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On pseudo-null Iwasawa modules

par Sören KLEINE

Résumé. Nous étudions les sous-modules pseudo-nuls maximaux de certains
modules d’Iwasawa construits à partir des groupes de classes d’idéaux dans
des Zk

p-extensions de corps de nombres. Nous décrivons quelques critères de
la non-trivialité de ces modules, en nous concentrant sur les cas k = 1 et
k = 2. De plus, nous en déduisons des applications à des formes faibles de la
conjecture de Greenberg généralisée (GGC).

Abstract. We study the maximal pseudo-null submodules of Iwasawa mod-
ules arising from ideal class groups in Zk

p-extensions of number fields. We de-
scribe several sufficient criteria for the non-triviality of such modules, mainly
in dimensions k = 1 and k = 2. This has applications to weak versions of
Greenberg’s Generalised Conjecture (GGC).

1. Introduction

Let p be a fixed rational prime. In this article, we study the maximal
pseudo-null submodules of Iwasawa modules A attached to Zkp-extensions
of number fields. We denote by A◦ the maximal pseudo-null submodule
of an Iwasawa module A (see Section 2 for the definitions). Greenberg’s
Generalised Conjecture (GGC) implies that pseudo-null Iwasawa modules
appear quite naturally, in the following sense. LetK denote the composite of
all Zp-extensions of a fixed number fieldK. ThenK/K is a Zdp-extension for
some d ∈ N (if Leopoldt’s Conjecture holds forK and p, then d = r2(K) + 1,
where r2(K) denotes the number of complex places of K). Let A = A(K)

be the projective limit of p-Sylow subgroups of the ideal class groups of
number fields contained in the extension K/K. Greenberg’s Generalised
Conjecture (GGC) then states the following.

Conjecture (Greenberg; see [11, Conjecture (3.5)]). The Iwasawa module
A = A(K) is pseudo-null over the Iwasawa algebra Zp[[Gal(K/K)]], i.e.
A = A◦.

Only very few theoretical results are known concerning (GGC). We men-
tion just some of them, without claiming to give an exhaustive overview.
First, Nakayama’s Lemma implies that (GGC) holds for K (and in fact
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A(K) = {0}) if K contains exactly one prime dividing p and the p-Sylow
subgroup A(K) of the ideal class group of K is trivial. In fact, (GGC) for
K holds if K contains exactly one prime p dividing p and A(K) is cyclic,
generated by the ideal class of p or, more generally, if K is a finite normal
p-ramified p-extension of such a number field (see [14, Theorem 4.6]).

It has been shown by McCallum and Sharifi (see [19, Corollary 10.5]
and [30, Theorem 1.3]) that the conjecture is valid for K = Q(ζp) for
all p < 1000, and more generally if p is arbitrary, A(K) is cyclic and the
restriction of a certain cup product to the cyclotomic p-units of K is non-
trivial. Minardi proved in his thesis (see [20, Proposition 3.B]) that (GGC)
holds if K is imaginary quadratic and A(K) is cyclic, generated by some
power of a prime ideal of K dividing p (here p is allowed to split in K).

Finally, (GGC) for any number field K follows from [20, Proposition 4.B]
if there exists a Z2

p-extension L of K such that A(L) is pseudo-null over the
Iwasawa algebra Zp[[Gal(L/K)]] and only finitely many primes of L ramify
in K.

In more modern terms, pseudo-nullity can be phrased as the vanishing
of the first Chern class of the Iwasawa module over the Iwasawa algebra;
this geometric point of view has recently attained more and more attention
(see for example [2]; this article promotes the study of higher Chern classes
if (GGC) is known).

In [1], the following weaker conjecture has been introduced (in fact, the
conjecture is stated in slightly different form there, namely for CM-fields
K containing the p-th roots of unity; if p is totally split in K/Q, then this
formulation is equivalent to ours by [22, Lemme 2.1 and Lemme 2.2]).

Conjecture (Weak GGC). If A(K) 6= {0}, then (A(K))◦ 6= {0}.

It is obvious that (GGC) for K implies (Weak GGC) for K. Surpris-
ingly, sometimes also the converse implication can be proved. In [1, Corol-
lary 1.5], it is shown that (Weak GGC) actually is equivalent to (GGC) in
the following situation: K is a CM-field containing a primitive p-th root of
unity, Leopoldt’s Conjecture and Iwasawa’s µ-conjecture hold for K, and
the characteristic power series of X(L+) is irreducible, where L+ denotes the
cyclotomic Zp-extension of the maximal totally real subfield K+ of K and
where X(L+) denotes the Galois group of the maximal abelian p-ramified
pro-p-extension of L+ over L+.

Motivated by the (Weak GGC)-conjecture, we are interested in proving
the non-triviality of the maximal pseudo-null submodules A◦ of Iwasawa
modules. Actually very few results are known concerning the non-triviality
of A◦. The probably best-known result proves instead the triviality of such
modules: if L denotes the cyclotomic Zp-extension of a CM-field K, p 6= 2,
then the minus part ((A(L))◦)− of the maximal pseudo-null submodule is
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known to be trivial. Here the minus part is defined via the action of complex
conjugation j on A(L): it consists of all elements a such that j(a) = a−1.
We will mention here just one known theoretical result proving the non-
triviality of A◦ for some A: let K be a totally real number field in which the
prime p is totally split, and suppose that Leopoldt’s Conjecture holds forK,
i.e. K = L is the cyclotomic Zp-extension of K. In [23], Ozaki proved that
(A(K))◦ 6= {0} if and only if the maximal p-ramified abelian pro-p-extension
of K is strictly larger than the maximal subextension which is unramified
over K (see also [6] for a slight generalisation of this result; the latter paper
also describes reformulations of (GGC) and (Weak GGC) for totally real
K in terms of capitulation kernels). In [4], Fujii proved an analogous result
for imaginary quadratic number fields K in which the prime p splits.

In this article, we prove sufficient criteria for the non-triviality of A◦
for certain Zkp-extensions. It will sometimes be advantageous to work with
quotients A# = A/D of A, where D ⊆ A denotes the submodule generated
by the ideal classes of primes which ramify in the given Zkp-extension. In
the literature (see, e.g., [12]) often the module A′ = A/B is considered,
where B denotes the submodule generated by all primes above p (no matter
whether these primes ramify in the Zkp-extension or not). We have canonical
surjections A� A# � A′, and A′ = A# if each prime above p is ramified in
the Zkp-extension under consideration (e.g. this is the case for the cyclotomic
Zp-extension of any number field K).

First, we consider Z1
p-extensions L of K. In this case the pseudo-null

Λ1-submodules, Λ1 = Zp[[T ]], correspond to finite submodules. The main
result of Section 3 (cf. Theorem 3.14 below) will imply the following

Theorem 1.1. Let L/K be a Zp-extension, let A = A(L) and A# = A/D
be as above. We assume that each prime of K which ramifies in L is to-
tally ramified. Let Dn denote the p-primary subgroup of the group of ideal
classes of the n-th layer Ln of L/K which are generated by the primes of
Ln ramifying in L (i.e. D = lim←−Dn).

Then the following statements hold for every n ∈ N.
(a) If |Dn+2|/|Dn+1|> |Dn+1|/|Dn|, then |A◦|≥ pn+1 or |(A#)◦|≥ pn+1

(possibly both inequalities are satisfied).
(b) If rankp(Dn+2) > rankp(Dn+1), then |(A#)◦| ≥ pn+1.

