Sections 4.6-4.7). For the proof of Theorem 1.2, we employ the main result
in [4] as a fundamental tool to compute the syntomic regulators. We share
a part of the technique in the proof of [4, Thm. 4.8] (see also Remark 4.23
below). A new ingredient is our function .% CE’OZ;) (t) (indeed Theorem 1.1 plays
a key role in the proof of Theorem 1.2). This paper focuses on the cup-
product of the regulator with a generator of the unit root subspace, that
appears in the p-adic Beilinson conjecture by Perrin-Riou.

A more striking application of our new function ,9@(0) (t) is that one can
describe the syntomic regulators of the Ross symbols in K5 of the Fermat
curves.

Theorem 1.3 (Theorem 4.11). Suppose that N|(p—1) and M|(p—1). Let
F be the Fermat curve over K defined by an affine equation z¥ +wM = 1.
Let {1 — 2,1 —w} € Ks(F) be the Ross symbol [26]. Let
regsyn({l —z,1—w}) = Z Ai’jM_lzi_le_Mdz € HéR(F/K)
(ig)el
where the notation be as in the beginning of Section 4.5. Then

Ay =Z7) (1)

a;,b;
for (i,7) such that i/N + j/M < 1.

As long as the author knows, this is the first explicit description of the
Ross symbol in p-adic cohomology.
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In the last section, we discuss the p-adic Beilinson conjecture by Perrin-
Riou [23, 4.2.2] (see also [10, Conj. 2.7]) for K of elliptic curves. Let E be
an elliptic curve over Q. Let p be a prime at which E has a good ordinary
reduction. Let o, be the unit root of the reduction E at p, and eunit €
Hl: (E/Q,) the eigenvector with eigenvalue ap,. Let wp € F(E,Q}E/Q)
be a regular 1-form. Let L,(E,x,s) be the p-adic L-function defined by
Mazur and Swinnerton-Dyer [20]. Then as a consequence of the p-adic
Beilinson conjecture for elliptic curves, one can expect that there is an

element £ € K5(F) which is integral in the sense of [27] such that

(1 . pOé_l )Q(regsyn (5)7 eunit)
Ep Q(WE'7 6unit)
where x ~gx y means zy # 0 and z/y € Q. We also refer to [3, Conj. 3.3]
for more precise statement. According to our main results, we can replace
the left hand side with the special values of the p-adic hypergeometric
functions of logarithmic type. For example, let F, be the elliptic curve
defined by y?> = (1 — z)(1 — (1 — a)x) with a € Q\ {0,1} and p > 3 a
prime where F, has a good ordinary reduction. Then one predicts

(1= pag. ) 7171 (@) ~g Ly(Eww™,0)

~ox Lp(B,w™,0)

if @ = —1,42,+4,+8,4+16,+5,+4,+3,£L (Conjecture 5.2). See Sec-
tion 5.2 for other cases. The author has no idea how to attack the question
in general, while we have one example (the proof relies on Brunault’s pa-
per [7] and his appendix in [3]).

Theorem 1.4 (Theorem 5.3). (1 —pagip)%" )(4) = —Ly(Ey,w™1,0).
3. 5’

[N

We note that this is a p-adic counterpart of a formula of Rogers and
Zudilin ([25, Thm. 2, p. 399 and (6), p. 386])

/ %7%7171 %’%’% 1
2L/ (Ey4,0) = Re |log4 — 4 F3 2.9.2 ;4 = 3F 51 1]

The conjectures in Section 5.2 give the first formulation of the p-adic coun-
terparts of Rogers—Zudilin type formulas. We hope that our results will
provide a new direction of the study of the p-adic Beilinson conjecture.
This paper is organized as follows. Section 2 is the preliminary section
on Diamond’s p-adic polygamma functions. More precisely we shall give
a slight modification of Diamond’s polygamma functions (though it might
be known to the experts). We give a self-contained exposition, because the
author does not find a suitable reference, especially concerning with our
modified functions. In Section 3, we introduce the p-adic hypergeometric
functions of logarithmic type, and prove the congruence relations. In Sec-
tion 4, we show that our new p-adic hypergeometric functions appear in
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the syntomic regulators of the hypergeometric curves. Finally we discuss
the p-adic Beilinson conjecture for Ky of elliptic curves in Section 5.

Notation. For a field K, let pu,(K) C K* denote the group of n-th roots
of unity. We write pioo(K) = U,>1 tn(K). If there is no fear of confusion,
we drop “K” and simply write j,. For a power series f(t) = Xaitt €
R[t] with coefficients in a commutative ring R, we write the truncated
polynomial 37" a;t’ by [f(t)]<n.

2. p-adic polygamma functions

The complex analytic polygamma functions are the r-th derivative

#960 = 5 (75

In his paper [11], Jack Diamond gave a p-adic counterpart of the polygamma

), TEZZO.

functions wg)p(z) which are given in the following way.

0 1
(2.1) g?p(z) = lim o E_O log(z +n),
(r) 17! 1
r — (_1\ Ll il § :
(22) wD,p(z) ( 1) T.Sh_{f([;lo ps —~ (Z + n)rv r Z 17

where log : C; — C,, is the Iwasawa logarithmic function which is charac-
terized as a continuous homomorphism satisfying log(p) = 0 and

log(z) = — > M, |z — 1], < 1.

n
n=1
It should be noticed that the series (2.1) and (2.2) converge only when

z ¢ Zp, and hence wg)p(z) turn out to be locally analytic functions on
C, \ Z,. This causes inconvenience in our discussion. In this section we

give a continuous function @b](f)(z) on Z, which is a slight modification

of wg?p(z). See Section 2.2 for the definition and also Section 2.4 for an
alternative definition in terms of p-adic measure.

2.1. p-adic polylogarithmic functions. Let x be an indeterminate. For
an integer r € Z, the r-th p-adic polylogarithmic function lngp) (z) is defined
as a formal power series

2.3) @ (x):= A ! il I
(2.3) P (z) = ) T g > | € pl]
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which belongs to the ring
Zy(w, (1 —2)7h) = Um(Z/p*Z[z, (1 — 2) 7))

of convergent power series. If » < 0, this is a rational function, more pre-
cisely

1 1 d\"
ln(()p)(x) = Rt ln(,p,z(x) = <xdz> ln(()p)(ac).

1—2z
If » > 0, this is known to be an overconvergent function, more precisely it
has a (unique) analytic continuation to the domain |z — 1| > |1 — (,| where
(p € Qp is a primitive p-th root of unity.
Let W(F,) be the Witt ring of F, and F the p-th Frobenius endomor-
phism. Define the p-adic logarithmic function

o o= e () =~ 20 (1 575)

n=1

for z € W(F,)*, where log(z) is the Iwasawa logarithmic function.

Lemma 2.1. The function lngp)(m) agrees with
1 (1 — )P ZOO P w(@)" -1
P Og( 1— P ) — n € P<x7( x) >

where w(x) := 1 — (1 — z)?/(1 — aP). In particular, evaluating at =
for z € W(F,)* such that F(z) = zP and z # 1 mod p, one has ln ( ) =
~log® (1 - 2).

z

Proof. We have the power series expression
1 1—z)P k
Lt 5
p -t k>1, plk

in Z,[z], and this agrees with the expression (2.3) of 1n§p ) (). Then the
assertion is immediate as Z,(x, (1 — x)~!) — Z,[z] is injective. O

Proposition 2.2 (cf. [9, IV Prop. 6.1, 6.2]). Let r € Z be an integer. Then

(2.5) ) () = e lnggzl(x),
(2.6 ) (z) = (~1)H ) (27,
(2.7) Z I (¢z) = % P (™) (distribution formula).

CeEpn
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Proof. One can derive (2.5) and (2.7) immediately from the series expansion

In® (z) = k> 1plk 2% /k". On the other hand, (2.6) follows from the fact

1 xk -1 Pk
m Z kro W Z kr
1<k<ps, ptk 1<k<ps, ptk
(_1)r+1 pP°—k
1— 2P I<kpe. plk (p* — k)"

modulo p*Zx, (1 — x)~1]. O

Lemma 2.3. Let m, N > 2 be integers prime to p. Let € € p, \ {1}. Then
for any n € {0,1,...,N — 1}, we have

k
. ) 1 €
N Y vt (v) = lim ———s Y e+ /Ny

s—oc0 ] — b’
VN:5 = 0§k<ps
k+n/N#0 mod p

Proof. Note Y n_. v = Ne¥/N if N|i and = 0 otherwise. We have

k n k
N’"z:l/"lnr+1 (vzx) Z Z
vN=¢ k>1,ptk vN=¢
(k—n)/N .k
r+1 € T
=N
N|(k—n),ptk
(ExN)an
-y A =t
r+1 (
n-+EN=0 mod p, £>0 (£+n/N)*
S T _(ezM)fa
=1_ (El,N)ps 0T (£+n/N)T+1

n-+LN#0 mod p

modulo p*Z[z, (1 — ez™)~!]. Since ¢ Z 1 mod p, the evaluation at z = 1
makes sense, and then we have the desired equation. O

The following theorem is well-known to experts as Coleman’s formula.

Theorem 2.4 (Coleman). Let r # 1 be an integer. Then for any integer
N > 2 prime to p,

(2.8) > P = (1~ N)L(rw' )
ecun\{1}

where Ly(s,x) is the p-adic L-function and w is the Teichmiiller character.
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Proof. We give a self-contained and straightforward proof for convenience
of the reader, because the author does not find a suitable literature (note
that (2.8) is not covered by [9, I, (3)]).

We first show (2.8) in case r = —m with m € Z>;. Note that ln(_pgn(:r) is
a rational function. More precisely, let

Ing(x) := , In_p(z) = (x;)mlno(az),

xT

1—=x x

then ln(f’,)n(ac) =In_,,(z) — p™In_,,(2P). Therefore
> ln(,pzn(a) =(1=p™) > In_n(e).

e€pun\{1} eepun\{1}
Since Ly(—m,w!™) = —(1—p™)B,,11/(m+1) where B, are the Bernoulli
numbers, the equation (2.8) for r = —m is equivalent to
B
(2.9) (1— Nm“)L*i = Y In_n(e).
MEL i

Put /,(z) := In,(z) — N'=" lnr(acN) By the distribution property
> Ing(ex) = N'""In,(a)
ECUN

which can be easily shown by a computation of power series expansions,
the right hand side of (2.9) equals to the evaluation —¢_,,,(z)|;=1 at z =1,
and hence

d m
(2.10) Z In_p(e)=—(z—) 4o(x)
cen\{1} ( d$> 0

On the other hand, letting x = €%, one has

e? NBNZ o0 Zn—l ann—l
o) =T T (B"nz‘Bnn!

n=1

r=1

n—1

Z (1-N")B, " —,
= n!
and hence
d\™m dm .
(2.11) (wdl‘> 50(1') —dzmgo( )

Now (2.9) follows from (2.10) and (2.11).
We have shown (2.8) for negative r. Let r # 1 be an arbitrary integer.

_ _(1 _ Nerl) Bm+1 )
2=0 m+1

r=1

Since InP)(z) = > plk x¥/k", one has that for any integers r,r’ such that
r =7 mod (p— 1)p*~!

hl?(np) (1:) = ]nf},o) (1’) mod psZp[[xﬂ
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and hence modulo p*Z,(x, (1 — z)~!). This implies
) (e) = lng’) (e) mod p*W (F,).
Take v’ = r — p*2~(p — 1) with a > 0. It follows that
(I=N"")Ly (w7 = (1= N Ly(r,w'™7) = (1= N7 Ly(r, ')

as a — oo by the continuity of the p-adic L-functions. Since r’ < 0, one can
apply (2.8) and then

—(1 =NV Ly(r,w' ™) = Z In,(¢) mod p*W (F,)
eepn\{1}
for any s > 0. This completes the proof. O

2.2. p-adic polygamma functions.

Lemma 2.5.

—p*~t p>3and (p—1)m

251 =2 and 2
Z KM= p and 2|m mod p°.
L <k<pe pik 1 p=2ands=1
0 otherwise

Proof. Let p > 2. Let ¢ € Z, be a primitive (p — 1)-th root of unity. Then
the set {¢C*(1+p)* | 0 <i < p*(p— 1)} is a representative of (Z/p*Z)*.
Hence

Sokt= Y (€)™ modp?

1<k<ps,ptk 0<i<ps—1(p-1)
(S ) i B T ) L
1—(C(X+p)m 1—(C(X+p)m

Note that (1 + p)™? = 1 4+ mep’*! mod p/*2 for p { mg and j > 0.
Therefore, when (p — 1) ¥ m, the last term vanishes. If (p — 1)|m, then the
last term is equivalent to mp*(p — 1)/mp = p*~*(p — 1) = —p*~! modulo
p®. This completes the proof in case p > 2. Let p = 2. When s = 1, the
proof is obvious. Suppose s > 2. Then the set {£5' | 0 < i < 2572} is a
representative of (Z/2°7)*. Therefore

Z k™ = Z 5™ 4 (=1)™5™  mod 2°.
1<k<2%,2tk 0<i<25~2

This vanishes when m is odd. If m is even, then the right hand side is

. 1— 52‘9_2m 28
2 ) AMo2 o =2= =2 mod 2
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as (1 —|—4)m02j = 1+27"2mg mod 2713 for odd mg and j > 0. This completes

the proof in case p = 2. O
Let r € Z be an integer. For z € Zj, define
~ 1
2.12 M(z) = li :
( ) T,Z)p (Z) n€Z>nOT,1n~>z kr+1

1<k<n,ptk

The limit exists by Lemma 2.5, and moreover it satisfies

0 mod p* p>3and (p—1)1(r+1)
(2.13) W (z) =9l (z) ={0modp*  p=2,s>2and 21 (r+1)

s—1

0 mod p othewise.

for z = 2/ mod p®. In particular, @Z](f)(z) is a p-adic continuous function on
Zy. Define the p-adic Euler constant I by

. 1 .
Yp 1= — sll>rgo o Z 'log(j), (log = Iwasawa log).
0<j<p®ptj

where the convergence follows by

. . p—! kp®
> logl)-p D logl)=) > log(1+j>

0<j<psti,ptj 0<j<p®,plj k=00<j<ps,plj
p—1
k S
= Z Z l mod p?~!
k=00<j<p*pti 7
(2.14) =0 mod p*! (Lemma 2.5).

