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On the Finiteness of Perfect Powers in Elliptic

Divisibility Sequences

par ABDULMUHSIN ALFARAJ

RESUME. Nous prouvons qu’il n’existe qu’un nombre fini de puissances par-
faites dans les suites de divisibilité elliptiques générées par un point non entier
sur une courbe elliptique de la forme y? = z(2% + b), o1 b est un entier positif
non nul. Nous y parvenons en utilisant la modularité des courbes elliptiques
sur les corps quadratiques réels.

ABSTRACT. We prove that there are finitely many perfect powers in elliptic
divisibility sequences generated by a non-integral point on elliptic curves of
the form y? = (22 + b), where b is any positive integer. We achieve this by
using the modularity of elliptic curves over real quadratic number fields.

1. Introduction
We start by explaining what we mean by an elliptic divisibility sequence.

Definition 1.1. Let £/Q be an elliptic curve given in Weierstrass form.
Let P € E(Q) be a non-torsion point. For all m € N, we can write

mP = (A /B, Cn/By,)
where A,,, B, C, are integers, B,, # 0, and gcd(A,,Bn) =
ged(Chy, Br) = 1. We say that {B,,} is the elliptic divisibility sequence
generated by P.

In this paper we prove the finiteness of perfect powers in elliptic divisi-
bility sequences generated by a non-integral point in a new class of elliptic
curves.

Theorem 1.2. Let {B,,} be an elliptic divisibility sequence generated by a
non-integral point on any elliptic curve over Q of the form

E : y*=a(2® +0),
where b is a positive integer. Then there are finitely many perfect powers

in {Bn}.
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We prove this using the so-called modular approach, which is inspired
by the proof of Fermat’s last theorem, along with utilizing the properties
of elliptic divisibility sequences. The modular method was first used to
study integer solutions to special classes of Diophantine equations, and it
mainly relies on the modularity theorem and Ribet’s level-lowering theo-
rem. Recently, Freitas, Le Hung, and Siksek [10] proved that elliptic curves
over real quadratic number fields are modular. Moreover, Fujiwara [13],
Jarvis [15] and Rajaei [17] proved level lowering theorems for Hilbert eigen-
forms. The former (i.e. the theorems) can be regarded as generalisations
of Ribert’s level lowering theorem. This allowed us to apply the modular
method when working with equations which have coefficients in real qua-
dratic fields, which was a main part of our proof.

The study of the finiteness of perfect powers in sequences first started
with the Fibonacci sequence and the Lucas sequence. By utilizing modular
methods along with other techniques, Bugeaud, Mignotte and Siksek [3]
proved that the only perfect powers in the Fibonacci sequence and the Lu-
cas sequence are {0,1,8,144} and {1,4}, respectively. This motivated the
study of perfect powers in other special sequences, such as elliptic divisi-
bility sequences. Everest and King [8] showed that, when assuming certain
conditions on the generating point, the corresponding elliptic divisibility se-
quence contains only a finite number of elements that are powers of primes.
In [9], Everest, Reynolds, and Stevens showed that the number of perfect
powers of a fixed exponent in an elliptic divisibility sequence is finite by
invoking Faltings’ theorem. If the first term of the sequence is divisible by
2 or 3, or if the sequence arises from a Mordell curve where the first term is
greater than 1, Reynolds [18] has shown that there are only finitely many
terms that are perfect powers in both of these cases by using the modular
approach.

Outline of the paper. We start by collecting some relevant results about
elliptic curves in Section 2. In Section 3, we state some properties of elliptic
divisibility sequences. In Section 4 we briefly cover results on the modularity
of elliptic curves over quadratic number fields along with a level-lowering
theorem. Finally, we prove Theorem 1.2 in Section 5.