In order to illustrate the above theorem, we studied two lists of cubic
number fields with signatures [3,0] and [1,1], each with 20000 elements
(for more details, see Example 3.18). Letting p = 2, we have found about
200 (respectively, 900) examples satisfying the above conditions for the
cyclotomic Zp-extension and n = 0. In particular, there happen to be more
examples in the signature [1,1] situation. This is of interest because (GGC)
for a totally real number field K actually predicts that A = A(L) should
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be finite for the cyclotomic Zp-extension L of K, whereas it need not be
finite in the signature [1,1] case. One reason behind this observation may
be that A is simply trivial very frequently in the totally real setting (in
almost 75 % of our examples, compared to only 51 % in the signature [1,1]
family).

Despite the much higher computational complexity, we have also found
many examples satisfying the conditions from Theorem 1.1 for p = 2 and
n = 1 and also for p = 3 and n = 0, thereby collecting some evidence sug-
gesting that a non-trivial (A#)◦ is not too uncommon. On the other hand,
we will show that in the case of a CM-field K (and p 6= 2), the minus part
of (A#)◦ is trivial for the cyclotomic Zp-extension L of K (cf. Remark 3.4);
as already mentioned above, it is well-known that also (A◦)− = {0} in this
setting.

In Section 4, we generalise a result of Fujii ([3]) which concerns the non-
triviality of (A(L))◦ for some Z2

p-extensions L/K (see Theorem 4.2). This
non-triviality follows from the existence of two suitable Zp-extensions L
and M of K inside L such that (A(L))◦ = {0} and (A(M))◦ 6= {0}.

We significantly generalise Fujii’s result (see Theorem 4.3), in particular
handling Zkp-extensions L/K with arbitrary k ≥ 2. For illustration, we
formulate here a result in the special case that only one prime p ramifies
in L/K.

Theorem 1.2. Let L be a Zkp-extension of a number field K, k ≥ 2. We
assume that exactly one prime p of K ramifies in L, and that p is totally
ramified.

Suppose that there exist
(a) a Zp-extension M/K contained in L such that (A(M))◦ 6= {0}, and
(b) a sequence of Zip-extensions L(i)/K, 1 ≤ i ≤ k − 1, contained in

L such that L(1) ⊆ L(2) ⊆ · · · ⊆ L(k−1), (M · L(i+1))/(M · L(i)) is a
Zp-extension and pdZp[[Gal(L(i)/K)]](A(L(i))) ≤ 1 for every i.

Then (A(L))◦ 6= {0}.

Here pd denotes the projective dimension. Note: if

pdZp[[Gal(L(i)/K)]](A
(L(i))) ≤ 1,

then (A(L(i)))◦ = {0}; for Z1
p-extensions the converse is also true (see

Lemma 4.1).
We then show how to deduce, under certain assumptions, that

A(L) = (A(L))◦

if (A(L))◦ 6= {0} is already known. It is sometimes possible to check this con-
dition via numerical computations. In view of Minardi’s results mentioned
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above, this can be used in order to prove (GGC) for suitable number fields
K (see Theorem 5.4 below).

In Section 5, we consider several applications. Suppose first that K con-
tains exactly one prime above p. After proving several results concerning
the non-triviality of (A(M))◦ for suitable Zp-extensions M of K and deriv-
ing an application to (GGC), we give a proof of Theorem 1.2. In the second
part of Section 5, we consider finite extensions K of an imaginary quadratic
field k. We assume that p splits in k and that the primes p1 and p2 of k
dividing p do not split further in K/k. Let k denote the Z2

p-extension of
k, L = k ·K, and let M and M be the Zp-extensions of K contained in L
which are ramified at exactly one of the two primes of K dividing p. We
assume that the prime p2 which is unramified in M does not split at all
in M/K (this is a technical assumption which is, however, crucial for our
argument; it is known a priori only that the prime p2 splits into finitely
many primes in M).

In this setting we prove sufficient criteria for the non-triviality of pseudo-
null submodules (see Theorem 5.9). We obtain infinite families of number
fields to which our results apply.

Acknowledgement. I would like to thank Cornelius Greither, Martin
Hofer and in particular Katharina Müller for making valuable comments
concerning an earlier version of this article, and I am very grateful to Do-
minik Bullach for a fruitful discussion concerning Lemma 4.1. Finally, I
thank the anonymous referee for the very thorough reading of the manu-
script and for suggesting several valuable improvements of the contents and
the exposition of the article.

2. Notation and basic facts

In what follows, we fix a rational prime p and a number field K. A Zkp-
extension of K is a normal extension L of K such that Γ := Gal(L/K)
is topologically isomorphic to Zkp, where Zp denotes the additive group of
p-adic integers. Every Zkp-extension L of K is the union of the intermediate
fields Ln := LΓpn fixed by Γpn , n ∈ N. Each Ln is abelian over K, and
Gal(Ln/K) ∼= (Z/pnZ)k.

For any number field M , we denote by A(M) the p-primary subgroup of
the ideal class group of M . For a Zkp-extension L of K, L =

⋃
n Ln, we

write An = A(Ln), and we study the projective limit A = A(L) := lim←−Anwith respect to the norm maps. Moreover, we consider certain quotients
of A. For each n ∈ N, let Dn = D(Ln) denote the subgroup generated by
the primes of Ln which ramify in L (note that the notion of D0 ⊆ A(K)

may depend on the chosen Zkp-extension of K; if K contains only one prime
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above p, then the group D(K) is well-defined). Then we obtain projective
limits D = lim←−Dn and A# = A/D = lim←−A

#
n , where A#

n := An/Dn, n ∈ N.
The completed group ring Zp[[Gal(L/K)]] acts on A and A#. This group

ring is isomorphic to the ring Λk := Zp[[T1, . . . , Tk]] of formal power series
in k variables over Zp, the so-called Iwasawa algebra in k variables. We let
Λ := Λ1 = Zp[[T ]]. It is well-known that A is a finitely generated torsion
Zp[[Gal(L/K)]]-module (cf. [10, Theorem 1]; for more details concerning
these and the following facts, see [31] and [21]).

In this paper, any finitely generated and torsion Λk-module will be called
an Iwasawa module. An Iwasawa module N is called pseudo-null if the
annihilator ideal of N is not contained in any prime ideal of height at
most one (alternatively, if the localisation of N at any prime ideal of Λk of
height at most one is trivial; cf. [21, Definition (5.1.4)]). This is equivalent
to the fact that the annihilator ideal of N contains two coprime elements
of the unique factorisation domain Λk. One can show that a Λ1-module is
pseudo-null if and only if it is finite (see [31, Lemmas 13.7 and 13.10]).

By a general structure theorem (see [21, Theorem (5.1.10)], each Iwasawa
Λk-module A is pseudo-isomorphic to an elementary torsion Λk-module, i.e.
a module of the form

EA =
s⊕
i=1

Λk/(hi)

with suitable elements hi ∈ Λk and s ∈ N; here pseudo-isomorphic means
that there exists a Λk-module homomorphism ϕ : A −→ EA such that the
kernel and the cokernel of ϕ are pseudo-null.

The product FA :=
∏
i hi ∈ Λk is called the characteristic power series

of A; it is unique up to units. In particular, if k = 1, then the Weierstraß
Preparation Theorem (see [31, Theorem 7.3]) implies that FA ∈ Zp[[T ]] is
associated to a power pµ(A) of p times a so-called distinguished polynomial.
We denote by λ(A) the degree of this polynomial. The integers µ(A) and
λ(A) are called the Iwasawa invariants of A.

In this paper, we will usually denote Zp = Z1
p-extensions of K by L, L̃ or

M . L will usually denote a Zkp-extension of K with k ≥ 2, and K denotes
the composite of all Zp-extensions of K.