We define the r-th p-adic polygamma function to be

— 1y (2) r=0

(") (2) :—
(2.15) Py (2) : {_Lp(1+r,w‘r)+%(f)('2) r#0.

If r = 0, we also write ¢,(2) = 1/)1(,0)(,2) and call it the p-adic digamma
function.

2.3. Formulas on p-adic polygamma functions.

Theorem 2.6.
(1) N;S)T)(O) = Ng)(l) = 0 or equivalently ¢,(3r)(0) = ,(f)(l) = —p or
=—Ly(r+1,w™").

(2) 99)(2) = (=1 Py (1—2) or equivalently pi (2) = (=1)74” (1-2)
(note L,(1+r,w™") =0 for odd r).

I This is different from Diamond’s p-adic Euler constant. His constant is p/(p — 1)vp, [11, §7].
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—r—1 X
z z € Zp

(3) %+ 1) =9 () =+ 1)~y (2) = {0 2 € py

Compare the above with the formulas on the complex analytic poly-
gamma functions, [22, 5.15.2, 5.15.5, 5.15.6].

Proof. (1) follows from Lemma 2.5, and (3) are immediate from definition.
We show (2). Since Z~ is a dense subset in Z,, it is enough to show in case
z=mn > 0 an integer. Let s > 0 be arbitrary such that p* > n. Then

~ 1 1
— — +1
W= Y gmeeut Y o
1<k<n,ptk —n<k<-1,ptk
1
— +1
= (=" > FEES)
ps—n+1<k<p®,ptk
1 1
— +1 +1
G A SISV D DR
0<k<ps,ptk 0<k<p*—n+1,ptk
1

S D S

0<k<p®—n+1,ptk
(~1)" (1~ n)

modulo p® or p*~1. Since s is an arbitrary large integer, this means J,(J) (n) =

(=1)" ~§,T)(1 —n) as required. O
Theorem 2.7. Let 0 <n < N be integers and suppose p{ N. Then
T(r n r —-n
(2.16) B (N> =N Y (1—em? (o).
EEMN\{I}

For example
1
N (2) — —Ly(1+7rw ) +27 1 ® (1) = (1 = 2T Ly (1 + 7w "),

Compare this with [22, 5.15.3] the formula on the complex analytic poly-
gamma functions.

Proof. We may assume n > 0. Let s > 0 be an integer such that p°® =
mod N. Write p* — 1 =[N. We have

_~—n k
S= 3 (-mPiE = Y ( > 11_%)

eeun\{1} 1<k<p®,ptk \e€pn\{1}

gk—|—---—}—5k+N_n_1
. (z s )

1<k<p®,plk \ecnn\{1}
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modulo p®. Note > .c,, \(1} gl = N —1if N|i and = —1 otherwise. Let I
be the set of integers k satisfying that 0 < k < p®, p 1 k and that there is
an integer 0 < i < N —n such that £ +4¢ =0 mod N. Then we have

1
5= Zkrﬂ mod p”
kel

by Lemma 2.5. Hence

N"S = Z k:/NT'H: Z + Z 4+t Z

ke[ k=0mod N k=—1mod N k=n—N+1 mod N
1 1
= Z Gt + Z (j_l/N)r+1+
1<j<p*/N 1<j<(p*+1)/N
7#0 mod p j—1/N#0 mod p

1
o 2 = (N—n—1)/Ny+i

1<j<(p+N—-n—1)/N
j—(N—n—1)/N#0 mod p

1

1

_y Loy by

sl +1

e I 1<j<l (G +0r

j#0 mod p J+1#0 mod p
1
ot .
2 Grv—a—y
j+I(N—n—1)#0 mod p

1 1

= Z r+1 = Z 7“+1

1<j<I(N—n) J 0<j<l(N—n)+1 J
7#0 mod p 7j#Z0 mod p

Since (N —n) +1 = n/N mod p®, the last summation is equivalent to

(") (n/N') modulo p*~! by definition. O
Remark 2.8. The complex analytic analogy of Theorem 2.7 is the follow-
ing. Let In,(z) = In?"(2) = >_p2; 2" /n" be the analytic polylog. Then

NT (1 o 6—27rikn/N) h’lr+1(€2mk/N)

co N-1 r
— Z N (627r7jkm/N _ e?mk(m—n)/N)

NrJrl Nr+1 o0 1 1
Z < (EN)™+1 (kN = N +n)r+1 kz::l k1 (k—1+n/N)+1

If » = 0, then this is equal to ¢(z) — (1) ([22, 5.7.6]). If » > 1, then this
is equal to ((r 4 1) + (=1)"/rlyp™) (n/N) ([22, 5.15.1]).
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Theorem 2.9. Let m > 1 be an positive integer prime to p.
(1) Let ¢p(z) = 1/)1(,0)(2) be the p-adic digamma function. Then

Yp(mz) — log Zz/)p<z+ )

(see (2.4) for the definition of log®(z)).
(2) If r # 0, we have

¢(T) (mz) = mrL Z ¢pr) <Z + >

See [22, 5.15.7] for the corresponding formula on the complex analytic
polygamma functions.

Proof. By Theorem 2.4 (and Lemma 2.1 in case r = 0), the assertions are
equivalent to

1 m—1 ~ i ~
(2.17) T w§,>(z+ m) =W (mz)+ S ¥ (e)
i=0 cemm\{1}

for all r € Z. Since Z,) N[0, 1) is a dense subset in Z,, it is enough to show
the above in case z = n/N with 0 <n < N, p{ N. By Theorem 2.7,

m’”rl Z ¢ ( ) Tt Z v T)<nmm}ZN)

=0
= ; Z > =N, ().
=0 vepmn\{1}

The last summation is divided into the following two terms

SO aermufe-n Y a-rmmuoe),

i=0 Ve,w\{l} VEMN\{l}
m—1
Yo Y (—vm 71)1115«421@) moy > 1nr+1
1=0 Eeﬂm\{l} vN=¢ Eeﬂm\{l} vN=¢
m
-~ N Z 1“5«1321(5)
Eeﬂm\{l}

where the last equality follows from the distribution formula (2.7). Since

the former is equal to 121(97“) (nm/N) by Theorem 2.7, the equality (2.17)
follows. O

The relation with Morita’s p-adic Gamma function I'y(z) (e.g. [8, 11.6])
is as follows.
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Theorem 2.10. Let By(x,y) =T'p(x)I'y(y)/T) (x +y). Then

log B, (z, q) Z@W 1) )

for z € Zy, and q € pZ, where log : 1+pZ, — pZ, is the lwasawa logarithm.
Proof. Fix q € pZ,. The functions
Zp — pra Z lOg Bp(zv Q)

and

— = i—1) (—Q)i

2y —p2y, 2 ()

i=1

are continuous. Therefore it is enough to show

(2.18) log By(n, q) ZW 1 )

for all n € Z>o as the set Z>q is dense in Z,. We show it by induction
on n. The case n = 0 is trivial. Suppose that (2.18) is true for n. If p|n,

then By(n + 1,q) = By(n,q) ([8, 11.6.8.(3)]) and 4§ (n + 1) = 9§ (n)
(Theorem 2.6 (3)), so that (2.18) is true for n + 1. If p { n, then
Lp(n+1)I'p(q)

Ip(n+1+q)

o -n  I'p(n)Iy(q)
—1 g(_(n+q) Fp(n+q)> ([8, 11.6.8.(3)))

log B,(n+1,q) = log

L}

= —log (1 + n) +log By(n, q)

(—q) n i 30D (n) (—q)’
=1

o
| —

.
I
_

) p i

3

12?1(;'*1)(71 +1) (_,Q)i, (Theorem 2.6(3))

1

I

I
_.

(2

so that (2.18) is true for n + 1. This completes the proof. O

2.4. p-adic measure. For a function g : Z, — C,, the Volkenborn inte-
gral is defined by

[ ottar=tim - 3> g5
0<j<p?®

if the limit exists. We refer [8, 11.1.2] for a general theory on Volkenborn
integrals
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Theorem 2.11. Let log : C; — C,, be the Iwasawa logarithmic function.
Let

1 /s
]le (Z) = { z€ p
P 0 ze€pZy

be the characteristic function. Then
bp(z) = /Z log(z + 1)1 (= + £) .
P

Proof. Using the computation in (2.14), one can easily show that the
Volkenborn integral Q(z) = [; 1zx(z + t)log(z + t)dt is defined, and
P

it is continuous with respect to z € Z,. Moreover we have

p°(log(z) —log(z +p°)) z€Z,

mod psl
0 z € ply

Q(2+1)—Q(2)E{
where s’ = s —1if p=2and s’ = s if p > 3. For z € Z, since

1

p~*(log(z) — log(z + p*)) = —p *log(1+ 2z~ 'p*) =271 mod p*,

it follows from Theorem 2.6 (3) that Q(z) differs from 1,,(2) by a constant.

Since )
Q(0) = lim — Z log(j) = —vp = ¥,(0),

TP 0ci<pr i
we obtain Q(z) = ¥p(2). O

Theorem 2.12. Ifr # 0, then
T 1 T
%())(z):_r/zp(z-i—t) ]lzg(z-i—t)dt

where ]IZ; (z) denotes the characteristic function as in Theorem 2.11.

Proof. By Lemma 2.5, the Volkenborn integral
1
Q@) = _7/ (2 + ) "Ly (2 + ) dt
Zp

r

is defined. Moreover, if z € Z, then

— = —1 ; _ i —1-r s—ordp(r)
Q1) =QE) = — (g — 5 ) =77 modp ),

and if z € pZ,, then Q(z + 1) = Q(z). This shows that Q(z) — wz(;r)(z) is a
constant by Theorem 2.6 (3). We show Q(0) = @D,()r) (0). By definition
-1 1
Q(0) = lim —  » —.

T
n—oo rp 0<k<p™ plk
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Recall the original definition of the p-adic L-function by Kubota—Leopoldt
in [19]

. 1 —s
Ly(s,x) = lim —— > xR (k)= k/wk)
s — 1 n—oo fp
0<k<fp",ptk
for a primitive Dirichlet character y with conductor f > 1. This immedi-
ately implies Q(0) = —Ly(1 +7r,w™) = ;(,T)(O). O

3. p-adic hypergeometric functions of logarithmic type
We write the Pochhammer symbol by (a)y,
(a)o:=1, (a)p:=ala+1)---(a+n—-1),n>1.

For a € Z,, the Dwork prime a' is defined to be (a + l)/p where | €
{0,1,...,p — 1} is the unique integer such that a +{ = 0 mod p. The i-th
Dwork prime is denoted by a(?) which is defined to be (1) with a(®) = a.

3.1. Definition. Let s > 1 be a positive integer. Let a;,b; € Q, with
bj ¢ ZSO' Let

al,...,0as > (al)n"'(as)n t"
o ( 1) = ol
! bl,...b3_1 nzzo(bl)n"'(bs—l)n n!

be the hypergeometric power series with coefficients. In what follows we
only consider the cases a; € Z, and b; = 1, and then we write

ag, ,Us

Fy(t) = F( b :t> € 2,[1]
for a = (a1,...,as) € Z;.

Definition 3.1 (p-adic hypergeometric functions of logarithmic type).
Write o) = (agi), e ,agi)) where () denotes the i-th Dwork prime. Let
W = W(F,) be the Witt ring of F,. Let o : W[t] — W][t] be the p-th
Frobenius endomorphism given by o(t) = c¢t? with ¢ € 1 + pW, compatible
with the Frobenius on W. Put a power series

Gult) = ylan) ++--+ ty(ae) + 57y~ og(0) + [ (Ft) = Fyn () T

where 9,,(2) is the p-adic digamma function defined in Section 2.2, and
log(z) is the Iwasawa logarithmic function. Then we define

F () = Ga(t)/Fa(t),
and call the p-adic hypergeometric functions of logarithmic type.

Lemma 3.2. G,(t) € W[t]. Hence it follows fg(o)(t) e WJt].
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Proof. Let G4(t) = 3. Bit'. Let Fu(t) = Y. A;t' and F,o() = ST At If
pli, then B; = A;/i is obviously a p-adic integer. For i = mp* with k& > 1
and p f m, one has

k—1
B —B . — Ampk — P Ampk—l
i = Pmp mpk
Since ¢ ™' = 1 mod pF, it is enough to see A = gmpkﬂ mod pF.
However this follows from [12, p. 36, Cor. 1]. O

3.2. Congruence relations. For a power series f(t) = > o2 Apt", we
write [f(t)]<m = >, <m Ant™ the truncated polynomial.

Theorem 3.3. Suppose that a; & Z<o for all i. Let us write 3@(0) (t) =
Go(t)/Fo(t). If c € 1 4+ 2pW, then for alln > 1

Ifp=2and c € 14 2W (not necessarily c € 1 +4W ), then the above holds
modulo p™ 1.

mod p"Wt].