2. Elliptic Curves

In this section we collect some relevant results about elliptic curves over
number fields. The primary aim of this section is to provide sufficient con-
ditions to check if a defining equation of an elliptic curve is minimal at a
prime ideal, and to identify its type of reduction modulo a prime ideal.
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Let E be an elliptic curve over some field K. We say that E/K is given
in Weierstrass form if the elliptic curve is defined by the equation

E y2 + a2y + a3y = z3 +a2x2 + a4 + ag,

where a1, a9, as, aq,ag € K. We define the quantities A and ¢4 as in III1.1
in [19].

Let K be a number field and O be its ring of integers. Let v, be the
discrete valuation of K with respect to the prime ideal p. We write K, for
the completion of K at v,, Oy for its ring of integers, p for the maximal
ideal of Oy, and k, = O,/p, the residue field of O,. We say that a Weier-
strass equation for /K is minimal at p if v,(A) is minimal subject to the
condition that a1, az, a3, as,as € Oy.

Remark 2.1. Suppose we are given a Weierstrass equation of F/K with
coefficients in Oy. If vy(A) < 12 or vy(cq) < 4, then the equation is minimal
at p (Remark VIL.1.1 in [19]).

Proposition 2.2 (VIL.5.1 in [19]). Let E/K be an elliptic curve given by
a minimal Weierstrass equation for E at some p. Then
(1) E has good reduction at p if and only if vy(A) = 0;
(2) E has multiplicative reduction at p if and only if vy(A) > 0 and
vp(ca) = 0;
(3) and E has additive reduction at p if and only if vy,(A) > 0 and
UP(C4) > 0.

We say that E has semistable reduction at p if it has either good or
multiplicative reduction at p. We warn the reader that this terminology is
used exclusively for multiplicative reduction in [19].

Definition 2.3. We define the conductor of E/K to be
N = H plo(B),
p prime ideal
where for all primes p not dividing 2 or 3,
0 if E has good reduction at p,

fo(E) =41 if E has multiplicative reduction at p,
2 if E has additive reduction at p;

and for p dividing 2 or 3, f,(F) is defined similarly, except for when E has
additive reduction; in which case, f,(£) may have values greater than 2.

Remark 2.4. By Theorem IV.10.4 in [21], for all primes p, f,(E) has a
bound depending only on the number field K.
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3. Elliptic Divisibility Sequences

In this section we state some properties of elliptic divisibility sequences
that we will be using in the proof of Theorem 1.2.

First, we note that our definition of an elliptic divisibility sequence is
the one used by Silverman in [14], and by Everest in [8]. The term elliptic
divisibility sequence was also used by Ward in [24] to define a closely related
class of sequences satisfying certain recurrence relations. In this paper, we
work with Definition 1.1 of an elliptic divisibility sequence.

We say that an element of a sequence of integers has a primitive divisor
if it is divisible by a prime p that does not divide any element preceding it.

Example 3.1. Consider the elliptic curve

E :y?=z(2®>+5)
over Q. The Mordell-Weil group of E(Q) has rank 1, with generator P =
(20,90), and torsion subgroup equal to the idenitity and the 2-torsion point
(0,0). Consider the elliptic divisibility sequence {By,} generated by mP.

Using the computer algebra package Magma [2], we computed the following
multiples of P

op (6241 543599)7 ap _ (700217780 29468421431730)’

3627 363 196792 196793
and AP — (933424765104001 108467911710220197291841)
B 391391282 7 391391283 '

Thus, the first 4 elements of the sequence are By = 1, By = 36, B3 = 19679,
and By = 39139128. Note that the primitive divisors of By are {2,3}, of
Bsg are {11,1789}, and of By are {7,79,983}.

Theorem 3.2 (Silverman [20]). Let {B,,} be an elliptic divisibility se-
quence. Then, the number of elements in {B,,} not having a primitive di-
visor is finite.

Elliptic divisibility sequences satisfy certain divisibility properties as the
name suggests.

Proposition 3.3 (Lemma IV.3.1 & Corollary IV.4.5 in [22]). Let {B,,} be
an elliptic divisibility sequence gemerated by a non-torsion point on some
elliptic curve over Q given by an integral Weierstrass equation.