If A = lim←−A
(L)
n denotes the Iwasawa module of ideal class groups for

some Zp-extension L/K, then a famous theorem of Iwasawa describes the
asymptotic growth of en = vp(|A(L)

n |) in terms of the Iwasawa invariants
of A:

en = µ(A) · pn + λ(A) · n+ ν(A)(2.1)

for some constant ν(A) ∈ Z and each sufficiently large n. A similar formula
holds for A# = lim←−A

#
n .
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Let now A be any Iwasawa Λk-module. The kernel of any pseudo-isom-
orphism

ϕ : A −→ EA

will be denoted by A◦. Note that A◦ ⊆ A is the maximal pseudo-null Λk-
submodule, since EA does not contain any non-trivial pseudo-null submod-
ules. In particular, A◦ is independent of the choice of ϕ.

For any algebraic extension N of Q, we let H(N) denote the maximal
abelian unramified pro-p-extension of N , and we denote by H ′(N) the max-
imal subfield of H(N) in which each prime of N dividing p is totally split.
By class field theory, there exists an isomorphism A(N) ∼= Gal(H(N)/N).

Recall that in a Z1
p-extension L/K only primes of K dividing p can

ramify, and at least one of them has to. For each prime p of K ramifying in
L, there exists a unique index n = np such that p is unramified in Ln/K and
totally ramified in L/Ln (here Ln ⊆ L denotes the n-th layer, as above).
Let e := e(L/K) denote the maximum of the integers np for the primes p
of K which ramify in L.

3. The finite torsion submodules of Iwasawa modules of
Zp-extensions

We start by mentioning some

3.1. Known results. Let L/K be a Zp-extension. In this section, we
study the maximal finite submodules of A = lim←−An and A# = lim←−A

#
n . Our

arguments will exploit the Galois module structure of these Λ-modules.
Let m,n ∈ N, m ≥ n. Then Gal(Lm/Ln) acts on Am. Moreover, the

cardinality of the subgroup fixed by Gal(Lm/Ln) can be computed by using
the following

Theorem 3.1 (Chevalley, Gras). LetM/K be a cyclic extension of number
fields. Let S = Sram(M/K) denote the set of primes of K ramifying in M ,
and let EK and ESK denote the groups of units and S-units of K. More-
over, let NM/K : M× −→ K× denote the norm map, and write r(M/K) and
f(M/K) for the products of the ramification indices and inertia degrees in
M/K of all the primes in S. Then

(i) |(A(M))Gal(M/K)| = |A(K)| · r(M/K)
[M : K] · [EK : (NM/K(M∗) ∩ EK)] ,

(ii) |((A#)(M))Gal(M/K)| = |(A#)(K)| · r(M/K) · f(M/K)
[M : K] · [ESK : (NM/K(M∗) ∩ ESK)] .

Proof. See [17, Lemma 4.1 in Chapter 13] for a proof of Chevalley’s Theo-
rem (i), and [9] for a proof of (ii). �
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Lemma 3.2. Let L =
⋃
n Ln be a Zp-extension of K, and let m ≥ n.

We consider the canonical homomorphism in,m : An −→ Am induced by the
lifting of ideals, and we denote by i#n,m : A#

n −→ A#
m the induced map. Let

S = Sram(Lm/Ln) be the set of primes of Ln which ramify in Lm. Then

[ESn : Nm,n(ESm)] = p(m−n)·(|S|−1) · | ker(i#n,m : A#
n −→ A#

m)|
and

[En : Nm,n(Em)] = psm,n−(m−n) · | ker(in,m : An −→ Am)|,
where

psm,n = |PGal(Lm/Ln)
Lm

/(in,m(ILn) ∩ PGal(Lm/Ln)
Lm

)|

= |(PGal(Lm/Ln)
Lm

+ in,m(ILn))/in,m(ILn)|.

Here En and ESn denote the groups of units and S-units of Ln, ILn denotes
the free group of fractional ideals of Ln, and PLm denotes the group of
principal fractional ideals of Lm.

Proof. We first recall that
|ker(i#n,m)| = |H−1(Gal(Lm/Ln), ESm)|

and
|ker(in,m)| · psm,n = |H−1(Gal(Lm/Ln), Em)|;

here the first statement goes back to Iwasawa (see [12, Theorem 12]; Iwa-
sawa considers the case where S contains all the primes above p). The
second statement can be proved similarly (cf. [13, Corollary 3.81] and [29]).

The Herbrand quotients
q(Gal(Lm/Ln), Em) = p−(m−n)

and
q(Gal(Lm/Ln), ESm) = p(m−n)(|S|−1)

can be computed as in [27]. �

Recall the notion of the Iwasawa invariant µ(A) from Section 2.

Lemma 3.3 (Grandet, Jaulent). Suppose that µ(A) = 0. Then for suffi-
ciently large n, the capitulation kernel ker(in,n+1 : An −→ An+1) is isomor-
phic to the group A◦[p] of elements of A◦ which are annihilated by p.

An analogous statement holds for the Iwasawa module A#.

Proof. The statement for A has been proved in [8]. The same proof goes
through for A#. �

Let us finally briefly consider the special case of a CM-field K. It is well-
known that the minus part of A◦ is trivial for the cyclotomic Zp-extension
L of a CM-field K (see [31, Proposition 13.28]). In fact, the same holds for
the minus part of (A#)◦, by the following
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Remark 3.4. Let K be a CM-field, and let L/K be the cyclotomic Zp-
extension, p 6= 2. Suppose that A+ = {0}. Then (A#)◦ is trivial.

Indeed, fix m ≥ n ≥ e(L/K), and consider the exact sequence

0 // Em // ESm // Zjm // 0,

where jm denotes the number of primes of Lm above p. In the induced exact
sequence1

H1(Gal(Lm/Ln), Em) // H1(Gal(Lm/Ln), ESm) // H1(Gal(Lm/Ln),Zjm),

the last term H1(Gal(Lm/Ln),Zjm) = Hom(Gal(Lm/Ln),Zjm) is trivial.
Therefore the triviality of H1(Gal(Lm/Ln), E−m) (see [31, Lemma 13.27])
implies that H1(Gal(Lm/Ln), (ESm)−) = {0}. This can be used in order to
prove that ((A#)◦)− = {0}, as in the proof of [31, Proposition 13.28].

3.2. Comparing ranks of A◦ and (A#)◦. Let us introduce the follow-
ing notation: for a Λ-module M , Λ = Zp[[T ]], and any λ ∈ Λ we define

rankλ(M) := vp(|M/(λ ·M)|),
provided that the quotient is finite. For example,

rankT (Am) = vp(|Am/(T ·Am)|) = vp(|AGal(Lm/K)
m |),

since Am is finite and Gal(Lm/K) is generated by γ = T + 1. Theorem 3.1
therefore can be regarded as a statement about the growth of T -ranks.

Lemma 3.5. Suppose that µ(A) = 0.
(i) Then ik,k+1(Ak) = p · Ak+1 for each sufficiently large k ≥ e(L/K)

(the parameter e(L/K) has been introduced at the end of Section 2).
(ii) For λ ∈ Λ and k ∈ N, we define r(λ)

k = rankλ(Ak) − rankλ(A#
k ).

Then r(λ)
k = vp(|Dk/(λAk ∩Dk)|).

(iii) If k is as in (i), then r
(p)
k+1 = jk − sk+1,k, where jk denotes the

number of primes of Lk which ramify in Lk+1 and sk+1,k is defined
as in Lemma 3.2.

Proof. Statement (i) is [13, Lemma 3.72] and follows also from the results
of [8]. For (ii), we just observe that

|Dk/(Dk ∩ λAk)| = |(Dk + λAk)/(λAk)| = pr
(λ)
k .

In order to prove (iii), we recall the notation introduced in Lemma 3.2.
Let JLk+1 ⊆ ILk+1 be the free subgroup generated by the ramified primes.
Then

JLk+1/(i(ILk) ∩ JLk+1) = JLk+1/pJLk+1

1We thank the anonymous referee for suggesting this argument.
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has order pjk , where we abbreviated ik,k+1 to i. On the other hand, (ii) im-
plies that |Dk+1/(i(Ak) ∩Dk+1)| = pr

(p)
k+1 for each k as in (i). The difference

between these two quotients is given by the group
((PLk+1 + i(ILk)) ∩ JLk+1)/(i(ILk) ∩ JLk+1).