Corollary 3.4. Suppose that there exists an integer r > 0 such that aETH)

ai for alli where (-)\") denotes the r-th Dwork prime. Then fg(g) (t) belongs
to the ring

Wt [Fa(t)] Zps - [Fyon (0] 2p) 1= Im(W/p" [t [Fa(®)] < -, [Fyn (D] )

Hence, for a € W such that [F,u)(o)]<p Z 0 mod p for all i, the special

value of fg(g) (t) att = « is defined, and it is explicitly given by

(@) (@) = lim m
7" (@) = lim. A

3.3. Proof of Congruence relations: Reduction to the case ¢ = 1.
Throughout the Sections 3.3, 3.4 and 3.5, we use the following notation. Fix

s>1and a= (ai,...,as) with a; ¢ Z<g. Let o(t) = ct? be the Frobenius.
Put

_ (1) (1)
(32) An = (al)n e (aS)na An = (al )n e (as )n
n! n! n! n!
for n > 0. Let B), be defined by G4 (t) = > n Bnt", or explicitly
(3.3) By = vp(a1) + - + Yp(as) + svps
. n — n’ p*na mpk — mpk y My, k= 1),
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Lemma 3.5. The proof of Theorem 3.3 is reduced to the case o(t) = tP

(i.e. c=1).

Proof. Write [f(t)]>m = f(t) — [f(t)]<m- Put n* :=n if ¢ € 1 + 2pW and
n*=n—1if p=2and c¢& 1+ 4W. Theorem 3.3 is equivalent to saying

Fo(t) - [Ga(t)]5pm = [Fa(t)]zpr - Ga(t) mod p™ W],

namely
Z Ai_l’_p’VLBj — AiBj+p7L =0 mod pn
i+j=m, 1,720

for all m > 0. Suppose that this is true when ¢ = 1, namely

(3.5) > A B — ABS

“pn =0 mod p"

i+j=m

where B; are the coefficients (3.3) or (3.4) when ¢ = 1. Suppose that
¢ € 1+ pW is an arbitrary element, and let B; be as in (3.3) or (3.4). We
then want to show

(3.6) > Aipn(B§ — Bj) — Ai(BSypn — Bjypr) =0 mod p"
i+j=m
Let ¢ = 1+ pe with e # 0 (if e = 0, there is nothing to prove). Then

Z Ai+p"(Bgc‘> - Bj)

i+j=m

C]/p — I)Am_i_pn_‘]z{]/p

= Apmyprp tlog(c) + Y p” y
1<]<m J/p

l Z jp 7/— Z
Yeh+ N (i/p) IZ</> e Amipn—iAj

1<j<m

o

s
Il
—

-1 i+1 j/p _ i1
Am+p( ) + > (/)" <i A Ay | P le

1<j<m

_1 i+1 _ j/p— _ i1
Am+p( + Z 1</ Aerp"fjAj/p p 16

1<5<m

1 (J/p—1 T i—1 i
Z 1 1( é—l )Am+pn_jAj/p>p e

0<j<m

o

s
I
—

o

.
I
—



412 Masanori ASAKURA

where we always mean A/, = Aj /p = 0 unless p|j. Similarly

Z Ai( J-‘rl’ Bjipr)

1+j=m
. (m+pn_j)/p_1 e i—1 4
Z( > i ( i AjAmipn—pyp | P

=1 0<j<m

Therefore it is enough to show that

i—1 1 .
p e j/p—1 -
i Z ( i—1 >Am+pn_jAj/P

0<j<m

i—1 1 n :
Py (m+p"=35)/p—1\, 7 n*
- ( i—1 AjA(TrH»p”fj)/p IIlOdp s
0<j<m

or equivalently

(3.7) Z (1_j/p)i—1Am+p"—jAj/p

0<j<m
= Y (A= (m+p"—5)/p)i-14jApnipn_jyp mod p" T ile”
0<j<m

for all 4 > 1 and m > 0. Recall the Dwork congruence

Fo(t?)  [Fym ()] <pm
(3.8) aﬁ(’(:((t) ) = [ [(;(1;(55)])<]pm mod p'Z,[t], m >1

from [12, p. 37, Thm. 2, p. 45]. This immediately imples (3.7) in case ¢ = 1.
Suppose i > 2. To show (3.7), it is enough to show

39 > (/) Amipr—iA
0<j<m

= Y ((m+p"—35)/p)*AjApnipn_jyp mod p" T ile”

0<j<m

for each k > 0. Let D =t and put F*(t) := DkFgm( ) = OoojkA t1.
Then (3.9) is equivalent to saying

(3.10)  [Fu(t)]<pn F*(tP) = Eu(t)[F* ()] <pn  mod p™ ~Lile™7Z,,[1].

We show (3.10), which finishes the proof of Lemma 3.5. Using the Dwork
congruence (3.8), one can show

k k

LE o) S([Fa®)]<pm)
atk ta® _dt a . . -
Fg(l) (t) N [Fgu) (t)]<pm dp P[[t]]
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in the same way as the proof of [12, p. 45, (3.14)]. Hence
Fr) [ (0)]<pm
Fyn () [Fm (8)]<pm

mod p'Z,[t], m>1

and this implies
() [F (7)) <pr
Fa () [Fy ()] <pr

mod p" 1 7Z,[t].

Therefore we have

F(t?)  F,o() F*(tP)
Fo(t) — Fa(t) Fyo(t?)
_Fo @l [P [P
T Fa@®))<pr [Fy)(tP)]<pn [Fa(t)]<pn d p" T Zp[t].

If p > 3, then ord,(p™ ~*1i!) = ord,(p"~**1i!) < n — 1 for any i > 2,
and hence (3.10) follows. If p = 2, then ord,(p"~**1i!) < n but not neces-
sarily ord,(p"~"lil) < n — 1. If e € 2W \ {0}, then ord,(p" ~*lile™?) =
ord,(p"~*Ttile™") < n —i < n — 1, and hence (3.10) follows. If e is a unit,
then ord,(p" ~"*lile™?) = ord,(p"%i!) < n — 1 for any i > 2, as required
again. This completes the proof. O

3.4. Proof of Congruence relations : Preliminary lemmas. Until
the end of Section 3.5, let ¢ be the Frobenius given by o(t) = tP (i.e.
¢ = 1). Therefore

A — A, 4
(311) B() = wp(al) + -+ I/Jp(as) + S’)/p, Bz = %, S Z21

where the notation is as in (3.2) and we always mean A;,, = A4;/, = 0

unless pli.

i/p

Lemma 3.6. For an p-adic integer o € Zy, and n € Z>1, we define

{a}, = H (a+1i—1),
1<i<n
pf(a+i—1)

and {a}o :=1. Let a € Zy \ Z<o, and | € {0,1,...,p — 1} the integer such
that a = =1 mod p. Then for any m € Z>q, we have

, ~1
(@)m <(a)Lm/pJ> _{adm _

mt \ [m/p)l ) = {Um <7

m=I1l+1,...,p—1modp = <a)m<(a/)tm/m>1=<a+l+pV§J){a}m

m=0,1,...,lmodp =

m! \ [m/p]! {1}m

where a' = aV is the Dwork prime.
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Proof. Straightforward. O

Lemma 3.7 (Dwork). For any m € Z>o, Am/ﬁtm/m are p-adic integers,
and

m; =my mod p" = Aml/ALml/pj = Amz/Ath/pJ mod p".

Proof. This is [12, p. 36, Cor. 1], or one can easily show this by using
Lemma 3.6 on noticing the fact that

1 =2 2
{a}n= ] i= { p=2%n# mod p". O

(€2 )" —1 otherwise

Lemma 3.8. Let a € Zy, \ Z<o and m,n € Z>1. Then

a’ n—1 a)mpn ! n n
(3.12) 1— Em)p’zp_l)! (Em)p”)!> = mp"(vp(a) +7,) mod p*".

Moreover gmpn—l/Ampn and By /Ay are p-adic integers for all k,m > 0,
n>1, and

Am n—1 n n
(3.13) P =1 —mp (Yp(ar) + -+ p(as) + s7,) mod p>",
mp™
By 1= A a1/ Appn
(3.14) ptm = r = pr =t Ay = By mod p".

Appr mp"

Proof. We already see that Aimpnfl [/Ampn € Zy, in Lemma 3.6. It is enough
to show (3.12). Indeed (3.13) is immediate from (3.12), and (3.14) is im-
mediate from (3.13). Moreover (3.13) also implies that By /Ay € Z, for any
ke Zzo.

Let us show (3.12). Let a = —I + p"b with [ € {0,1,...,p" — 1}. Then

(@) pn—1 ((a)mpn)—l _ {1}pn
(mp=H)!\ (mp")! {a}mpn
k—1 k—14+ mp"
= 1 g 1 5= >
I<k<mp" p 0<k<l p
k—1#0 mod p k—1#£0 mod p
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by Lemma 3.6. If (p,n) # (2,1), we have
{1}mp"
{a}mpn

ptk—1

b b—m
— 1 _ - -
ol Y e i
<k<mp" 0<k<l
ptk—1 ptk—1
(%) 1 1
=1 —mp" =1 mp" -
mpt Y. 3 mp" >
I<k<mp™ 1<k<mp™—Iptk
ptk—1
(2.13)

L —mp"(Yp(a) +p)

modulo p?", where (%) follows from Lemma 2.5. This completes the proof
of (3.12) in case (p,n) # (2,1). In case (p,n) = (2,1), we need another
observation (since the equivalence (%) breaks down). In this case we have

{1}2m

b b—m
=1-2 Z —+ Z _— mod 4
{a}am l<hoom B0 (Gt B
2tk—1 2tk —1
m b—m
=1-2| Y gt > —
I<k<2m ™

1
El—Qm( Z k—l—b—m) mod 4
0<k<2m—I, 2tk

Po(a) +y2= >, + mod2
0<k<L, 2tk

equivalent to

where L € {0,1,2,3} such that a = —I 4+ 2b = L mod 4. Therefore (3.12) is

0<k<L,2tk

1 1
m( Z z - Z k—|—b—m>50 mod 2.
0<k<2m—I, 2tk

We may assume that m > 0 is odd and b= 0,1 (hence a = 0,+£1,2). Then

one can check this on a case-by-case analysis.

H

415
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Lemma 3.9. For any mi,ma € Z>o and n € Z>1, we have

B,y = By mod p".

Am,  Am,

Proof. If ptm;, then B,,, /A, = 1/m; and hence the assertion is obvious.
Let my1 = kp® with i > 1 and ptk. It is enough to show the assertion in case
mo = mq + p". If n <, then

B, B,
= By mod p"
Am1 Am2 0 b

by (3.14). Suppose n > i. Notice that for m € pZ>g

Bu _ Awpp 1 Al
1— — T p—
mAm Am T];[l{ar}m

by (3.11) and Lemma 3.6. We have

mi1 =mo modpt —

B
1-— e
meo Am2
{1}kpi+p" _ {1}kpi {1+ kpi}p"
{ar}kpi-i-p" {aT}kp' {ar + k;pl}p”

{1+kp}p
{a, + kp'}pn

(-mE=) ‘
< m1> {1} {14+ kp'}pe
(1m0

(

{ar +kp'hpn  {1}pn

¢p(ar + kp' ) ¢p(1 + kpz))) mod Pzn

ml) (1—p"By) mod p"*.

mi
Here (x) follows from Lemmas 3.6 and 3.8. The equivalence (%) follows from
Theorem 2.6 (1) and (2.13) in case (p,i) # (2,1), and in case (p,i) = (2,1),
it does from the fact that

o(z+2) —o(z) =1 mod?2, z€Zsy.

Therefore we have

. (B B B .
]{7 7 m2 mi = n B _ m2 d 1+n
p(Am Am1> ac Am) —

By (3.14), the right hand side vanishes. This is the desired assertion. [
Lemma 3.10. Put Sy, := 24 iy, Aivpr Bj — AiBjipn for m € Z>o. Then

B, n
i+j=m J




New p-adic hypergeometric functions and syntomic requlators 417

Proof.
— : : A Bit
Sm= > AipmBj— AiAjipn
i+j=m J+p™
B; n
= Z Ajypn Bj — AiAjﬂ,nA— mod p" (Lemma 3.9)
i+j=m J
B;
= Y (A4 — AiAjip) 5
it+j=m J
as required. O

Lemma 3.11.

~ ~ - _ A; A B; .