(i) Let p be an odd prime, and n, m € N. If v,(By) > 0, then
Up(Bnm) = vp(Bn) + vp(m).

Suppose that p = 2 and 2 | a1, the coefficient in the Weiestrass
equation. If va(By) > 0, then

'Z)Q(Bnm) = ’UQ(Bn) + Ug(m).
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(ii) {Bm} is a strong divisibility sequence, i.e., for all n, m € N,
ng(Bmv Bn) = Bgcd(m,n)'

Note that for the elliptic curve we are considering in Theorem 1.2, we
have that a; = 0. Thus, the condition 2 | a; is satisfied.

As a consequence of Theorem 3.2 and Proposition 3.3, we have the fol-
lowing lemma which will be a crucial step in proving Theorem 1.2. It says
that whenever the first element of the sequence has a prime divisor, and
given a finite set of primes, any element of the sequence that is an /-th
power for a prime ¢ large enough will have a prime divisor outside this
finite set.

Lemma 3.4. Let {B,,} be an elliptic divisibility sequence generated by
a non-torsion point on some elliptic curve over Q given by an integral
Weierstrass equation, where 2 | aj. Suppose that By is divisible by some
prime number q. Let T be a finite set of prime numbers. There exists a
positive integer k and a prime p ¢ T such that if By, is an ¢-th power for
some prime £ > k, then p | By,.

Proof. By Theorem 3.2, all but finitely many elements of {B,,} have prim-
itive divisors. Since T is a finite set of primes, we can always choose a large
enough positive integer k£ such that the element B F—va(B1) has a primitive
divisor p not contained in 7.

Let By, is an /-th power for some prime ¢ > k. Since ¢| By, Proposition 3.3
implies that

< vy(Bm) =vg(B1) +v4(m) = vg(m) >k —vy(By),
that is, ¢®~*«(B1) | m. Thus, by Proposition 3.3, we have

p | qu—’vq(Bl) == Bgcd(qk_”q(Bl),m) = ng(qu—vq(Bl),Bm).

Therefore, p | By,. O

4. Modularity and Level-Lowering

Let K be a totally real number field, and denote the absolute Galois
group of K by G = Gal(Q/K). Let E be an elliptic curve over K, and
write pg, for the Galois representation arising from the action of G on
the p-adic Tate module T),(E). We say that E is modular if there exists a
Hilbert cuspidal eigenform § of parallel weight 2 with rational Hecke eigen-
values such that the L-function of f is equal to the Hasse-Weil L-function
of E. Another way to express this is that there exists an isomorphism of
compatible systems of Galois representations pg, = p5, where ps, is the
Galois representation associated to f by Eichler and Shimura [7] for K = Q,
and by Carayol [4, 5], Blasius and Rogawski [1], Wiles [25] and Taylor [23]
for any totally real number field K.
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Theorem 4.1 (Freitas, Le Hung, & Siksek [10]). Let E be an elliptic curve
over a real quadratic number field. Then E is modular.

Denote by
pEp : Gk — Aut(E[p]) = GLy(F)p)

the representation giving the action of Gk on E|p], the p-torsion of E. Let §
be Hilbert eigenform f over K. We denote by Q; the number field generated
by the eigenvalues aq(f) at all prime ideals q of Of.

The following theorem, stated in [11], is a useful summary of level low-
ering results of Fujiwara [13], Jarvis [15] and Rajaei [17] in the context of
modular elliptic curves.

Theorem 4.2. Let K be a totally real number field, and E/K an elliptic
curve of conductor N'. Let £ be a rational prime. For a prime ideal q of K
denote by Aq the discriminant of a local minimal model for E at q. Let

N
M( = H p, ./V‘e = H
PN, Clup(Ap) ¢

Suppose the following

(i) £ > 5, the ramification index e(q/f) < ¢ — 1 for all q | £, and

Q)" ¢ K;
(ii) E is modular;
(iii) ppe is irreducible;
(iv) E is semistable at all q | ¢;
(v) €] vq(Aq) for all q| .