Since
(PLk+1 + i(ILk)) ∩ JLk+1 = (PGal(Lk+1/Lk)

Lk+1
+ i(ILk)) ∩ JLk+1 ,

the latter group can be written as

((PGal(Lk+1/Lk)
Lk+1

+ i(ILk)) ∩ JLk+1)/(i(ILk) ∩ JLk+1).
This quotient is isomorphic to

(PGal(Lk+1/Lk)
Lk+1

+ i(ILk))/i(ILk)
and therefore has order psk+1,k . �

Now we prove an easy result relating the ranks of the maximal pseudo-
null Λ-modules of A and of quotients A/B of A.
Lemma 3.6. Suppose that A/(λ · A) is finite for some λ ∈ Λ, let B ⊆ A

be any Λ-submodule and let r(λ) = rankλ(A)− rankλ(A/B). Then
rankλ((A/B)◦) + r(λ) = rankλ(A◦) + rankλ(B)− rankλ(B◦).

Proof. By [13, Proposition 3.58], rankλ(A) = rankλ(EA)+rankλ(A◦); anal-
ogous equations hold for A/B and B. Since the characteristic polynomials
satisfy the equation

FA(T ) = FB(T ) · FA/B(T ),
it follows that

rankλ(EA) = rankλ(EA/B) + rankλ(EB).(3.1)
Indeed, suppose that f, g ∈ Λ are elements which are relatively prime with
λ, i.e. such that the quotient Λ/(λ, fg) is finite. We will prove2 that

rankλ(Λ/(fg)) = rankλ(Λ/(f)) + rankλ(Λ/(g)).(3.2)
To this purpose, we first note that

[Λ : (λ, fg)] = [Λ : (λ, f)] · [(λ, f) : (λ, fg)].
Now we consider the canonical map Λ/(λ, g) −→ (λ, f)/(λ, fg) induced by
the multiplication by f . This map is well-defined and surjective. In order
to show that it is also injective, we let x ∈ Λ be an element such that
fx ∈ (λ, fg). Then there exist a, b ∈ Λ such that fx = aλ+ bfg. This
means that f(x− bg) = aλ is divisible by λ in the UFD Λ. But f and λ are
relatively prime. Therefore x− bg ∈ (λ) and thus x ∈ (λ, g).

2We thank the anonymous referee for suggesting this strategy of proof.
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We have shown that multiplication by f induces a canonical isomorphism
Λ/(λ, g) ∼−→ (λ, f)/(λ, fg).

Therefore
[Λ : (λ, fg)] = [Λ : (λ, f)] · [Λ : (λ, g)],

proving (3.2). This means that for any finitely generated torsion Λ-module
M with elementary Λ-module EM and every λ ∈ Λ which is coprime with
the characteristic polynomial FM (T ), we have

rankλ(EM ) = rankλ(Λ/(FM )).
By the multiplicativity of characteristic polynomials, we obtain (3.1). Re-
arranging terms proves the lemma. �

Corollary 3.7. Suppose that rankλ(A) <∞, and let

r(λ) = rankλ(A)− rankλ(A/B).

• If r(λ) > rankλ(B)− rankλ(B◦)− rankλ((A/B)◦), then A◦ 6= {0}.
• If r(λ) < rankλ(B)− rankλ((B)◦) + rankλ(A◦), then (A/B)◦ 6= {0}.

Note: if λ = p or λ = T , then rankλ(B◦) ≤ rankλ(A◦). In particular, the
corollary yields that (A/B)◦ 6= {0} if r(λ) < rankλ(B) in these cases.

In the next lemma, we show that the constant

r(λ) = rankλ(A)− rankλ(A/B),
λ ∈ Λ, often can be determined efficiently by consideration of some finite
layers of L/K. We consider the case of A/B = A#, i.e. we divide out ideal
classes generated by ramified primes. Recall the notion of e(L/K) which
has been introduced at the end of Section 2.

Lemma 3.8. Suppose that L/K is a Zp-extension such that A(L)/(λ ·A(L))
is finite for some λ ∈ Λ. Let r(λ)

n = rankλ(An)− rankλ(A#
n ), n ∈ N. Then

r(λ) = r
(λ)
n for each n ≥ e(L/K) such that rankλ(An) = rankλ(An+1).

In other words, if rankλ(An) stabilises at layer n, then also rankλ(A#
n )

stabilises.

Proof. The norm maps induce homomorphisms
Nn+1,n : Dn+1/(λAn+1 ∩Dn+1) −→ Dn/(λAn ∩Dn)

for each n ∈ N. Since Nn+1,n(λAn+1) ⊆ λAn, these maps are well-defined.
For each n ≥ e(L/K), the extension Ln+1/Ln is ramified; therefore Nn+1,n
is surjective for each such n. We will show that it is also injective if
rankλ(An+1) = rankλ(An). If x ∈ Dn+1 satisfies Nn+1,n(x) = 0, i.e.
Nn+1,n(x) ∈ λAn, then there exists some y ∈ An+1 such that

Nn+1,n(x) = λ ·Nn+1,n(y) = Nn+1,n(λ · y).
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Moreover, the assumption that rankλ(An+1) = rankλ(An) implies that the
kernel of Nn+1,n is contained in λ ·An+1. In other words,

x ≡ λ · y (mod ker(Nn+1,n))
implies that x ∈ λ ·An+1.

Since
|Dn/(λAn ∩Dn)| = pr

(λ)
n

for each n ∈ N by Lemma 3.5(ii), this shows that r(λ)
n = r

(λ)
n+1 whenever

n ≥ e(L/K) satisfies
rankλ(An) = rankλ(An+1).

The lemma now follows by induction. �

Now we consider the special case λ = p. Suppose that rankp(A) < ∞
(equivalently, µ(A) = 0). Then Lemma 3.6 yields

rankp((A#)◦) + r(p) = rankp(A◦) + rankZp(D).(3.3)
Of course this special instance of Lemma 3.6 can be derived also more
directly from the equality

rankZp(A) = rankZp(D) + rankZp(A#)
of Zp-modules, since rankZp(A) = rankp(A)− rankp(A◦).

Example 3.9. Let K be the number field defined by the polynomial
g = x4 + 231. We consider the cyclotomic Zp-extension L ofK, p = 3. Since
the ramification index of p in K/Q is equal to 4, we have e(L/K) = 0. A
computation using PARI [26] yields A(K) ∼= Z/3Z, A1 ∼= Z/9Z×Z/3Z and
A2 ∼= Z/27Z×Z/9Z. Moreover,D0 = D1 = D2 = {0}. Since rank3(A(L)

1 ) =
rank3(A(L)

2 ) = 2, we may conclude that r(3) = 0 by Lemma 3.8. This im-
plies that D(L) ⊆ 3 · A(L). Moreover, since K contains exactly one prime
dividing p = 3, we know that rankZ3(D(L)) = 0. Therefore rank3((A#)◦) =
rank3(A◦) by (3.3).

For a Zp-extension L/K, A = A(L), we define
s = s(A) := rankZp(A/(T ·A)).

Then there exist integers N0 ∈ N and c ∈ Z such that
rankT (An) = s · n+ c

for each n ≥ N0, since the difference vp(|An/(T ·An)|)−vp(|A/((T, pn) ·A)|)
is bounded uniformly in n. Similarly, we define s# := rankZp(A#/(T ·A#)).
If L = Kcyc

∞ is the cyclotomic Zp-extension of K, then the conjecture of
Gross and Kuz’min predicts that s# = 0, i.e. that A#/(T · A#) should be
finite.
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Lemma 3.10. Let L/K be a Zp-extension such that e(L/K) = 0. Then
s ≥ rankZp(D).