Sm= D (A1 Alyspiepn—t = Alisp) Al ol pn1) 7 —— 5 —— 5+ mod p.
i+j=m li/p] “*li/p] 7

Proof. This follows from Lemma 3.10 and Lemma 3.7. Il

Lemma 3.12. For all m,k,s € Z>o and 0 <1 <n, we have

(315) Z Az‘AJ‘_’_pn*l - Ain—f—p”*l = 0 mOd pl
i+j=m
i=k mod p”fl

Proof. There is nothing to prove in case | = 0. If | = n, then (3.15) is
obvious as

LHS = Y AjAj 1 — AjAj 1 = 0.
i+j=m
Suppose 1 <1 <n — 1. We simply write
oo 1)y )y,
FO(t) = Fyn(t) =Y )i o iy

B i=0

7! 7!
For k € Z>(, we put

(r) (r) P -1
a 1 s 1 ‘ ]. —s s
s=0

3.16) K@) = Y

7! 7!
i=k mod pn—! p

where ¢ is a primitive p”~!-th root of unity. Then (3.15) is equivalent to
(B17)  F(®) - [Pt cpn 1 = [Fe®] cpnr - P k(t) mod .
It follows from the Dwork congruence [12, p. 37, Thm. 2] that one has

FOW) _ [FO@M)]pe
FED ()~ [FED (1))

mod p”
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for any m > n > 1. This implies

FO@ry  [FO®EP)] o Lo
NHW%ﬂWmeW1mp’

(th) B [F(i)(tpz)] <pnt? d o0
PW+Uap> T g

and so on. Hence we have
F(t) F(t) F(l)(tp) F(”—l—l)(tp"’“l)
F(nfl) (tpn—l) - ( ) ( ) e F(n,l) (tpn_l)
F(t)] <p? [F(tP)] [F("*lfl)(tpn_l*)]
)

_ [ <pd <p?
wﬂ<w1pd[lxw%kw'“ [FO=D (7" )] pa
_ [FOl
[F =D (" n

modulo p?~"H*17Z, [¢], namely there are a; € Z,, such that

Fo=D (™) ~ [FO-D(m )],

F(t) [F(t)] <pa G pt LS gt

Substitute ¢ for (°t in the above and multiply it by

Fey 7 [F(t)] < po » i
(F(n_l)(tpnl)> - ([F(n—l)(tpnl)]<pd +pt ;ait )

Then we have

-1

F(Ct) - [F(t)]cpa — [F(C°)] cpa - F (1) = pt i bi(¢*)t"

i=0
where b;j(x) € Zy[x] are polynomials which do not depend on s. Applying

n—I__
P, "1 ¢7%%(-) on both side, one has

nll

P )[F ()] cpt — " FR(O] e F (1) = pT "HHZ > Chi¢

i=0 s=0

by (3.16). Since Zg;l*l ¢%7 =0 or p"~!, the right hand side is zero modulo
p?*1. Therefore

= * mod p 7 1.
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This implies

Fy(O[F; ()] <pa — [Fi(t)]<pa Fj (1)
F(t)

[E3 (0)] <t [F ()] <t — [F(8)] < [F (1)) < o
[F(1)] <pa

modulo p?~"**1 and the right hand side vanishes. Now (3.17) is the case
(d,j)=(n—1,s — k). O

3.5. Proof of Congruence relations : End of proof. We finish the
proof of Theorem 3.3. Let S, be as in Lemma 3.10. The goal is to show

Sm =0 modp”, Vm>0.
Let us put
6i = Aif Ajigp), Al g) = Aidj, A%y g) = AG i +p"") = Al + ")
B(i,j) = A*(li/p], i/p))-
Then

o B n
Sm = Z B(z,])qiqu—j mod p

i+j=m

by Lemma 3.11. It follows from Lemma 3.9 and Lemma 3.7 that we have

; B By .
(3.18) k=K modp = fTZ = A—:, gr = qv mod p'.
By Lemma 3.12, we have
(3.19) > A*(4,j)=0 modp,, 0<I1<n
i+j=s
i=k mod pn—!

for all s > 0. Let m =1+ sp with [ € {0,1,...,p— 1}. Note

A*(k,s — k) kp<i<kp+l

B(i,m — i) =
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Therefore

. B; "
S = Z B(z,])qiqu—; mod p

i+j=m

p—1[(m—i)/p] Bun—(i4+kp)
=Y Y B(i+kp,m—(i+ kp))Qi+kpqu(i+kp)A7p
i=0 k=0 m—(i+kp)
e . : B (i+kp)
= 3" Bt kpm— (5 kD)) 3 il (s1i)
k=0 i=0 m—(i+kp)
= . . = Bm—(i+/€l’)
+ Z B(i+ kp,m — (i + kp)) Z Qi+kam—(i+kp)Af
k=0 i=l+1 m—(i+kp)
Py
s l
% Bm— i+k
= Z A*(k,s — k) (Z Qi+kam—(i+kp)N>
k=0 i=0 m~— (i+kp)
s—1 p—1 B )
* m—(i+k
+Y Akys—k—=1)( > ql'-i-kpqu(iJrkp)# :
k=0 i=1+1 m—(i+kp)

Qk

We show that the first term vanishes modulo p”. It follows from (3.18) that
we have

(3.20) k=k modp’ = P,=Py modpTh

Therefore one can write
(%)

s pr—1-1
Z A*(kys — k)P, = Z P, ( Z A*(k,s — k)) mod p”.
k=0 i=0

k=i mod pn—1

It follows from (3.19) that (x) is zero modulo p. Therefore, again by (3.20),
one can rewrite

(%)

s pr2-1
Z A*(kys — k)P, = Z P; ( Z A*(k,s — k)) mod p".
k=0 i=0

k=i mod pn—2

It follows from (3.19) that (*#) is zero modulo p?, so that one has

s pnT3-1
Z A*(kys — k)P, = Z P, ( Z A*(k,s — k)) mod p"
k=0 i=0

k=i mod pn—3
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by (3.20). Continuing the same discussion, one finally obtains
> A*(k,s—k)P, =Y A*(k,s—k)=0 mod p"
k=0 k=0

the vanishing of the first term. In the same way one can show the vanishing
of the second term,

S
Z A*(k,s —1—k)Qr =0 mod p".
k=0
We thus have S,,, = 0 mod p™. This completes the proof of Theorem 3.3.

4. Geometric aspect of p-adic hypergeometric functions of
logarithmic type

We mean by a fibration over a ring R a projective flat morphism of quasi-
projective smooth R-schemes. Let X be a smooth R-scheme. We mean by
a relative normal crossing divisor (abbreviated to NCD) in X over R a
divisor in X which is locally defined by an equation z7* - - - 2% where r; > 0
are integers and (z1,...,%,) is a local coordinate of X/R. We say a divisor
D simple if D is a union of R-smooth divisors.

4.1. Hypergeometric Curves. Let A be a commutative ring. Let
PL(Zy, Z1) denote the projective line over A with homogeneous coordi-
nate (Zy : Z1). Let N,M > 2 be integers which are invertible in A. Let
t € A such that t(1 —t) € A*. Define X to be a projective scheme over A
defined by a bihomogeneous equation

(4.1) (X5 = X (" = viM) = X3 Y

in P4 (Xo, X1) x P4 (Yp, Y1). We call it a hypergeometric curve over A. The
morphism X — Spec A is smooth projective with connected fibers of rela-
tive dimension one, and the genus of a geometric fiber is (N — 1)(M — 1)
(e.g. Hurwitz formula). We put = := X;/Xo and y := Y7/Yp, and often
refer to an affine equation

(1 -2y (1 — M) =t.

In what follows, we only consider the case A = W[t, (t —t?)~1] where W is
a commutative ring in which N M is invertible, and ¢ is an indeterminate.

Lemma 4.1. Then the morphism X — Spec W[t, (t — t2)~!] extends to a
projective flat morphism

f:Y — Pl =Pl (T, Th)

of smooth projective W -schemes satisfying the following conditions.
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(1) f has a semistable reduction att = 0. The fiber D := f~'(t =0) is a
relative simple NCD over W, and the multiplicity of each component
s one.

(2) The fiber f=X(t = 1) is a relative simple NCD over W, and the
multiplicity of each component is either of 1,ilN,jM with i €
1,...,M}, <NM.

(3) The fiber f~1(t = o) is a relative simple NCD over W, and the
multiplicity of each component is < max(N, M).

Proof. See [2, §3.1] where the explicit construction of resolution of singu-
larities is done in [2, App. B]. O

4.2. Gauss—Manin connection. In this section we assume that W is an
integral domain of characteristic zero. Let K = FracW be the fractional
field. Let A = W[t, (t—t%)"!] and S = Spec A. For a W-scheme T and a W-
algebra R, we write Tp = T X R. The group uy X pun = pn (K) x s (K)
acts on Xz in the following way

(4.2) (€, v] - (@,y,) = (Cx,vy,t), (Cv) € un X p-
For a K-module V with an action of % ar, let V (7, j) denote the submod-
ule on which (¢, ) acts by multiplication by ("7 for all (,v) € un X par-
Then one has the eigen decomposition
—1M-1
Hir(Xg/SE) @ D Hir(Xz/Sk) (),

=1 j=1
and each eigenspace HJp(X7/S%)(4,]) is free of rank 2 over 0(Sz) ({1,
Lem. 2.2]). Put

i J
(4.3) a; :zlfﬁ, b; :zlfﬂ.
Let
i1, j—M i—N,j—1
(4.4) Wi j = N%dx =-M xlindy,
1 o o
(4.5) Mg = N g T Mttt Nyl =M1y

for integers 4,7 such that 1 < ¢ < N —-1,1 < j < M — 1. Then w;; is
the 1st kind, and 7;; is the 2nd kind. They form a O(Sy)-free basis of
Hlp (X7 /S%)(i, ). According to this, we put

Hig(Xk/Sk)(i,§) == O(Sk)wij + O(Sk)nij C Hin(Xxk/Sk).
Let

a,b > (CL)Z (b)Z ;
F, =9 F} it = 'e K
ab(t) =2 1( ) ,t) 25 t e K[t]
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be the hypergeometric series. Put

- 1

T Wi
(4.6) Y Fap, ()

ﬁi,j = —t(l — t)az‘-f—bj( a//ivbj (t)wi’j + bjFai,bj (t)ni,j)'
For the later use, we give notation V' (4, j),w; j, 7, @i, i; for (i,j) not
necessarily a pair of integers. Let (i,7) = (¢/r,¢'/r") € Q? such that
ged(r, N) = ged(r/,M) = 1 and N { ¢ and M ¢t ¢'. Let ip, jo be the
unique integers such that ig = ¢ mod N, jo = j mod M and 1 < i < N,
1 < jo < M. Then we define
(47) V(Z7j) = V(i07j0)7 Wi 5 = Wig,jos s ﬁZJ = ﬁio,jo'

Proposition 4.2. Let V : H:(Xk/Sk) — O(Sk)dt ® Hiz(Xk/Sk)
be the Gauss-Manin connection. It naturally extends on K((t)) ®g(s)
Hlp (XK /Sk) which we also write by V. Then

—ay(t — 12)"1
(Vwiz) Vi) = dt © (wiy m,j)(_obj (—1+(1+a(:+b:)2)(t—t2)1)’

(V(@m) V(ﬁ”)) =dt® (LTJ” ﬁz]) (tl(l _ t)aiobjFai’b.(t)Z 8)

Proof. We may replace the base field with C. Since V is commutative
with the action of un(C) x pup(C), V preserves the eigen components
Hl(X/S)(i, 7). We think X and S of being complex manifolds. For o €
C\ {0,1} we write X, = f~(t = a). Then there is a homology cycle
0o € H1(Xq,Q) such that

3 b;
/ Wi j = 27r\/—12F1 (CL 1 ];Oé>
o
([1, Lem. 2.3]). Let 0; = Vdi be the differential operator on €(S)*" ®g/g)
t
Hl(X/S). Put D = td; and Pug = D? — t(D + a;)(D + bj) the hypergeo-
metric differential operator. Since the series 2 F} (‘“ibﬂf ; t) is annihilated by
Pug, we have

/5 Pric(wij) = 0.

Since H1(Xq,C)(i,7) is a 2-dimensional irreducible (S, a)-module, we
have [ Puc(wi,;) = 0 for all v € m1(S, @), which means

(4.8) Pug(wiy) = (D* — t(D + a;)(D + bj)) (wi ;) = 0.
Next we show

(4.9) 8t(wi7j) = _bjni,j'
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Put ¢ —Nx dmeF(UQX/C)WithU:{x#oo,y#oo}CX,and
Qij =y~ M¢ a hftlng of w; j. Since ¢ is a linear combination of dz/(z—v)’s,
one has d(¢) = 0. Therefore

d(Qi;) = dy M) No=(j — M)y ldy Ao € T(U, D).
Taking A¢ on both sides of
dt NzN-1ldz  MyM-1dy

- N -1 yM -1 7

we have

dt MyM-1dy M _1dt

= - A A d

FAG= T A = g A= dy A,
and hence

. —1dt
A(Sj) = —(1— j/MY MY~ S MO
yM —1 1

Since (2 — 1 + t)*lﬁm- is a lifting of n; j, this shows V(w; ;) = —b;dt ®
ni,;- This completes the proof of (4.9). Now all the formulas on V follow
from (4.8) and (4.9). O

The following is straightforward from Proposition 4.2.

Corollary 4.3. Let V; ; be the connection on the eigen component
Hij = K((t) ®o(s) Hir(Xx/SK)(i, J).

Then KerV;; = K, ;. Moreover let vi,j be the connection on M;; =
H; ;/K((t))7i; induced from V; ;. Then KerV, ; = K, ;.

We mean by a semistable family g : 2~ — Spec R[[t] over a commutative
ring R that g is a proper flat morphism, smooth over Spec R((¢)) and it is
locally described by

g : Spec R[z1,...,x,] — Spec R[t], ¢*(t) =1z,

in each formal neighborhood. Let D be the fiber at Spec R[t]/(t), which is
a relative NCD in 2" over R with no multiplicities. Let % := 2"\ D. We
define the log de Rham complex w:“l'/Rﬂt]} to be the subcomplex of Q%//R((t))

generated by dx;/z; (1 <i <) and dx; (j > r) over Oy . Equivalently,

d L] L]
(4.10) w /rpy = Coker Q%}R(log D) — Q% r(log D)
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where Q% / r(log D) denotes the t-adic completion of the complex of the
algebraic Kahler differentials,
° . e.al e al
Q% p(log D) = lim (2525 (log D) /£ Q%1% (log D))
n>1
Corollary 4.4. Let f :Y — P%/V be the morphism of projective smooth W -
schemes in Lemma 4.1. Let Y =Y xyw K. Let Ak := Spec K[t] < P},

be the formal neighborhood, and put % == f~'(Ag). Let Di C %y be the
fiber att = 0. Let

Dx Ui Yic
o
{0} Ak Pl

Put Hi = Hzlar<@K7w§yK/K[[t]])- It follows from [28, (2.18)—(2.20)] or [30,
(17)] that Hg — K((t)) ®g(s) Hig (X/S) is injective. We identify Hy with
its image. Then the eigen component Hg (i,7) is a free K[t]-module with
basis {(:)Z‘J, T~]i7]‘}.
Proof. Hg is called Deligne’s canonical extension, and is characterized by
the following conditions ([30, (17)]).
(D1) Hg is a free K[A]-module such that K((t)) ® Hx = K((t)) ®¢(s)
H&R(X/S)’
(D2) the connection extends to have log pole, V : Hx — % ® Hy,
(D3) each eigenvalue a of Res(V) satisfies 0 < Re(a) < 1, where Res(V)
is the K-linear endomorphism defined by a commutative diagram

Hy v

4'® Hg

l iRes ®1
Res(V
Hi/tHg D m e
Put Hy := @, ; K[t]@; j+ K[t]7;;. We can directly check that Hj, satisfies
(D1)—(D3) by Proposition 4.2. We then conclude Hx = HY thanks to the
uniqueness of Deligne’s canonical extension. O

4.3. Rigid cohomology and a category Fil-F-MIC(S). In what fol-
lows, let the base ring W be the Witt ring W (F,) of the algebraic closure
F, with pf NM. Let F be the p-th Frobenius on W, and K := Frac W the
fractional field.