Then, there is a Hilbert eigenform § of parallel weight 2 that is new at

level Ny and some prime ideal A of the ring of integers of Q; such that X | £

and pge ~ pPj-

Remark 4.3. Following the notation of Theorem 4.2, suppose that
PE, ~ P Let p be a non-zero prime ideal in K. By comparing the traces
of the images of Frobenius at p in pr ¢ and p; \ we have the following.

(i) If p{ eN, then ap(E) = ap(f) mod A.
(ii) If p €Ny and p || NV, then +(Normg g(p) + 1) = ap(f) mod A.

We will be using the following result which shows that, under certain
assumptions, (iii) in Theorem 4.2 is satisfied whenever ¢ is greater than
some bound depending only the number field K.

Theorem 4.4 (Freitas & Siksek [12]). Let K be a Galois totally real field.
There is an effective constant Ck, depending only on K, such that the
following holds. If £ > Ck is prime, and E is an elliptic curve over K
which is semistable at all 1| £, then pg g is irreducible.
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5. Proof of Theorem 1.2

To prove Theorem 1.2, the crucial step is to bound the exponent of any
perfect power. To do that, we associate a specific Frey curve to any point
mP with B,, a large enough /-th power, and by using modularity and
level lowering, we obtain a bound that only depends on the point P and
the positive integer b. In fact, the proof provides an effective method to
compute this bound explicitly.

We obtain Theorem 1.2 by combining the aforementioned bound on £
with a result by Everest, Reynolds and Stevens [9], which shows that there
are only finitely many powers of a fixed exponent.

We start by proving a lemma that will allow us to associate an appro-
priate Frey curve to an equation obtained from substituting mP in the
equation of E. The idea of this Frey curve construction was first considered
in [6] in connection with the equation zt + y* = 2P, where p is a prime
number.

Lemma 5.1. Let £ be a prime, and let a,d, u, v, and w be non-zero integers.
Suppose that a,d are positive, a is square-free, gcd(u,v) | ad, and that

(5.1) v? — aut = dw
Then we can associate to (5.1) the Frey curve
(5.2) F: Y? = X(X%+ 4uv/aX 4 2va(v + u?Va)),

over the number field K = Q(\/a), where Ap # 0. Moreover, for all non-
zero prime ideals p of Ok such that p 1 2ad, the curve F' is minimal at p,
has semistable reduction at p, and € | vy(AF).

Proof. Factoring over Ok, we have

(5.3) (v +u?Va) (v — u?Va) = dw.

If q is a non-zero a prime ideal of Ok that divides both (v + u?y/a) and
(v —u?\/a), then q | 2ad, since ged(u, v) | ad. Thus, by the unique factor-
ization of ideals into products of prime ideals, we obtain

(5.4) (v +u*/a)Og = bia) and (v —u*Va)Ox = baah,
where ay, ag, by, by are ideals in Ok, and b1by | 2adOk. Now, notice that
(5.5) (v +u?Va) — (v —u*Va) = 2u*Va.

We associate the following Frey curve to a putative solution (u,v,w) of the
equation (5.5):

F: Y?=X(X%+4uvaX + 2va(v +u*Va)),
where

(5.6) Ar = —2%a/a(v + u?va)? (v — u*V/a)
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and
¢y = 32v/a(3v — 5u*Va).

Suppose that a # 1. Since a is square free, y/a is irrational; hence, Ap # 0.
Now if @ = 1 and Ar = 0, then dw* = (v + vu?ya)(v — u?y/a) = 0,
contradicting that both d and w are non-zero. Therefore, Ag is non-zero.