Proof. Since the primes generating D(L0) are totally ramified in L by as-
sumption, we have |D(Ln)| ≤ |AΓ

n| = |An/(T · An)| for each n ∈ N. Letting
n tend to infinity, we obtain an inequality

rankZp(D) ≤ rankZp(AGal(L/K)) = rankZp(A/(T ·A)) = s.

This proves the lemma. �

Remark 3.11. In [10], Greenberg introduced a topology on the set of
Zp-extensions of K. An open neighbourhood U of L with respect to this
topology typically consists of all Zp-extensions of K which coincide with
L up to a fixed layer Ln, n ∈ N. It follows from [16, Theorem 2.2] that
rankZp(A(M)/(T ·A(M))) ≤ s for allM ∈ U , provided that each prime of K
ramifies in L and n is large enough. Therefore Lemma 3.10 yields a bound
for each rankZp(D(M)) in this case. We refer to [15] for more information
about the arithmetic of Zp-extensions with respect to Greenberg’s topology.

In the next theorem, we will derive upper bounds for rankp((A#)◦). We
need an auxiliary result which generalises Lemma 3.3.

Lemma 3.12. Let L/K be a Zp-extension. Then
rankp(A◦) ≤ rankp(ker(ik,k+1))

and
rankp((A#)◦) ≤ rankp(ker(i#k,k+1))

for each sufficiently large k ∈ N.

Proof. We concentrate on the module A◦, and we use a similar argument as
in the proof of [31, Proposition 13.28]. Let A◦[p] ⊆ A◦ denote the subgroup
of elements of order at most p. Choose an Fp-basis b(1), . . . , b(r) of A◦[p],
where r = rankp(A◦[p]) = rankp(A◦). We write b(i) = (b(i)n )n ∈ A = lim←−An.
Let γ be a topological generator of Gal(L/K) ∼= Zp, and choose k ∈ N large
enough to ensure that

• γpk acts trivially on A◦[p], and
• 〈b(i)k 〉1≤i≤r is a subgroup of Ak of rank r.

Then
(1 + γp

k + γ2pk + · · ·+ γ(p−1)pk) · b(i)k+1 = p · b(i)k+1 = 0
for each i ∈ {1, . . . , r}. On the other hand, the element on the left hand
side is equal to

ik,k+1(Nk+1,k(b
(i)
k+1)) = ik,k+1(b(i)k ).

This shows that rankp(ker(ik,k+1)) ≥ rankp(〈b(i)k 〉1≤i≤r) = r. �
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Theorem 3.13. Let L/K be a Zp-extension such that each prime of K
above p ramifies in L and e(L/K) = 0. Choose k ∈ N large enough to make
both statements of Lemma 3.12 hold. We define

Nk = vp([(Ek ∩Nk+1,k(L∗k+1)) : Nk+1,k(Ek+1)])

and
N#
k := vp([(ESk ∩Nk+1,k(L∗k+1)) : Nk+1,k(ESk+1)]).

Then
rankp((A#)◦) + s# ≤ N#

k .

If moreover µ(A) = 0, then also

rankp((A#)◦) ≤ Nk.

Proof. It follows from Chevalley’s Theorem 3.1(ii) and Lemma 3.2 that

|(A#
k+1)Gal(Lk+1/Lk)| = |A#

k | · pjk−1

[ESk : Nk+1,k(ESk+1)]
· pN

#
k = |A#

k | ·
pN

#
k

| ker(i#k,k+1)|
,

where jk denotes the number of primes of Lk above p. Since

|(A#
k+1)Gal(Lk+1/Lk)|
|A#

k |
≥ ps#

for each k ∈ N (see [16, Theorem 2.2]), the first statement of the theorem
follows from Lemma 3.12.

Now suppose that µ(A) = 0. Then Theorem 3.1(i) implies that

|AGal(Lk+1/Lk)
k+1 | = |Ak| · pjk−1

[Ek : Nk+1,k(Ek+1)] · p
Nk .

Moreover, Lemma 3.2 and Lemma 3.5(iii) imply that

vp([Ek : Nk+1,k(Ek+1)]) = sk+1,k − 1 + vp(| ker(ik,k+1)|)

= jk − r
(p)
k+1 − 1 + vp(| ker(ik,k+1)|).

Therefore

|AGal(Lk+1/Lk)
k+1 | = |Ak| · pr

(p)
k+1

| ker(ik,k+1)| · p
Nk .(3.4)

It follows from Lemma 3.5(ii) and from the proof of Lemma 3.8 that

r
(p)
k+1 ≤ rankp(A)− rankp(A#).(3.5)

By [16, Theorem 2.2], we have

vp(|A
Gal(Lk+1/Lk)
k+1 |)− vp(|Ak|) ≥ s(3.6)
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for every k ∈ N. We may conclude that for sufficiently large k,

rankp(A◦) + s
3.12
≤ rankp(ker(ik,k+1)) + s

(3.6)
≤ rankp(ker(ik,k+1)) + vp(|A

Gal(Lk+1/Lk)
k+1 |)− vp(|Ak|)

(3.4)= Nk + r
(p)
k+1

(3.5)
≤ Nk + rankp(A)− rankp(A#).

In view of (3.3) and Lemma 3.10, we obtain

s+ rankp((A#)◦) ≤ Nk + rankZp(D) ≤ Nk + s,

and therefore rankp((A#)◦) ≤ Nk, as claimed. �

3.3. Non-trivial finite torsion submodules. In this subsection, we
prove Theorem 1.1 from the Introduction. The following approach for prov-
ing the non-triviality of A◦ for a Zp-extension L of K is based on a simple
idea: if

rankZp(D(L)) < rankp(D(L)),

then actually (D(L))◦ 6= {0}. The next result can be used for bounding
rankZp(D(L)) from the above by computation of only finitely many layers
of L. Moreover, it is possible to make completely explicit how many layers
have to be computed.

Theorem 3.14. Let L/K be a Zp-extension satisfying e(L/K) = 0. We
write A = A(L), A# = (A#)(L) and D = D(L) = lim←−Dn for brevity.

(a) If A# = (A#)◦ is finite, then

rankZp(D) ≤ vp(|Dn+1|)− vp(|Dn|)

for each n such that |A#
n | = |A

#
n+1|.

(b) If (A#)◦ = {0}, then

rankZp(D) ≤ vp(|Dn+1|)− vp(|Dn|)

for every n ∈ N.
(c) Let νn,0(T ) := (T+1)pn−1

T for each n ∈ N. If

(3.7) νk,0(T ) ·A◦ = {0} = νk,0(T ) · (A#)◦

for some k ∈ N, then

rankZp(D) ≤ vp(|Dn+1|)− vp(|Dn|)

for every n ≥ k.
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In fact, if n is as in (a), (b) or (c), then
vp(|Dm+1|)− vp(|Dm|) ≤ vp(|Dn+1|)− vp(|Dn|)

for every m ≥ n. If |Dn+1| = |Dn| for any such n, then |D| = |Dn|.

Proof. For any Λ-submodule B = lim←−Bn of A = lim←−An and each n ∈ N
we denote by Y

(B)
n the kernel of the canonical map prn : B −→ Bn. As

e(L/K) = 0, Y (A)
n+1 = νn+1,n(T ) · Y (A)

n for each n ∈ N, where

νn+1,n(T ) = (T + 1)pn+1 − 1
(T + 1)pn − 1 ∈ Zp[T ],

n ∈ N (cf. [31, Theorem 13.15]). In particular, if νn,0(T ) = (T+1)pn−1
T is

defined as in assertion (c), then νn,0(T ) =
∏n
i=1 νi,i−1(T ) and

Y (A)
n = νn,0(T ) · Y (A)

0 .