Let f : X — S be the hypergeometric curve as before. Write XFP =
X xw F, and SIF‘p := S X Fp. Let o be a F-linear p-th Frobenius on

WIt, (t — t?)~']! the ring of overconvergent power series, which naturally
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extends on K[t (t — t2)7 1 := K @ W[t, (t — t*)~!]. Then the i-th rigid
cohomology group

H}iy(Xz,/S5,) = T(S%, B fuagik Oxpp),

is defined where R’ frigj;(ﬁ xan is the ¢-th relative rigid cohomology sheaf
(cf. [4, Def. 2.12] for the notation and remark on the definition). The re-
quired properties in below is the following (loc.cit).

o H® (XFP/SIFP) is a finitely generated ¢(S)! = K[t,(t — t?)71]i-

rig
module.
e (Frobenius) The p-th Frobenius ® y,g on H;ig(XFp / SFP) (depending

on o) is defined in a natural way. This is a o-linear endomorphism:

Px/s(h(t)z) = o(h(t))Px/s(x), forze ;ig(X@p/SFp), h(t) € O(S)T.

e (Comparison) There is the comparison isomorphism with the alge-
braic de Rham cohomology,
c: Hyy(Xg /S5)) = HiR(X/S) ®p(5) O(S).

In [4, §2.1] we introduce a category Fil-F-MIC(S) = Fil-F-MIC(S, o). It
consists of collections of datum (Hgr, Hyig, ¢, , V, Fil®) such that

e Hgg is a finitely generated ¢(S)-module,

e M, is a finitely generated ¢(S)"-module,

e c: Hyjg = Har Qg(s) 0(S)1, the comparison

o &: 0" H,yig =, H,ig is an isomorphism of 0(S)T-module,
V: Hgr — Q}g 9, ® Hgr is an integrable connection that satisfies
OV =Vo.
Fil* is a finite descending filtration on Hgr of locally free &(S)-
module (i.e. each graded piece is locally free), that satisfies V (Fil’) C
Q' @ Fil‘ L

Let Fil®* denote the Hodge filtration on the de Rham cohomology, and V

the Gauss—Manin connection. Let

H(X/S) i= (i (X/S), Hig(Xg /S5 )., Bx)s. V. Fil*)
be an object of Fil-F-MIC(S).

For an integer r, the Tate object Og(r) € Fil-F-MIC(S) is defined in a
customary way (loc. cit.). We simply write

M(r)y=M ® Os(r)
for an object M € Fil-F-MIC(S).

Lemma 4.5. Suppose that o is given by o(t) = ct? with some ¢ € 1 4+ pW.
Then, with the notation in Corollary 4.4, the Frobenius ®x/g induces the
action on Hy in a natural way.
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Proof. Let W((t))" be the p-adic completion and write K ((¢))" := K @
W((t))" on which o extends as o(t) = ct?. The Frobenius ®y/g on
Hip(X/S) ®p(sy 0(S)! naturally extends on Hig (X/S) @g(s) K((1)" via
the homomorphism ¢(S)! — K((t))". We show that the action of ®x /g
preserves the subspace Hg

Let f:Y — IP’%,V be the morphism of projective smooth W-schemes in
Lemma 4.1. Let

Dw 4 Y
0 Ay Pl,

where Ay = SpecW[t] — P}, is the formal neighborhood, and 0 =
Spec W[t]/(t). Note that Dy is reduced, namely % /Ay has a semistable
reduction. Write %p := % xyw F, etc. We employ the log-crystalline coho-
mology

(411) Hl.og-crys(<%p7DFP)/(AW’O))

where (27, Z) denotes the log scheme with log structure induced by the
divisor 2. There is the comparison theorem by Kato [17, Thm. 6.4],

(4.12) Hig erys (%5, D5, )/ (Bw, 0)) = H* (Y, wly jyypg)

(see (4.10) for the complex wj, /W[[t]]). The log-crystalline cohomology is
endowed with the p-th Frobenius @ p, ) which is compatible with ®x /g
under the map

HY Y,y pwig) = H (e, w0l k1))
= Hig(X/S) ©p0s) K((t))
= Hig(X/S) @45y K((1)"

where #x 1= # Xy K[t] and Di := Dw xw K. Thus the assertion
follows. O

Proposition 4.6. Let W; ;,7;; be as in (4.4) and (4.5). Suppose that o is
given by o(t) = ct? with some ¢ € 1 + pW. Then

x/s(Mp-1ip-15) € Kilij,  Px/s(@p-1ip-15) = pwi;  mod K((t))7i;
where we use the notation (4.7).
Proof. Let V be the Gauss-Manin connection on HJg (X/5) ®Ro(s) K((1))-
Since @ x,5V = V@5, we have @y ,gKer(V) C Ker(V). Moreover, ®x/g
sends the eigencomponents H; j := Hgp (X/S)(i,]) ®4(s) K((t)) onto the
component Hy; »; as ®x/5[¢,v] = [(,v]®x/g. Therefore we have

Dy /5(Mp-1ip-1j) € Ky
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by Corollary 4.3. We show the latter. By Lemma 4.5 together with Corol-
lary 4.4, there are f;;(t),g:;(t) € K[t] such that ®x/g(W0p-1,,-1;) =
fi,j (t)(:}i’j +9ij (t)ﬁi,j~ Put Mi,j = HZ,]/K((t))ﬁZ,] TheE (I)X/S(Mp—li,p—lj) C
M; ; and ® x/s Is commutative with the connection V on M; ;. Therefore
fij(t) = Ci; is a constant as Ker(V) = K, ; by Corollary 4.3,

(4.13) D x/5(@p-1p-15) = Ci @i + gij ()i j-

We want to show C; ; = p. To do this, we recall the log-crystalline coho-
mology (4.11)

Hl.og-crys<(%p7D]F‘p)/(AW7 )) = H* (@ wﬂ”/W[[t]])

where we keep the notation in the proof of Lemma 4.5. Let Zy be the
intersection locus of Dyy. This is a disjoint union of N M-copies of Spec W.
More precisely, let P, be the point of Zy defined by x = ¢ and y = v.
Then Zw = {P¢, | (¢,v) € pn X pnp}. We consider the composition of
morphisms

/\dt Res
Wy wig — 5w (log D) =% Oz, [-1]

of complexes where Res is the Poincare residue. This gives rise to the map
R: HY (%, 0%, kg (log Dk)) — H(Zxk, Oz, ) @K P,

which is compatible with respect to the Frobenius ®x,g on the left and the

Frobenius &7 on the right in the sense that

(4.14) Ro®yx,5=pPz0oR.

Notice that ® is a F-linear map such that ®z(P¢,) = P, where F is the
Frobenius on W. We claim

(4.15) R(7;;) =0,

and

(4.16) R(@ij) =Y (WP,
C?

To show (4.15), we recall the definition (4.6). Since R(tw; ;) = 0 obviously,
it is enough to show R(tn;;) = 0. However since tn; ; = Mx'=Nyi=Mdy
by (4.5), we have

dt
R(tmj):Res( g Nyi= Mdyt> =0
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as required. One can show (4.16) as follows.

~ piNyi—1 dt
R(wi’j) = R(wi,j) = Res (M yMigldy VAN t)
MxifNyjfl Nl.Nfl
=R dy A d
€S ( yM 1 Y .I‘N 1 X
C7V

We turn to the proof of C;; = p in (4.13). Apply R on the both side
of (4.13). By (4.15), the right hand side is a; jR(w; ;), and the left hand
side is p®z o R(W,-1;,-1;) by (4.14),

CijR(@i ;) = pPz 0 R(Gp-1;p-15)-
Apply (4.15) to the above. We have

Cz‘,j (Z Ci’/jpc,u) =pdy, (Z Cpfliypflj . PC,V) =p (Z CiVjPC,u)

§7V C?V <7V

and hence Cj ; = p as required. O

Theorem 4.7 (Unit root formula). Suppose o(t) = tP. Let (i,7) be a pair
of integers (i,7) with 0 <i < N and 0 < j < M. Put

et (1) Ey, ()

]

Let s > 0 be the minimal integer such that agsﬂ) = a; and b§~8+1) = b; 2,
Put h(t) := ;:O[Fagm)jb;m) (t)]<p- Then
(4.17) et € Hip(X/S) @g(s) K(t, (t = 2)71 h(t) ™)
and

it 1—p)%th 5 it
(4.18) x5ty p15) = RONAO Fain; ()i

(1)

where 9(57“1‘)’1_ (t) is the Dwork p-adic hypergeometric function (1.1), and we
apply the convention (4.7) to the notation e;Eipr,lj. In particular e;Ei{“i’p,lj

2For any a € Z,) with 0 < a < 1, there exists ¢ > 0 such that a® = a. Let n > 0 be an
integer prime to p. For @ = I/n with 0 < | < n, the Dwork prime a(!) = k/n is characterized
by pk =l mod n and 0 < k < n. Therefore, the map a — a(? induces a bijection on the set
{1/n,2/n,...,(n—1)/n}, and it is identity if and only if p* = 1 mod n.
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s+1

is the eigen vector of @;;}9 = <I>X/5 0--:0 ‘Px/s, and

o™ 5™

2 1—t") m ,
4.19 q)s+l unit — ( LggDTVr&LI . tp eumt.
( ) X/S( ) 1;[0 (1 _tpm+1)a£m+1)+b§‘m+l) ai_ >,b§. )( ) 1,j

Notice that (1—£)%b5 ¢ Z, (¢, (1—£)~1) but (1—t)s+bs /(1—p)s +8" ¢
Zp(t, (1 —t)~1).
Proof. Since
Foo, ()
Foyp;(t)
by [12, p. 45, Lem. 3.4}, (4.17) follows. We show (4.18), which is equivalent
to
(4.21) Cx/s(lp-15p-15) = Tlig € Hir(X/S) @o(s) K((1))-
Let

(4.20) € Zp(t, (t —t*)" 1 h(t)™h)

Q : Hig(Xk/Sk) ® Hip(Xx /Sk) — Hig(Xx/Sk) = O(Sk)
be the cup-product pairing which is anti-symmetric and non-degenerate.
This extends on Hlg (X/S) ®4(s) K ((t)) which we also write by Q. Then
the following is satisfied.
(Q1) Q((I)X/S( ), q)X/S(y)) =pQ(x,y)7 for 2,y € Hig (X/S)®gs) K ((t)),

(Q2) Q(gz,gy) = Q(,y) for g = (C,v) € pn X pa,
(Q3) Q(F', F') =0 where F! = I'(Xg, Q) o /Sx ) is the Hodge filtration,
Q(V

(Q4) (z),y) + Qz,V(y)) = dQ(z,y).
Put Hyy = Hly(X/S)(i,5) ®o(s) K(1)) eigen components. By (Q2),
@ induces a perfect pairing H;; ® Hyn_;nm—; — O(S). Therefore
Q(Qi,jvﬁNfi,ij) 75 0 by (Q3) We claim

(4.22) Qi s IN—i,m—j) = 0,

(4.23) Q@i 5, MN—i,m—j) € Q™.

To show (4.22), we recall H in Corollary 4.4. Since @ is the cup-product
pairing, this induces a pairing Hx ® Hx — KJt], and hence

@:HK/LLHK KK HK/tHK — K.

Since V(7;,;) = 0, Q(7; j,IN—i,m—;) is a constant by (Q4). Therefore if one
can show Q7 j, Tn—im—;) = 0, then (4.22) follows. It follows from (Q4)
that

Q(Res(V)(x),y) + Q(z,Res(V)(y)) =0, V z,y€ Hyg/tHk
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where Res(V) is as in the proof of Corollary 4.4. Since Res(V)(w; ;) = 7 ;
and Res(V)7;; = 0 by Proposition 4.2, one has

QMg IN-ivi—5) = Q(Res(V)@ij, v —i,n—5)

= —Q(@i,Res(V)iin—im—j) =0
as required. We show (4.23). Since V(@; ;) € K((t))7; ;, we have
dQ (@i g, IN—im—j) = Q(V(@i), IN—ip—;) =0

by (4.22) which means that Q(&; j,TnN—inm—;) is a constant. Since X/S,
Q and w; j,7; ; are defined over Q((t)), the constant should belong to Q*.
This completes the proof of (4.23).