Let S be the set of non-zero prime ideals in O dividing 2ad. Now, if
p is a prime ideal of Ok that divides both Ap and ¢4, then p will either
divide (v + u%y/a) and (3v — 5u%\/a), or (v — u?\/a) and (3v — 5u®\/a). If
p divides (v + u%y/a) and (3v — 5u?\/a), then it will divide

3(v + u?va) — (3v — 5u*va) = 8u*va
and
5(v +u?va) + (3v — 5u*v/a) = 8v
implying that p divides both 2uy/a and 2v. Since ged(u,v) | ad, we have
that p divides (2dy/a)Of. A similar argument with the other pair also gives
that p | (2dy/a)Ok. Thus, if p divides Ap and ¢4, then p € S.

Therefore, by Remark 2.1, the curve F is minimal at all primes p ¢ S.
Moreover, by Proposition 2.2, the curve F' has good or multiplicative re-
duction at all primes p ¢ S. Also, if p ¢ S and p | Ap, then (5.4) and (5.6)
imply that p divides af or a. Hence, ¢ | vy(Af) for all p ¢ S. O

The next lemma shows that if ¢ in Lemma 5.1 is large enough, then
we can apply level lowering to the Frey curve F. We note that the Ck
appearing below is the effective constant, depending only on K, given by
Theorem 4.4 for the Galois totally real field K under consideration. Note
that this makes sense as K in Lemma 5.1 is either Q or a real quadratic
number field, and in both cases K is a Galois totally real field.

Lemma 5.2. Take the assumptions of Lemma 5.1. Let N be the conductor
of F. If £ > max{2ad,Ck,5}, then there is a Hilbert eigenform § of parallel
weight 2 that is new at level Ny and a prime ideal X of Q; such that X\ | ¢

and PEL ™~ PfA-

Proof. Recall the definitions

MZ = H p, -A/‘Z =
PlIN, v (Ap)

in Theorem 4.2. Again, let S be the set of prime ideals in Ok dividing 2ad.
By Lemma 5.1, if p | NV and p ¢ S, then p || NV and ¢ | v,(Ap). Then N is
a product of finitely many primes ideals that are contained in S.

Since ¢ > 2ad, ¢ is not divisible by any prime ideal in §. Thus, for all
p | £, F has semistable reduction at p and ¢ | v,(Ap). Moreover, since
¢ > Cg, Theorem 4.4 implies that pgy is irreducible.
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Therefore, the following conditions are satisfied:

(i) £ > 5, the ramification index for all primes of Ok lying above ¢ is
<2, and Q(¢)" ¢ K;
(ii) F' is modular, by Theorem 4.1 if a # 1, and by the Modularity
Theorem if a = 1;
(ili) pry is irreducible;
(iv) FE is semistable at p for all p | ¢;
(v) and £ | vy(Ap) for all p | £.

Hence, we may apply Theorem 4.2. O

Proof of Theorem 1.2. Write mP = (Ay,/B2,,Cy,/B3,) in lowest terms,
for all m > 1. If A,, = 0, then from the equation of the elliptic curve we
deduce that P = (0,0), which is a 2-torsion point; but P is non-torsion.
Thus, A,, # 0 and C,,, # 0 for all m > 1. Suppose that B, = w’,, for
a prime number ¢ and an integer wy,. Since By > 1 and By | By, (by
Proposition 3.3), we have w,, > 1 for all m. For a fixed ¢, by Theorem 1.1
in [9], we can only have finitely many elements of the sequence that are ¢-th
powers. Thus, to prove the theorem it suffices to show that ¢ is bounded.

By substituting mP in the equation of the elliptic curve, we get an
equation of the form

O, = Am(A7, + buwpy),

where ged(Ap, A2, + bwl) | b. Therefore, we can write
2

2 2 4¢
Am = anu,, and A; +bw,, = anv,,,
where u,, v, and a,, are positive integers, a,, is square-free, a,, | b, and
ged(Up, vp,) divides b. Observe that u,v,, # 0, since Cy, # 0. Hence, we

get the equation
(5.7) V2, — aput = (b/am,)wi.