We will investigate whether also Y (D)
n+1 = νn+1,n(T ) · Y (D)

n for all suffi-
ciently large n. Note: since T · D = {0} because e(L/K) = 0, we have
νn+1,n(T ) · Y (D)

n = p · Y (D)
n for each n. In other words, we study whether

Y
(D)
n+1 = p · Y (D)

n(3.8)
for each sufficiently large n. It is obvious (and in fact true for each sub-
module D of A) that

νn+1,n(T ) · (Y (A)
n ∩D) ⊆ νn+1,n(T ) · Y (A)

n ∩D = Y
(A)
n+1 ∩D = Y

(D)
n+1.

In order to deal with the reverse inclusion, we consider the three cases
separately, starting with

Case (a): A# = (A#)◦ is finite.
This means that we can choose k ∈ N such that |A#

k | = |A#
k+1|(= |A#|).

Then
Y

(A)
k +D = Y

(A)
k+1 +D = νk+1,k(T ) · Y (A)

k +D,

and Nakayama’s Lemma implies that Y (A)
k ⊆ D. Therefore Y (A)

n ⊆ D (and
thus Y (D)

n = Y
(A)
n ) for each n ≥ k, and (3.8) holds for each n ≥ k. This

means that
vp(|Dn+1|)− vp(|Dn|) = vp(|Y (D)

n /(p · Y (D)
n )|)

for every n ≥ k, and similarly
vp(|Dn+j+1|)− vp(|Dn+j |) = vp(|(pj · Y (D)

n )/(pj+1 · Y (D)
n )|)

for each j ∈ N. Therefore vp(|Dn+r|)−vp(|Dn|) ≤ r ·(vp(|Dn+1|)−vp(|Dn|))
for every r ∈ N and n ≥ k. This proves the assertion of the theorem in this
case.
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Case (b): (A#)◦ = {0}.
Suppose that x = νn+1,n(T ) · y ∈ D for some y ∈ Y (A)

n . We want to show
that y ∈ D. Since (A#)◦ = {0}, it follows that A# can be embedded into its
elementary Λ-module, and therefore multiplication by νn+1,n(T ) is injective
on A#, since νn+1,n(T ) is coprime with the characteristic polynomial of
A# (which divides the characteristic polynomial of A) by the proof of [28,
Proposition 2.1]. Therefore (3.8) follows, and we may proceed as above.

Case (c): νk,0(T ) ·A◦ = {0} = νk,0(T ) · (A#)◦.
We want to show first that the cardinality of

Zn := (νn,0(T ) · Y (A)
0 ∩D)/νn,0(T ) · (Y (A)

0 ∩D)

stabilises for n ≥ k. Indeed, letting Y # = Y
(A)

0 /(D ∩ Y (A)
0 ) ⊆ A#, we have

an exact sequence

0 // Y
(A)

0 [νn,0(T )]/(D ∩ Y (A)
0 [νn,0(T )]) // Y #[νn,0(T )] α // Zn // 0

for every n ∈ N, where α maps a coset y ∈ Y #[νn,0(T )] to the coset of
νn,0(T ) · y in Zn (this does not depend on the choice of y ∈ y).

As in the above special case (b), multiplication by νn,0(T ) is injec-
tive on the elementary Λ-module attached to Y # ⊆ A#, and therefore
Y #[νn,0(T )] ⊆ (Y #)◦. On the other hand, (Y #)◦ ⊆ (A#)◦ is annihilated
by νn,0(T ) for every n ≥ k (by assumption), and therefore

Y #[νn,0(T )] = (Y #)◦

for each n ≥ k.
Now we study the kernel of α. Again, since multiplication by νn,0(T ) is

injective on the elementary Λ-module attached to Y (A)
0 ⊆ A, the kernel of

multiplication by νn,0(T ) is contained in (Y (A)
0 )◦. In fact,

(Y (A)
0 )◦ = Y

(A)
0 [νn,0(T )]

because by our assumptions, (Y (A)
0 )◦ ⊆ A◦ is also annihilated by νn,0(T ) if

n ≥ k. It follows that ker(α) = (Y (A)
0 )◦/(D ∩ (Y (A)

0 )◦) for each n ≥ k.
We have therefore shown that there exists some X ∈ N such that

vp(|Zn|) = X for every n ≥ k. Note that

Zn = (Y (A)
n ∩D)/νn,0(T ) · (Y (A)

0 ∩D) = Y (D)
n /νn,0(T ) · Y (D)

0 .

Since T ·D = {0}, we can write this as

Zn = Y (D)
n /pn · Y (D)

0 .

We have shown that
vp(|Dn|)− vp(|D0|) = vp(|Y (D)

0 /Y (D)
n |) = vp(|Y (D)

0 /pnY
(D)

0 |)−X
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for every n ≥ k. Therefore

vp(|Dk+j+1|)− vp(|Dk+j |) = vp(|pk+jY
(D)

0 /pk+j+1Y
(D)

0 |)

≤ vp(|pkY (D)
0 /pk+1Y

(D)
0 |)

for every j ∈ N. In particular,

rankZp(D) ≤ vp(|Dn+1|)− vp(|Dn|)

for every n ≥ k.
Finally, the last assertion of the theorem concerns a special case: if

|Dn+1| = |Dn| in the above setting, then |Dn+r| = |Dn| for every r ∈ N. �

Example 3.15. Let K = Q(ζ11), p = 3. Then p is inert in the maxi-
mal real subfield K+ of K and splits into two primes in K/K+. Let L
be the cyclotomic Z3-extension of K. Then µ(A) = 0 by the Theorem
of Ferrero-Washington, because K/Q is abelian. Since A(K+) = {0}, we
know from Remark 3.4 that (A(L))◦ = {0} and ((A#)(L))◦ = {0}. Since
A

(L)
1 = D

(L)
1 = Z/3Z, Theorem 3.14 implies that rankZp(D(L)) ≤ 1.

Note that (A#)(L) = {0}, because (A#
0 )(L) = (A#

1 )(L) = {0}. But
A(L) 6= {0}, and formula (3.3) implies that rankZp(D(L)) = 1. It follows
that rankp(A(L)) = 1 and rankZp(A(L)/(T · A(L))) = 1, i.e. A(L) ∼= Λ/(T )
as Λ-modules.

Example 3.16. Consider the number field K which is defined by the poly-
nomial x3 + 36x2 + 122x+ 42. Then K is totally real, and the prime p = 3
is totally split in K/Q. Using PARI, we computed that A(K) ∼= Z/3Z,
(A#)(K) = {0} = (A#

1 )(L), and A
(L)
1
∼= Z/9Z × Z/3Z for the cyclotomic

Z3-extension L of K.
Therefore (A#)(L) = {0} by [15, Theorem 2.5 and Remark 3.14], and

thus A(L) = D(L). Theorem 3.14 implies that λ(A(L)) = rankZ3(D(L)) ≤ 2.
Note: since p = 3 is totally split in K/Q, the composite K of all Z3-

extensions of K is unramified over L, and therefore

rankZ3(A(L)/(T ·A(L))) = δ(K)

equals the Leopoldt defect of K, as K is totally real. Since T ·D(L) = {0},
we actually have rankZ3(A(L)/(T · A(L))) = rankZ3(D(L)) = λ(A(L)). This
shows that Theorem 3.14 can be used in order to bound the Leopoldt defect
of a number field K.