We turn to the proof of (4.21). By Proposition 4.6, there is a constant
a € K such that (I)X/S(ﬁp_li,p_lj) = an; ;. Put ¢ = Q(wi,j7ﬁN7i,M7j)
which belongs to Q* by (4.23). By (Q1), we have

Q(Px/s(Wij), Px/s(N—im—5)) = PQ(@i 5, IN—i,m—5)7 = pe,
and hence
aQ(®x/s(Wij), IN—i,M—j) = pC.
It follows from (4.22) and Proposition 4.6 that the left hand side is

paQ(@ij, IN—i,M—j) = pac.
Therefore o« = 1. This completes the proof. O

4.4. Syntomic Regulators of hypergeometric curves. Let fr: Yr —
P}% be the fibration of hypergeometric curves in Lemma 4.1 that is defined
over a ring R := Z[(n, (ur, (NM) ™Y where ¢, is a primitve n-th root of
unity in Q. Let Sg := Spec R[t, (t — t2)7] and Xp := f;'(Sr) as before.
Let X := f5'(Spec R[t,t7']) and Up := Spec R[z,y,t,t~]/((1 —2N)(1 -
yM)—t). Put Zp := X g\Ug. By the construction in Section 4.1, Z consists
of disjoint (N + M)-components, and every components are isomorphic to
Gm.r = Spec R[t,t71]. For (v1,12) € un(R) x pp(R), let

a2y =gt = {Z L e ko)

T—v’y— 1

be a Milnor symbol in Ks. Let Ko(Tz)® -2 Ki(Zp)® = (R[t,t7]")® ®
Q be the boundary map where K;( - )(j) denotes the Adams weight piece,
which is explicitly described by

ord
(.9} > (-pprarDontrt O

for)| ;L EAR

It is a simple exercise to show that 9(£) = 0 and hence & lies in the image of
K3(Xg)®@. Since Ko(Xg)? — Ka(Tg)@ is injective as Ka(Gy, g)M =0,
we have an element in K»(Xg)® which we also write by £. Let dlog :
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K2(Xg)® — (X, Qi /R)®Q be the dlog map which is given by {f, g} —

dff A dg . One immediately has
N—1M-1 d
(4.25) dlog(¢) = N~ M1 S (-t 1—1/;)7/\%7]-.
=1 j=1

Let p > max(N, M) be a prime. Let W = W(F,) be the Witt ring
and K := FracW the fractional field. Fix an embedding R — W. Write
Y =Y xgW, X := Xg xg W etc. Let D; = f~1(t = i) be the fiber at
t =i for i € {0,1,00}. By Lemma 4.1, the morphism

f : (Y> DO U (Dl)red U (Doo)red) — (Pla {Oa 1a OO})

of log schemes is smooth where (-)..q denotes the reduced part, and a
pair (V, D) denotes the log scheme whose log structure is defined by the
divisor D. The boundary Z C X consists of sections { Xy — (X = Yy = 0}
and {Yp — "Y1 = Xy = 0} in the equation (4.1). One easily sees that the
closure Z C Y in Y also consists of sections which are disjoint, and each
section intersects with regular reduced locus of D; transversally for every
i € {0,1,00}. For ¢ € 1+ pW, there is a p-th Frobenius o on the weak
completion @(S) given by o(t) = ct? compatible with the Frobenius on
W. This setting is under the setting in [4, §4.1], so that the comparison
map

0(9)k ®o(sx) Hir (U /Sk) — Hisy(Ug /S5)

is bijective, and the symbol map
[Juys = K3'(0(U)) — Extiypios.e)(@s, H' (U/9)(2))
is defined. Since the Milnor symbol ¢ € K2 (0(U)) has no boundary at
X\ U, the symbol map [~]y/g also defines a 1-extension
(4.26) 0 — HY(X/S)(2) — M¢(X/S) — O5 — 0

in the exact category Fil-F-MIC(S,0) ([4, Prop. 4.3]). Let e €
Fil’ M¢(X/S)ar be the unique lifting of 1 € @5(S). Let Eél’])(t) and E,(:’])(t)
be defined by

ee — q)(eg)
N—1M-1 . o
427) =NTM ST ST (@)@ - ) (i a5 ()]
i=1 j=1
N—-1M-1 ) ) (. A) (. A)
(4.28) = NTMT Y Y (1= w1 - v B (0 + ESD (7).
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Notice that z-:(i’j )( t) and E,g” )(t) depend on the choice of the Frobenius o.

The relation between 5,({: )(t) and E,(c” )(t) is explicitly given by

(429) e (1) = BT () F, 0, (07— t(1 - )N EL, (DS (1)

(4.30) e () = —bit(1 — ) Fy, (O ESD(2).

By the definition 655” )(t) are automatically overconvergent functions,
ety e Kt (t — )71,

On the other hand, since F, C’thj (t)/Fa;p;(t) is a convergent function

(cf. (4.20)), s0 is E\9(8)/Fyy i, (2),

E§i’j)(t) 2y—1 1 .
4.31 K{t, (t—t°)"", h(t)” h(t) := F () o) (T
(4.31) Fa-bj(t)e (t, ( )7L R()TT), h(D) ]__[[ ) ) ()] <p
(%) mf(]
where s > 0 is the minimal integer such that agsﬂ) = q; and b§8+1) =b;.

The following is the main theorem in this paper, which provides a geo-
metric aspect of %, é? (t) the p-adic hypergeometric function of logarithmic

type defined in Section 3.1.
Theorem 4.8. Suppose p > max(N, M). We have

(4.4)
By ()
4.32 L = —Z\7 (1.
( ) Faz,bj (t) a“b] ( )
Hence

e — P(eg)
]:
modulo 37, + K (t, (t — t2), h(t)"He umt.
Proof. The Frobenius o extends on K((t)), and ® also extends on
K((t)) ® HéR(X/S) = Hl%)g-crys((%pa DFP)/(AI/V’ O)) ®W[[t]] K((t))

in the natural way where the isomorphism follows from (4.12). Apply the
Gauss-Manin connection V on (4.28). Since V& = ®V and V(e) =
—dlog¢ ([4, (2.30)]), we have

P . di
(4.33) (1—®) ( N Z Yo (=1 -y j)tww)
i=1 j=1

N—1 M- 1 o L.
(4.34) = N~'M! 1)1 =1y )V (EP (@5 + ES (1))
=1 :1

.
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by (4.25). Let ®x/g denote the p-th Frobenius on Hrlg(XFp/SFp)- Then the

® on H},(X/S)(2) agrees with p~2®y /g by definition of Tate twists. It

follows from Proposition 4.6 that we have
D x/g(@p-1p-15) = pwij; mod K((t))7;
where m € {1,..., N — 1} with pm = n mod N. Therefore

_ . 1N 1M-1 B . ﬁ~'
(4.33) = -N'ME YT ST (1o )11 7) (o, (1) Fo,m(t ))twm
i=1 j=1 v

modulo >, ; K((t))7i;. On the other hand,

N—-1M-1
@3)=N"'M'3 Y (1 —u)(1—u iy L gD gy . s,
< r 2 Mt £
i=1 j=

mod ) K((t))7,

,J
by Proposition 4.2. We thus have
(1.35) FSED0) = — oy, (0)+ Fyg (1),
and hence
B8 (1) <C+/ Fayp;(t) = F, ) b(l)(ta)it)

for some constant C' € K. We determine the constant C' in the following
way. Firstly EEZ’])(t)/Fai’bj (t) is a convergent function by (4.31). If C' =
Up(ai)+ (b)) + 29, —plog(c), then ES™(1)/Fy,,(t) = FL7) (#) belongs
to K (t, (t— t2)=1 h(t)~1) by Corollary 3.4. If there is another C’ such that
EU (1)) Fayp, () € K (t, (£ — £2)71, h(£)™1), then it follows
c-c
Faiybj (t)

We show that this is impossible. We recall from Theorem 4.7 the for-
mula (4.19)

€ K(t, (t—t3)71 ()™,

(m) 4 (m)
e R
q)erl unity _ ( ng P el}mt
ws(eis’) ngo (1 — ™% a4 aﬁm)vbgm)( )] €id

(1 — t)aﬁ-bj Fai,bj (t) eun.it
L0 ) By, (@)
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Iterating @;j/ls to the above, we have

w(t)

((I)S"H ) (eunit) _ (1 B t)ai-i_bj Faivbj (t) el.mit
X/S 1,7 - (1 o tp"(erl))aierj Fa b.(tpn<5+1)) ij
1977

Put ¢ := p"*tD. Let a € W satisfy a? = a and (a — a®)h(a) # 0 mod p.
Then the evaluation () is a root of unity. Suppose g(t) := Fy ()" €
K{t, (t—t)7L h(t)™1). Let g(t) = (t—a)¥go(t) with go(t) € K (¢, (t —t>)~!
h(t)~1) such that go(a) # 0. Then we have

Fap, () | _ (#7—a)Fgo(t7)
F(Iivbj (tq) t=a (t - a)kgo (t) t=a
Since the first evaluation is a unit in W, we have k = 0. Thus an eigen value

of (@}qé;g) lt=a is a root of unity. This contradicts with the Weil-Riemann
hypothesis. O

= (qa® )" = ¢~

Theorem 4.9 (Syntomic Regulator Formula). Let o € W such that o #
0,1 mod p. Let oo be the Frobenius given by t° = F(a)a PtP where F is
the Frobenius on W. Let X,, be the fiber att =« (& A =1—«), which is
a smooth projective variety over W of relative dimension one. Let

regun + Ko(Xa) — Hgp(Xa, Qp(2)) = Hig(Xa/K)

syn

be the syntomic regulator map. Then

N - )= ) 6 (i)
TeLsyn f‘Xa = Z Z [51 (a)wiJ + &3 (Oé)’l’]i,j].
i=1 j=1 NM
Proof. This follows from [4, Thm. 4.4]. O

Corollary 4.10. Let the notation and assumption be as in Theorem 4.9.
Suppose further that h(a) # 0 mod p where h(t) is as in (4.31). Let
e‘]‘\}“tZM be as in Theorem 4.7, and Q : Hip(Xo/K) ® Hiz (Xo/K) —

H3 ( Q/K) = K the cup-product pairing. Then we have

Q(regsyn(ﬂXQ) euNn1th ])

1— v (1 = vy ou i
*( 1]\2](\4 2 )géhbj)(a)Q(wz]veN tzM j)

Proof. Noticing Q(e ;“]“t,e‘j\}“tl m—j) = 0 by (4.22), this is immediate from
Theorem 4.9. g
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4.5. Syntomic regulator of the Ross symbols of Fermat curves.
We apply Theorem 4.8 to the study of the syntomic regulator of the Ross
symbol [26]
{1—-z,1-w}e Kh(F)®Q

of the (projective smooth) Fermat curve F' defined by an affine equation
N 4 wM =1 over a field K of characteristic zero. The group un X par
acts on F by (e1,€2) - (z,w) = (e12,e2w). Let Hiz (F/K)(i,j) denote the
subspace on which (£1,&2) acts by multiplication by £%¢}. Let

I= ZP[1<i<N-1,1<j<M-1, = #£1
(1ez]icienrics e bo bt
then
Hir(F/K)= @ Hir(F/K)(i,j).
(i5)el

Each eigen space HdR(F /K)(z j) is one-dimensional with basis
27w Mdy = —-N~'M 2z ~Nwi=tdw, and

H\ (F/K)(i,j) c I'(F,QL — Ltid

ar(F/K)(i,j) C I'(F,Qp/k) ~ 3 <

(e.g. [15, §2]). In particular, the genus of F is 1+ 3(NM — N — M —
ged(N, M)).

Theorem 4.11. Let p > max(N, M) be a prime and W = W (F,) the Witt
ring and K = Frac(W). Let F be the Fermat curve defined by an affine
equation 2z 4+ wM =1 that is smooth and projective over W. Let

regyyn : Ko(F) © Q — Hiy, (F.Qp(2)) = Hip (F/K)
be the syntomic regulator map and let A% € K be defined by

regsyn({l z,1 —w}) = Z AT g1y 1i—M g,
(i)l

Suppose that (i,j) € I satisfies

(436) ()~ +L <1, (i) [Fe 2 (O)eplios £0modp, ¥n>1,

N M i
where f(t)|i=q denotes the evaluation f(a) att = a. Then we have
(4.37) A = Z) (1)
N ]VI

where o = o1 (i.e. o(t) =1P).

The following lemma gives a sufficient condition for that the condi-
tions (4.36) are satisfied.
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Lemma 4.12.

(1) Let a,b € Zy. Then [Fop(t)]<pnlt=1 # 0 mod p for all n > 1 if
and only if [F, ) o (t)]<plt=1 Z 0 mod p for all k > 0 where ak)
denotes the Dwork k-th prime.

(2) Let ag,bp € {0,1,,...,p — 1} satisfy a = —ag and b = —by mod p.
Then

F(l “+ ag + bo) (ao + bo)'
Fu(t 1= = d p.
[ ’b( )]<p|t ! F(l + ao)F(l + bo) ao'bp! modp

In particular
[Fa,b(t)]<p‘t=1 ?—é 0 S ag + b() <p-— 1.

(3) Suppose that N|(p—1) and M|(p—1). Then for any (i,j) such that
0<i<Nand0<j< M andi/N+j/M < 1, the conditions (4.36)
hold.