Observe that (5.7) is (5.1) in Lemma 5.1 with 4 = U, v = Uy, W = Wy,
a = G, d = b/ay,, and 2ad = 2b. Then we can associate to (5.7) the Frey
curve

Fo: Y% = X(X? + 4t /am X + 24/m (U + U2, /am)),

over the number field K, = Q(y/a.,), where Ag,, # 0. Moreover, for all
primes p of O, such that p t2b, F,,, is minimal at p, F}, has semistable
reduction at p, and £ | vy(AFR,, ).

Let S be the set of prime ideals in Ok, dividing 2b. Let T" be the set
of prime numbers lying under the prime ideals of §. Then, by Lemma 3.4,
there exists a positive integer k, depending only on B; and b, and a prime
po ¢ T such that if B,, is an ¢-th power for some ¢ > k, then pg | B,. Now,
for allm € N, a,, | b. Hence, for all B,,,, there are only finitely many possible
number fields K, which only depend on the constant b appearing in the
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equation of E. Again, for any m € N, let C'x,, denote the corresponding
effective bound given by Theorem 4.4. Set C' to be the maximum of all the
possible (finitely many) values of Ck,,, .

Suppose now that B, = w’, where ¢ > max{k,2b,C, pg,5}. Recall that
k,2b,C, and py depend only on b and the point P generating {B,,}. Now,
¢ > k implies that pg | w’,, which in turn implies that po | A, . If p | po,
where p is a prime ideal in Ok, , then p ¢ S and p 1 ¢, since pg ¢ T and
£ > pg. Let p be any prime ideal of Ok, that divides py. So, we have
that p || NV, the conductor of F,,, and p t £Ny. Since ¢ > max{2b,C, 5}, by
Lemma 5.2, there is a Hilbert eigenform f over K, of parallel weight 2 that
is new at level Ny and some prime X\ of Qj such that X | £ and prg ~ pj -
Since p 1 €Ny and p || MV, by Remark 4.3, we have that

+(Normg,, o) + 1) = ap(f) mod .
This implies that

(5.8) | Norm@f/Q(Norme/Q(p) + 1+ ap(f)),

Now, Theorem 0.1 in [16] states that the Ramanujan—Petersson conjecture
holds for a certain class of Hilbert modular forms. It is clear that the § and p
we are considering satisfy the conditions of Theorem 0.1 in [16]. Therefore,

we have that
lap(F)| < 2y/Normp, sq(p).
Thus,

[Normyg,, q(p) + 1 F ap(f)| = Normy, jq(p) +1 — 2y/Normg, /g (p)

= ( Normg, /q(p) — 1)2 > 0.

Hence, Normg, /o(Normp, /q(p) + 1 F ay(f)) # 0. Therefore, by (5.8), £ is
bounded by Normg, /o(Normp,, q(p) +1F ay(f)). Note that Normp, o (p)
is either pgy or pg, and py only depends on B; and b. Moreover, A, has
finitely many possible values that only depend on 2b; more precisely, Ny
is a finite product of prime ideals belonging to S, each of which has a
bounded exponent by Remark 2.4. Thus, by noting that there are finitely
many Hilbert eigenforms f of any fixed level, we have that the set of Hilbert
eigenforms f with level equal to any N is finite. Therefore, for any B, an (-
th power with ¢ > max{k, 2b, C, po, 5}, Noerf/@(Norme/Q(p) +1Fay(f))
has finitely many possible values. By finding the maximum of these values,
we obtain a bound on /. 0

Remark 5.3. The condition that the point P is non-integral was vital in
our proof, since it allowed us to find the prime pg using Lemma 3.4. Also,
if b was negative, then to follow the same methodology we would require
the modularity of elliptic curves over imaginary quadratic number fields,
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which is not known to be true yet. One might also be tempted to show that
Theorem 1.2 holds for the more general equation y? = x(x? + ax +b), with
some additional assumptions, by attempting to adjust this proof. However,
this does not appear to be viable as we won’t be able to control the common
divisors of the two factors on the left hand side of (5.3), which was necessary
for the effectiveness of the level-lowering method, i.e., obtaining a finite
number of possible levels Ny, when varying /.
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