Remark 3.17.
(1) If µ(A) = 0, then Iwasawa’s class number formula (2.1) implies that

rankZp(D) ≤ λ(A) = vp(|An+1|)− vp(|An|)
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for each sufficiently large n. Using the property (3.8) of D, one can
deduce an Iwasawa-type asymptotic formula for the orders |Dn| for
sufficiently large n; rankZp(D) then corresponds to λ(D). Note that
the statement of Theorem 3.14 gives more information because it
includes an explicit description of what “sufficiently large” means in
this context. An analogous concrete bound for the Iwasawa module
A is not known in general.

(2) We are really using T · D = {0} here; for general Iwasawa mod-
ules, the same approach only yields only bounds for the growth of
rankT (An). We also remark that vp(|Dn+1|)−vp(|Dn|) will often be
smaller than vp(|An+1|)− vp(|An|).

Note: in case (a) of the theorem we automatically have µ(A) = 0,
because D is a finitely generated Zp-module. In cases (b) and (c)
we do not presume that µ(A) = 0.

(3) It follows from [28, Corollary 2.5] that µ(A) = 0 and

λ(A) ≤ vp(|An+1|)− vp(|An|)

if the right hand side is smaller than pn+1 − pn. If |A#
n+1| = |A#

n |,
then vp(|Dn+1|) − vp(|Dn|) = vp(|An+1|) − vp(|An|). Using Theo-
rem 3.14, we obtain a bound on λ(A) = rankZp(D) even if this
difference is greater than or equal to pn+1 − pn (note that this is
indeed the case in Example 3.16). Also the case of (A#)◦ = {0} is
interesting, since vp(|Dn+1|) − vp(|Dn|) can be much smaller than
vp(|An+1|)− vp(|An|).

(4) We can generalise condition (a) from Theorem 3.14: if A#/(λ ·A#)
is finite for some λ ∈ Λ, and if λA ∩ D = λD, then we obtain an
equation (3.8) for the module D/(λ ·D). In particular, if

rankλ(A#
n+1) = rankλ(A#

n )

for some n in this case, and if rankλ(Dm) = rankλ(Dm+1) for some
m ≥ n, then rankλ(D) = rankλ(Dm). In other words: if two consec-
utive ranks of the A#

n and the Dn coincide, then also the ranks of
the An stabilise; this is kind of a converse of Lemma 3.8.

Proof of Theorem 1.1. First note that both parts of condition (3.7) are au-
tomatically satisfied as soon as |A◦| ≤ pk and |(A#)◦| ≤ pk. Therefore

vp(|Dm+1|)− vp(|Dm|) ≤ vp(|Dk+1|)− vp(|Dk|)

for every m ≥ k; we obtain the first part of Theorem 1.1.
Now suppose that |(A#)◦| ≤ pk. For every coset in (A#)◦, we choose a

representative in A under the canonical map π : A� A#, and we let

Ã := A/(D + π−1((A#)◦)).
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Note that the two Λ-modules D and D̃ := D+π−1((A#)◦) have the same fi-
nite Zp-rank. Since Ã◦ = {0} by construction, the proof of Theorem 3.14(b)
implies that Y (D̃)

n+1 = νn+1,n(T ) · Y (D̃)
n , n ∈ N, holds for the submodule

D̃ ⊆ A.
Since νk,0(T ) · (A#)◦ = {0} by assumption, νk,0(T ) · D̃ ⊆ D. Therefore

Y
(D̃)
k+1 = νk+1,0(T ) · Y (D̃)

0 = νk+1,k(T ) · νk,0(T ) · Y (D̃)
0 ⊆ p ·D

since T · D = {0}. As D ⊆ D̃, we may conclude that Y (D)
k+1 ⊆ Y

(D̃)
k+1 is

contained in p ·D, and therefore

rankp(Dk+1) = vp(|D/(Y (D)
k+1 + p ·D)|) = vp(|D/(p ·D))|) = rankp(D),

i.e. rankp(Dn) = rankp(Dk+1) for every n ≥ k + 1. �

Example 3.18. In order to illustrate the above results, we choose p = 2
and we consider two sets of each 20000 number fields with discriminant
as small as possible and of signatures [3,0] and [1,1], respectively. These
families, ordered by discriminant, have been obtained from the LMFDB
database [18]. All the computations have been done using PARI [26].

In all what follows, we consider the cyclotomic Zp-extensions L of the
corresponding number fields K. First we search for examples L/K such
that

vp(|D2|)− vp(|D1|) > vp(|D1|)− vp(|D0|)
or

rankp(D2) > rankp(D1)
(i.e. satisfying one of the two conditions (a) and (b) for n = 0 in The-
orem 1.1). In these cases the theorem implies that |A◦| · |(A#)◦| ≥ 2, re-
spectively |(A#)◦| ≥ 2. We found around 900 such examples in the list
of number fields with signature [1,1], and around 200 totally real exam-
ples. Note that in both cases there exist number fields for which exactly
one of the two conditions (a) and (b) is satisfied, although the majority of
examples (more than 90 %) satisfies both conditions.

Moreover, looking for a field which satisfies one of the above conditions
for n = 1 yields 94 examples among the first 4000 cubic extensions in the
above signature [1,1] list. Theorem 1.1 implies that |A◦| ≥ 4 or |(A#)◦| ≥ 4
in each of these examples.

Finally, we searched for number fields verifying one of the conditions for
p = 3 (and n = 0). To this purpose, we took from [18] a list of 1000 real
cubic number fields with small discriminant (up to 23612), obtaining 18
examples (here the two criteria gave exactly the same matches). Note that
Theorem 1.1(b) implies that |(A#)◦| ≥ 3 in each of these cases. Interest-
ingly, in 10 of the 18 examples, the number field K contains exactly one
prime above p = 3 – in the examples for p = 2 computed before, we have
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not found a single number field containing only one prime above p = 2
which verified one of the conditions.

Let us state one further

Theorem 3.19. Let L/K be a Zp-extension satisfying e(L/K) = 0. We
assume that rankp(A1) = rankp(A0). Then

rankp((A#)◦) ≥ rankp(D)− rankp(D0).

Proof. Lemma 3.6 implies that
rankp((A#)◦) ≥ rankp(D)− rankp(A) + rankp(A#).

In view of Lemma 3.5(ii), we can write

rankp(A)− rankp(A#) = vp(|D/(p ·A ∩D)|).

On the other hand, rankp(D)− rankp(D0) = vp(|(Y (D)
0 + p ·D)/(p ·D)|).

Since rankp(A1) = rankp(A0) by assumption, the canonical map
pr0 : A −→ A0

induces an isomorphism
A/(p ·A) ∼−→ A0/(p ·A0).

Therefore Y (D)
0 ⊆ D ∩ p ·A. Summarising,

rankp(D)− rankp(D0) ≤ vp(|(p ·A ∩D)/(p ·D)|)
= vp(|D/(p ·D)|)− vp(|D/(p ·A ∩D)|)
≤ rankp((A#)◦). �

Remark 3.20. Ozaki has shown in [25] that for any finite Λ-module M ,
there exists a suitable totally real number field K such that

A(L) = (A(L))◦ ∼= M,

where L denotes the cyclotomic Zp-extension of K. It seems not known
whether something similar is true also for A#.

4. Pseudo-null submodules of Zk
p-extensions

In this section, we will prove results concerning the non-triviality of the
maximal pseudo-null submodule of the Iwasawa module attached to suitable
Zkp-extensions L/K. We will also explain that the statement (A(L))◦ 6= {0}
sometimes can be used in order to deduce that in fact A(L) = (A(L))◦ is
pseudo-null. In view of a result of Minardi (see [20, Proposition 4.B]), this
can imply (GGC) for K.

First we discuss a characterisation of the maximal pseudo-null submodule
of an Iwasawa module A which depends on the projective dimension of A.
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Lemma 4.1. Let 1 ≤ k ∈ N, and let A be an Iwasawa-Λk-module.
(i) If k = 1, then A◦ = {0} if and only if pdΛk(A) ≤ 1.
(ii) If k > 1, then pdΛk(A) ≤ 1 implies that A◦ = {0}. The reverse

statement, however, is not true in general.