Proof. (1) is a consequence of the Dwork congruence (1.2). We show (2).
Obviously [Fyp(t)]<p = [Foag,—b (t)]<p mod pZp[t], and [F_,; —p,(t)]<p =
F_q,—b,(t) as ag and by are non-positive integers greater than —p. Then
apply Gauss’ formula (e.g. [22] 15.4.20)

a,b I'(e)l'(c—a—10)
F ;1) = , Re(c—a—10)>0.
2 1( c ) I'(c—a)l(c—b) ele—a=b)
To sce (3), letting a = i/N and b = j/M, we note that a®®) = a, b*) =
and ap = i(p—1)/N, bp = j(p—1)/M. Then the condition (4.36) (ii) follows
by (1) and (2). O
Proof of Theorem 4.11. We show that the theorem is reduced to the case
M = N. Let L be the least common multiple of M, N, and F} the Fermat
curve defined by an affine equation Iy : zf + wf = 1. There is a finite
surjective map p : Fy — F given by p*(2) = 21 p*(w) = wP where AN =
BM = L. There is a commutative diagram

K(F1) ® Q —= HZ, (F1,Qp(2))

Px lp*

Ks(F) ® Q —— HE,,\(F,Qy(2))

with surjective vertical arrows. It is a simple exercise to show that p,{1—2z1,
1—w}={1-21-w}and p*(Lflzi_lw{_Ldzl) = M1 i =My if
(i,7) = (I’A,j’B) and = 0 otherwise. Thus the theorem for F can be
deduced from the theorem for Fj. O

We assume N = M until the end of the proof. Let f : Y; — ]P’II/V be the
curve (4.1), which has bad fibers at ¢ = 0,1,00. Let A := 1 — ¢ be a new
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parameter, and let A}’ = A. Let Sp := Spec W[\, (1 — A)Y)7!] — P}, and
So := Spec W[Ao, \g', (1 = A§)) '] C So. Let X := Yy xpy 5. Then X
has a unique singular point (x,y, Ag) = (0,0,0) in an affine open set

Us = Spec Wz, y, Ao, (1 = A)) /(@ yN — 2™ —yV = A]) € X..

Let Xo — X, be the blow-up at (z,y, A\g) = (0,0,0). Then Xy — Spec W
is smooth, and the morphism

(438) f() . Xo —— §0

is projective flat such that Xy := f(;l(So) — Sy smooth and fy has a
semistable reduction at Ao = 0. The fiber Z := f~1(\g = 0) is a reduced
divisor with two irreducible components F' and E where F' is the proper
transform of the curve zNyN —2V —yN =0 = NtV =1 (z =27 w =
y~!), and F is the exceptional curve. Both curves are isomorphic to the
Fermat curve vV + v = 1. Moreover E and F intersects transversally at
N-points.

We recall the Ks-symbols £(v1,v2) in (4.24). We think them to be ele-
ments of K2(Xo) ® Q, and put

NN (4 1\N
E:= > f(l/l,Vg):{(iN _1)1 ,(ZN _1)1 } € K»(Xo) @ Q.

(v1,v2)EuN X pN

Then the restriction of = on F is
{1=2)" (1 =)} {1 -2V, 1 "}
1= - w)N {1 -2 1w
={1-2", @ —w)"} = {(1 - )", 2"}
—{w", (1 =)™} + {w", 1 - ™}
=N?{1—21—-w).
This is the Ross symbol. We thus have
(4.39) N? regsyn({l —z,1—w}) = Z regsyn(g(yl, )| F).
(vi,v2)EpNXpN
Write £ = &(v1, 12) simply. Let o be the p-th Frobenius on W|\g, /\61] such
that o(t) = * < o(\) = (1 — (1 — AV)P)~. Recall (4.27) and (4.28),
ce—Pale) = N> D0 (1)1 =1 )ler ) (Dwiy + by (i
1<i j<N-1

=N Y Q- - B (@i + B ()74]
1§z‘,j§N71
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where we write “(-),” to emphasize that they depend on o. Let 7 be the
p-th Frobenius on W[Ag] such that 7(\g) = Aj. Let

(4.40) e — P, (ec)

=N Y ) - ) Vi + 25 (Vi)
1<4,j<N-1

be defined in the same way. This is related to (4.39) in the following way.
Let A := Spec W[\] — So, and 2" := f~1(A). We have the syntomic
regulator
regsyn(&) € szn(%azp(Q))
in the syntomic cohomology group. We endow the log structure on A (resp.
Z") defined by the divisor O = Spec W[Ag]/(Mo) (resp. E + F') which is
denoted by the same notation O (resp. E + F'). Let wg /A be the log de
Rham complex for (2, E+F)/(A, O). Recall the log syntomic cohomology
groups (e.g. [29, §2])
Hl ((X7 M)7ZP(]))

syn
of a log scheme (X, M) satisfying several conditions (all log schemes ap-
pearing in this proof satisfy them) Moreover one can further define the
syntomic cohomology groups Syn((% E+F)/(A,0,7),Zy(5)) following
the construction in [4, §3.1], where we note that 7 induces the p-th Frobe-
nius on (A, O) (while so does not o). Let

(2, Zp(2))
— H2 ((%’E + F)/(AaO’T)a (2)) <— Hzar(%?w;[/A)

syn

syn

be the composition of natural maps. We endow the log structure on F
defined by the divisor T' := ENF which is denoted by T'. Put U := F'\T'. Let
Wy 1= QF/W(logT) the log de Rham complex for (F,T)/W.Let ¢ : F — 2

be the closed immersion. Then there is a commutative diagram

syn(% Z ( )) HSQyn((F7T)7ZP(2))
)
zar(‘% w%/A) - Hzar(F wF) HéR(U/K)

W((Mo)) ® Hir(Xo/So)

and we have

(4.41) (¢" 0 pr)(regeyn(§)) = regyym (€|F) € Hor (U/K).
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Moreover it follows from [4, Thm. 4.5] that

(4.42) (w0 pr)(regeyn(€)) = B(ee) — ec € W((h)) ® Hir(Xo/So)-

Note that Hiz (F/K) — Hiz(U/K) is injective, and the above element
belongs to the image of H)i(F/K), so that we may replace H}g (U/K)
with Hlg (F/K) in (4.41).

Write Xo x := Xo xw K etc. Let Ag := Spec K[A\o] and 2% := X X3,
AK. Put

Hi = H' (2, 0%, a,) = K((X0)) ® Hig(Xo/S0).

Lemma 4.13. Put s := (a;+0bj)N which is a positive integer. If a;+b; < 1,
then the eigencomponent Hy (i,j) is a free K[Xo]-module of rank two with
a basis {w; j, \Jni;}-

Proof. This is proven in the same way as the proof of Corollary 4.4. O

Lemma 4.14. Let 1 <1i,j < N —1 be integers, and put a; :=1—1i/N and
bj:=1—j/N. Put

_ - -m?) 1 qn—1 Fa51>7b§1>(t) 7
Fnll) = Frigt) 1= = : N2 : Fop,(t) (dtn 1 ( ¢

a;,b 3

forn € Z>1. Then

(i) - *t”)" ! S Fan () )
e1 (N —%Z, Z ———p  ful(t) + b5 W%T (A)

Notice that f,(t) is a convergent function on the rigion {[Fg, s, (t)]<pn Z0}
by [12, p. 37, Thm. 2, p. 45 Lem. 3.4]

Proof. The relation between 52 ’])( t) and 5,(55)@) is the following (e.g. [13,
6.1], [18, 17.3.1))

(4.43) D, (eg) — Dyleg) = Z _t -t SO e

where 0; = V 4 is the differential operator on M¢(X/S)qr. By (4.25),
dt

— (1= vy
o=y mmu-wn

2
1<i,j<N-1 N ¢
_ (L= v )1 = 157) Fap, (t)
- Z N2 t Wi,j-

1<, j<N—1
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Let nf; := (1—t) "4 b Fy p (£) 'y € Hig(X/S)QK(t, (t—*)"1, h(t) ™)
where h(t) = [IN_, F (m) ,om (t) with N > 0. By Proposition 4.2,
AL

(1—vy )(1—1/ )d” L Fp () - _
e =— > - | @i+ (- )iy
1<i,j<N-1 N2 dgn=! t
and hence
000 ()= Y P faag(t) mod KU, (t— )71 h(H) D
1<, j<N-1

by Proposition 4.6. Take the reduction of the both side of (4.43) modulo
K{t, (t—t>)71, h(t)_1>n;j. We then have

F (t) . . 00 (4T _ ¢o\n
(i§) (1) 1y 1 o () () L) gy = ( )
817' ()\) 810 ( ) b] Fai,bj (t) (52,7 ()\) E2,0' (t)) - — n! p fn(t)
On the other hand,
Fly () o
E&Zg)(t) —_ gz( o) ()+b_1 isb E(%])(t)

el Fal,bj (t) 7
by (4.29), (4.30) and Theorem 4.8. Hence
(i) © =S =" 1 Fain, @ i)
e1; (A — ﬁal,bj( )= Z P fa(t) + 05 W%,T (A\)

n=1

as required. O
Lemma 4.15. If a; +b; < 1, then
ordy—q(e (’J)()\)) >0 and ordAzo(sg f)()\)) > 1.
Proof. Since eg — ®,(e¢) € Hg, we have
el Mwiy + 8D (Vi j € Hie (i, ).
If a; + b; < 1, then this means
PO Mg e () € Kl
by Lemma 4.13. Since s = (a; + b;) N < N, the assertion follows. g

Lemma 4.16. If a; +b; < 1 and Fy,p;(1)<pn #Z 0 mod p for all n > 1,
then
7(0) = 27) (1)

a;,bj
where the left hand side denotes the evaluation at A =0 (< t =1) and the
right hand side denotes the evaluation at t = 1. Note that the left value is
defined by Lemma 4.15.
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Proof. This is straightforward from Lemma 4.14 on noticing that
Féi,bj (t)/Fa; p;(t) and f,,(t) are convergent at ¢ = 1 by [12, p. 45, Lem. 3.4]
under the condition that [Fy, 5, (t)]<pn|i=1 #Z 0 mod p for all n > 1. O

We finish the proof of Theorem 4.11. Let (¢, j) satisfy a; + b; < 1. Let
pT(regsyn(g))(Za J) € HK(Za J)

be the eigencomponent of v (regy,, (§)), which agrees with

N1 = o) (1 = ) eV (B)wig + 5D (i)

1,7

by (4.40) and (4.42). It is straightforward to see t*(w; j) = N2V~ 1lwidz.
Then

el Nwig + 57 Vi)
— "D A5 gm0 - ¢ (@ig)+ (A5 a5 AE))rg=0 - *(Ngi)]  (Lemma 4.13)
(

= Eng] 0)- NzN""lwidz (Lemma 4.15 and s < L)
= 0@572’](1) NNz (Lemma 4.16).
Therefore

regan(élr) = —N72 3 (1— 7)1 —1y")Z0) (1NN "Lwdz

ai+b]-<1 !
+ > ()

a;+a;>1

by (4.41). Taking the summation over (v1,12) € pun X ppr, we have

N2regsyn({1—z,1—w}) =— Z ﬁé:%j(l)NzN*iflwfjdz—k Z (+)
a;+ta; <1 a;ta;>1
by (4.39). This finishes the proof of Theorem 4.11.

In [26], Ross showed the non-vanishing of the Beilinson regulator
regp{l — 21— w} € HL(F,R(2)) = Hb(F,R)F=""1

of his element in the Deligne—Beilinson cohomology group. We expect the
non-vanishing also in the p-adic situation.

Conjecture 4.17. Under the condition (4.36), ff(f)j (1) #0.
N

By the congruence relation for %, Q(U) (t) (Theorem 3.3), we have

O, ()40 = 67,
N°M N’>M

(t)]<prlt=1 #0 mod p" for some n > 0.

A number of computations by computer indicate that this holds (possibly
n # 1). Moreover if the Fermat curve has a quotient to an elliptic curve
over Q, one can expect that the syntomic regulator agrees with the special
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value of the p-adic L-function according to the p-adic Beilinson conjecture
by Perrin-Riou [23, 4.2.2]. See Conjecture 5.7 below for detail.

4.6. Syntomic Regulators of Hypergeometric curves of Gauss
type. Let W = W(F,) and K = FracW. Let N > 2, A,B > 0 be in-
tegers such that 0 < A,B < N and gcd(N,A) = ged(N,B) = 1. Let
XGauss,x — Spec K[\, (A — A?)~1] a smooth projective morphism of rela-
tive dimension one whose generic fiber is defined from an affine equation

oV = A (1 —w) P - )N,

We call Xqauss,k the hypergeometric curve of Gauss type ([1, §2.3]). The
genus of a smooth fiber is N — 1. Let X be the hypergeometric curve in
Section 4.1 defined by an affine equation (1 —z™V)(1 —y") = t. Then there
is a finite cyclic covering

—-N

p*(u) ==
(4.44)  p: X xww K — Xgauss k> { p*(v) = 27 A(1 — 2~ N)yN-B
prA)=1-t

of degree N whose Galois group is generated by an automorphism g4 p :=
(€5, CR,A] € un(K) x un(K) (see (4.2) for the notation) where (y is a fixed
primitive N-th root of unity (p is a generalization of the Fermat quotient,
e.g. [15, p. 211]).

Suppose that IV is prime to p. We construct an integral model Xaauss
over W in the following way. The cyclic group (ga,p) generated by ga g
acts on X, and it is a free action. We define Xgauss to be the quotient

f : XGauss dZEf X/(QA,B> — S = SpeCW[t, (t - tQ)_l]'

of X by the cyclic group (ga p). Since it is a free action, Xgauss is smooth
over W. The cyclic group pun(K) x un(K)/(g9a,B) acts on Xqgauss, i, and
it is generated by an automorphism h given by (u,v) — (u, C&lv). For an
integer n, let V' (n) be the eigenspace on which h acts by multiplication by
Cp for all (v € pn(K). Then the pull-back p* satisfies

(4.45) p*(Hig (Xcauss.x/Sk)(n)) = Hig (Xk/Sk)(nA,nB), 0 <n< N

and the push-forward p, satisfies

(4.46)  pu(Hir(Xx/SK)(i, )

_ HcllR(XGauss,K/SK)(n) (1,7) = (nA,nB) mod N
0 otherwise

for 0 < 4,5 < N. Put
(4.47) Wn 1= Px (WnA,nB)a Mn = P*(TlnA,nB)
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a basis of H}p (Xgauss k/SK)(n) (see (4.7) for the notation (- )n4n5). Re-
call e;‘fft from Theorem 4.7. Put

63““ = P*ezr}}i,tnB € H5R<XGauss7K/SK)(n) ® K(t,(t - t2)717 h(t>7l>
for 0 < n < N. Notice that p*(wn) = Nwpang, p*(n) = Nnpanp and
preptt = Nept o by (4.45) and (4.46) together with the fact that p.p* =
N. We put
(4'48) gGauss = é-GaUSS(V].a VZ)

= p*ﬁ(l/h VQ) S KQ(XGauss)(Q) C K2(XGauss) & Q

where £(1v1, 12) is as in the beginning of Section 4.4. Let o, be the Frobenius
given by t7 = ct? with ¢ € 14+pW. Taking the fixed part of (4.26) by (g94,B),
we have a 1-extension

0 — H'(XGauss/9)(2) — Meg,...(Xcauss/S) — Os — 0

in the exact category Fil-F-MIC(S). Let eg, ... € Fil° Me,....( Xcauss/S)dr
be the unique lifting of 1 € £(S).

Theorem 4.18. Put a, := —nA/N — |-nA/N| and b, := —nB/N —
| -nB/N|. Let h(t) = TI;,—o [Faglm>7b%m> (t)]<p where s is the minimal integer

such that (a%s—H), bﬁf“)) = (Gn,by) for alln € {1,2,...,N —1}. Then

N-1 —nA —nB
1—v 1—v o
_ Z ( 1 ]i[g 2 )j\én’)bn (t)wn

n=1

e&-Gauss - (b(egGauss)

modulo Y NTVK (¢, (t — t2), h(t) " ')emnit,

n

Proof. This is immediate by applying p, on the formula in Theorem 4.8. [J

Corollary 4.19. Suppose p > N. Let a € W such that a # 0,1 mod p. Let
oq be the Frobenius given by t° = F(a)a PtP where F is the Frobenius on
W. Let XGauss,a be the fiber at t = a (& X =1 — a), which is a smooth
projective variety over W of relative dimension one. Let

I“Ggsyn : KQ(XGauSS,a) — szn(XGauss,aa Qp(2)) = HéR(XGauss,a/K)

be the syntomic regqulator map. Let Q) be the cup-product pairing on
H&R(XGauss,a/K)- Then

Q(reguyn (Ecanss|x. ), €8%) = N 721 ™) (1-15 ") Z7%) (0)Q(wn, €25).

Proof. This is immediate from Theorem 4.18 on noticing Q(el™¢, einit) = (

for any n, m, cf. Corollary 4.10. g
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4.7. Syntomic Regulators of elliptic curves. The methods in Sec-
tion 4.4 work not only for the hypergeometric curves but also for the elliptic
fibrations listed in [1, §5]. We here give the results together with a sketch
of the proof because the discussion is similar to before.

Theorem 4.20. Let p > 5 be a prime number. Let W = W(F,) be the
Witt ring and F := Frac(W) the fractional field. Let f : X — P\ {0,1, 0}
be the elliptic fibration over W defined by a Weierstrass equation 3y? =
223 — 322 + 1 —t over W. Put w = dx/y. Let

' y—x+1 t
$:= {y+w—1’2(m—1)3
Let a € W satisfy that a # 0,1 mod p and X, has a good ordinary reduction
where X, is the fiber at Spec W[t]/(t — a). Let eunit € Hir(Xa/K) be the
etgen vector of the unit root with respect to the p-th Frobenius ®. Let o,
denote the p-th Frobenius given by o4(t) = F(a)a PtP. Then, we have

Qregayn(€lx.), eunt) = 173 ()Q(w, euni)

Sketch of the proof. Let U C X be the complement of divisors {y =
+(z — 1)}, {x = 1} and {z = oo} so that the symbol £ lies in the image
of K}1(0(U)). It is not hard to construct an elliptic fibration f:Y — P},
such that the union the closure of X \ U and singular fibers of f is a rela-
tive simple NCD over W and that the multiplicity of any component of the
singular fibers is at most 6. Therefore this setting is under the setting in [4,
§4.1]. Let & be the fiber over the formal neighborhood Spec W[t] < Pi;..
Let p : Gy, — & be the uniformization, and u the uniformizer of G,,. Then
we have

} € Ky(X).

du
*w = F(t)—
prw ()u

and a formal power series F'(t) € W{t] can be computed by the usual
method of the Picard-Fuchs equation. One sees that F'(t) is a solution of
the differential equation

d2y dy 5
t—1?)— + (1 —2t)=2 — —y =
( )2 T ) "3V =0

and therefore it agrees with the hypergeometric power series

15
Fis(t) =2k (6’16 ;t>

up to scalar. Looking at the residue of w at the point (x,y,t) = (1,0,0),
one finds that the constant term of F'(¢) is 1, and hence we have
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It is straightforward to show

dx dt dt

dl =——=wA—.

0g (&) A
Then the rest of the proof goes in the same way as the proof of
Theorem 4.8. 0

The following theorems are proven by the same argument as in the proof
of Theorem 4.20.

Theorem 4.21. Let p > 3 be a prime and W = W(F,) the Witt ring.
Let f: X — P\ {0,1,00} be the elliptic fibration over W defined by a
Weierstrass equation y*> = x3 + (3z + 4t)%, and

- {y—3x—4t y+3x+4t}

o -8t 8t '
Then, under the same notation in Theorem 4.20, we have
Q(regsyn(ﬂXa)u eunit) = 39505) (G)Q(wv eunit)-
3’3

Theorem 4.22. Let p > 3 be a prime and W = W(F,) the Witt ring.

Let f: X — P\ {0,1,00} be the elliptic fibration defined by a Weierstrass
equation y* = 23 — 222 + (1 — t)z, and
(y—(x—-1) —tx
= {y+($—1)’ (56—1)3}'
Then, under the same notation in Theorem 4.20, we have

Q(regsyn(g‘xa)v eunit) — g(ga)(a)Q(w’ 6uni‘c)-

13
11

Remark 4.23. The syntomic regulator in Theorem 4.21 is also considered
in [4, Thm. 4.8], where the authors give a full description of the element
reg.n(€lx,) in Hip(Xa/K) (not only the cup-product with a unit root
vector).

5. p-adic Beilinson conjecture for elliptic curves over Q

5.1. Statement. The Beilinson regulator is a generalization of Dirichlet’s
regulators of number fields. in higher K-groups of varieties. He conjectured
the formulas on the regulators and special values of motivic L-functions
which generalize the analytic class number formula. For an elliptic curve E
over Q, Beilinson proved that there is an integral symbol ¢ € Ka(E) such
that the real regulator regy(§) € HZ(FE,R(2)) = R agrees with the special
value of the L-function L(F,s) of E,

regg(§) ~gx L'(E,0) (<= regg(§)/L'(E,0) € Q%)
where L'(E,s) = £ L(E, s) ([5, Thm. 1.3)).
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The p-adic counterpart of the Beilinson conjecture was formulated by
Perrin-Riou [23, 4.2.2], which we call the p-adic Beilinson conjecture. See
also [10] for a general survey. Her conjecture is formulated in terms of the
p-adic etale regulators (which are compatible with the syntomic regulators
thanks to Besser’s theorem) and the conjectural p-adic measures which
provide the p-adic L-functions of motives. However there are only a few
of literatures due to the extremal difficulty of the statement. In a joint
paper [3] with Chida, we give a concise statement of the p-adic Beilinson
conjecture by restricting ourselves to the case of elliptic curves over Q.

Conjecture 5.1 (Weak p-adic Beilinson conjecture). Let E be an elliptuic
curve over Q. Let p > 2 be a prime at which E has a good ordinary reduc-
tion. Let Eg, := ExqQ, and let ewnit € Hip(Xa/K) be the eigen vector for
the unit root ag, of the p-th Frobenius ®. Let L,(E, x, s) be the p-adic L-
function by Mazur and Swinnerton—Dyer [20]. Let Q : Hip (Eq,/Qp)®* —
HdQR(EQp/@p) = Qyp be the cup-product pairing. Let

regun : Ko(E) = Hiy (B, Qp(2)) = Hap(Eg,/Qp)

be the syntomic regulator map. Fix a regular 1-form wg € I'(E, QJIE/Q)' Let
w : Zy — pp-1 be the Teichmiiller character. Then there is a constant
C € Q* which does not depend on p such that

Q (regsyn (6) ) eunit)

Q (O.JE, 6unit)

(1—pag)) = CLy(E,w™1)0).
In [3, Conj. 3.3], we give a precise description of the constant C' in terms
of the real regulator.

5.2. Conjecture on Rogers—Zudilin type formulas. In their paper
[25], Rogers and Zudilin give descriptions of special values of L-functions of
elliptic curves in terms of the hypergeometric functions sF5 or 4F3. Apply
theorems in Section 4.7 to Conjecture 5.1, we have a statement of the p-adic
counterpart of the Rogers—Zudilin type formulas.

The following is obtained from Conjecture 5.1 and Corollary 4.19 (note
that the symbol (5.1) below agrees with {gauss|x, in Section 4.6 up to a
constant).

Conjecture 5.2. Let X — P! be the elliptic fibration defined by a Weier-
strass equation y*> = x(1 — z)(1 — (1 — t)x) (i.e. the hypergeometric curve
of Gauss type, cf. Section 4.6). Let X, be the fiber at t = a € Q\ {0,1}.
Suppose that the symbol

Jy—-1+=x ax?
(5.1) o = {y—i—l—x’ (1_x)2} € Ka(X,)
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is integral in the sense of Scholl [27]. Let p > 2 be a prime such that X, has
a good ordinary reduction at p. Let o4 : Zp[[t] — Zy[t] be the p-th Frobenius
given by o,(t) = a’"PtP. Let ax, p be the unit root. Then there is a rational
number C, € Q* not depending on p such that

(1- pa}i,p)yg;)(a) = CaLp(Xa, w™',0)
where w s the Teichmiller character.

Here are examples of a such that the symbol (5.1) is integral (cf. [1, 5.4])

1 1 1 1
a=—1,42,44, 48 +16,+—, 4= += +—.
277874716

F. Brunault compared the symbol (5.1) with the Beilinson-Kato element
in case a = 4 ([3, App. B]). Then, thanks to the main result of his paper [7],
it follows that regy,,(£a) gives the p-adic L-value of X4 (see [3, Thm. 5.2]
for the precise statement). We thus have

Theorem 5.3. When a = 4, Conjecture 5.2 is true and Cy = —1.
We obtain the following statements from Theorems 4.20, 4.21 and 4.22.

Conjecture 5.4. Let a € Q\ {0,1} and let X, be the ellptic curve over
Q defined by an affine equation 3y*> = 22% — 322 + 1 — a. Suppose that the
symbol

(5.2) {y—x—i—l a

y+x—1’2(:r—1)3} € Kol X)

is integral. Let p > 5 be a prime such that X, has a good ordinary reduction
at p. Then there is a rational number C, € Q* not depending on p such
that

ag

(1 - paxt )78 (@) = CaLp(Xa,w™L,0).

66

oot

There are infinitely many a such that the symbol (5.2) is integral. For
example, if a = 1/n with n € Z>9 and n = 0,2 mod 6, then the symbol (5.2)
is integral (cf. [1, 5.4]).

Conjecture 5.5. Let a € Q\ {0,1} and let X, be the ellptic curve over Q
defined by an affine equation y*> = 23+ (3z 4 4a)?. Suppose that the symbol

{y—3:c—4a y+3z+4a
—8a 8a
is integral. Let p > 3 be a prime such that X, has a good ordinary reduction

at p. Then there is a rational number C, € Q* not depending on p such
that

(5.3) } € Ka(X,)

ag

S

(1 - paxt )71 (@) = CaLp(Xa,w ™1, 0).

3

[SM[N)
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If a = gl with n € Z>; arbitrary, then the symbol (5.3) is integral

Conjecture 5.6. Let a € Q\ {0,1} and let X, be the elliptic curve over
Q defined by an affine equation y* = 23 — 202 + (1 — a)z. Suppose that the
symbol

—(r—1 —ax
(5.4 (P e ) e el

is integral. Let p > 2 be a prime such that X, has a good ordinary reduction
at p. Then there is a rational number C, € Q* not depending on p such
that

(1 - ana,p)‘gzg

79 (a) = CuLp(Xa,w™",0).
4’4

If the denominator of j(X,) = 64(1+3a)3/(a(1 —a)?) is prime to a (e.g.
a=1/n,n € Z>3), then the symbol (5.4) is integral.

From Corollary 4.10 and Theorem 4.11, we have the following conjec-
tures.

Conjecture 5.7. Let a € Q\ {0,1} and let X, be the ellptic curve over Q
defined by an affine equation (x? —1)(y?> — 1) = a. Suppose that the symbol

r—1 y—1
5.5 —_— Ko (X,
55 (E ) e )

is integral. Let p > 2 be a prime such that X, has a good ordinary reduction
at p. Then there is a rational number C, € Q* not depending on p such
that

(1= pax, )1 (1) = CaLp(Xa,w ™, 0).

If the denominator of j(X,) = 16(a®? — 16a + 16)3/((1 — a)a*) is prime
to a (e.g. a = +2", n € {£1,+2,£3}), then the symbol (5.5) is integral.

Conjecture 5.8. Let F yr be the Fermat curve defined by an affine equa-
tion 2V + w™ = 1, and F5, the curve 22 = wt+ 1. Let 0 = o1 (e
o(t) = t?). Then there are rational numbers C,C',C" € Q* not depending
on p such that

(1- pa;“sls,p)y

—_—
q
2

B e = — W

(1) = CLP(F373,W_1, 0),

(1) = C/LP(FQA, wil, 0),

)

(1) = C"Ly(F54,w™",0).
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