Proof. The statement for k = 1 is well-known (see [21, Proposition 5.3.19]).
Suppose now that k > 1 and that A◦ 6= {0}. Then there exists an element
0 6= x ∈ A such that the height of the ideal Ann(x) ⊆ Λk annihilating x is
at least two. But then

depthΛk(A) ≤ dim(Λk/Ann(x)) ≤ dim(Λk)− 2 = k + 1− 2 = k − 1

and therefore pdΛk(A) ≥ 2 by the Auslander–Buchsbaum Theorem.
The following example shows that the reverse conclusion does not hold in

general. Suppose that k = 2, and let A= (T1, T2, p)/(T1). Then A⊆ Λ2/(T1)
does not contain any non-trivial pseudo-null Λ2-submodules. We will com-
pute the depth of A. Since multiplication by T2 is injective on A,

depthΛ2(A) = 1 + depthΛ1(A/(T2 ·A)),

where we let Λ1 = Zp[[T1]] ∼= Λ2/(T2). Now

A/(T2 ·A) = (T1, T2, p)/(T1, T
2
2 , T2p)

contains the pseudo-null Zp[[T2]]-submodule

(T1, T2)/(T1, T
2
2 , T2p) ∼= Zp[[T2]]/(T2, p).

Therefore pdΛ1(A/(T2 · A)) = 2 and depthΛ2(A) = 1 + 0 = 1. This proves
that pdΛ2(A) = 2. �

The starting point of our investigations concerning the non-triviality of
A◦ is the following result due to Fujii.

Theorem 4.2 (Fujii). Let K be a number field, let L denote the cyclotomic
Zp-extension of K, and let M 6= L denote a Zp-extension of K such that
each prime of K dividing p ramifies in M . We assume that either K con-
tains exactly one prime above p, and e(L/K) = 0, or that p is totally split
in K. Let L := L ·M , so that L/K is a Z2

p-extension. Let T1 = γ1 − 1 for
some generator γ1 of Gal(L/M) ∼= Zp.

If (AL)◦ = {0} and (A(L)/(T1 · A(L)))◦ 6= {0}, then A(L) contains a
non-trivial pseudo-null Zp[[Gal(L/K)]]-submodule.

Proof. See [3, Proposition 2.1 and Corollary 2.1]. �

We generalise this result to Zkp-extensions L/K, k ≥ 2 arbitrary. More-
over, we consider more general number fields K, and we will not be limited
to Zp-extensions of K in which all the primes of K dividing p ramify.
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Theorem 4.3. Let K be an arbitrary number field, let L and M denote
two different Zk−1

p -extensions of K such that L := L ·M is a Zkp-extension
of K. Let γ1 and γ2 denote generators of Gal(L/M) and Gal(L/L), and
write T1 = γ1 − 1 and T2 = γ2 − 1. Suppose that

(i) A(L)/(T2 ·A(L)) is a torsion Zp[[Gal(L/K)]] ∼= Zp[[Gal(L/K)]]/(T2)-
module such that

pdZp[[Gal(L/K)]](A(L)/(T2 ·A(L))) ≤ 1
and that

(ii) the kernel (A(L)/(T1 · A(L)))[T2] of multiplication by T2 contains
a non-trivial torsion Zp[[Gal((L ∩ M)/K)]]-submodule, and only
finitely many primes of M ramify in L/M .

Then (A(L))◦ 6= {0}. In fact, (A(L))◦[T2] is non-trivial.
Remark 4.4. In view of Lemma 4.1(i), Theorem 4.2 of Fujii is a special
case of Theorem 4.3. Indeed, the hypotheses in Theorem 4.2 imply that we
have an injection

A(L)/(T2 ·A(L)) �
� // A(L),(4.1)

see Lemma 4.6 below; therefore (A(L)/(T2 ·A(L)))◦ ⊆ (A(L))◦ = {0}. More-
over, hypothesis (ii) from Theorem 4.3 is satisfied in view of Lemma 4.7.
Proof of Theorem 4.3. First note that A(L) 6= {0} by (ii). Let

Λk := Zp[[Gal(L/K)]],
and let E denote an elementary torsion Λk-module attached to A(L). Fix a
pseudo-isomorphism ϕ : A(L) −→ E.

Let Λ(1)
k−1 := Zp[[Gal(L/K)]] = Zp[[T1, T3, . . . , Tk]]. Since A(L)/(T2 · A(L))

is a torsion Λ(1)
k−1-module by (i), it follows that T2 does not divide the

characteristic power series FA(L) ∈ Λk. Now suppose that A(L)[T2] does not
contain any non-trivial pseudo-null Λk-submodules. Then ϕ|A(L)[T2] is in
fact injective, and it follows that multiplication by T2 is injective on A(L).

On the other hand, the hypothesis pdΛ(1)
k−1

(A(L)/(T2 · A(L))) = 1 im-

plies that the depth over Λ(1)
k−1 of A(L)/(T2 · A(L)) is k − 1. This means

that depthΛk(A(L)) = k, and therefore pdΛk(A(L)) = 1 by the Auslander–
Buchsbaum Theorem.

It follows that there exists an exact sequence

0 // Λ⊕rk // Λ⊕rk // A(L) // 0.(4.2)

Here we note that each projective Λk-module is in fact free (cf. [21, Corol-
lary 5.2.20]); the two free modules in the above sequence have the same
rank because A(L) is Λk-torsion.
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Taking Gal(L/M)-invariants and -coinvariants yields an exact sequence

0 // (A(L))Gal(L/M) // (Λ(2)
k−1)⊕r // (Λ(2)

k−1)⊕r // A(L)/(T1 ·A(L)) // 0

of Λ(2)
k−1-modules, where we let Λ(2)

k−1 := Zp[[Gal(M/K)]].
We claim that A(L)/(T1 ·A(L)) is a finitely generated torsion Λ(2)

k−1-mod-
ule. Then also (A(L))Gal(L/M) is torsion and therefore (A(L))Gal(L/M) = {0},
since it can be embedded into (Λ(2)

k−1)⊕r. Taking Gal(M/(L∩M))-invariants
and -coinvariants of the above sequence then yields an exact sequence

0 // (A(L)/(T1 ·A(L)))Gal(M/(L∩M)) // Λ⊕rk−2
// Λ⊕rk−2

of Zp-modules; here Λk−2 = Zp[[T3, . . . , Tk]]. Therefore

(A(L)/(T1 ·A(L)))[T2]
does not contain any non-trivial torsion Λk−2-submodules, in contradiction
to (ii).

In order to prove the above claim, we note that

A(L)/(T1 ·A(L)) ∼= Gal(H(L)ab/L),

where H(L)ab denotes the maximal subextension of H(L) which is abelian
over M ; the notation H(L) has been introduced in Section 2. Note that we
have an exact sequence

0 // ∑
p Ip(H(L)ab/M) // Gal(H(L)ab/M) // A(M) // 0,

where Ip(H(L)ab/M) ⊆ Gal(H(L)ab/M) denotes the inertia subgroup of a
prime p of M , and where the sum runs over the finitely many primes of
M which ramify in L. Each of the inertia groups can be identified with a
subgroup of Gal(L/M), because H(L)ab/L is unramified. This shows that∑

p Ip(H(L)ab/M) is a finitely generated free Zp-module and thus is Λ(2)
k−1-

torsion; therefore also Gal(H(L)ab/M) and

A(L)/(T1 ·A(L)) ∼= Gal(H(L)ab/L)

are torsion Λ(2)
k−1-modules. �

Remark 4.5. Analogous results (i.e. non-triviality of the maximal pseudo-
null Λk-submodule) can also be proved for quotients A/B, dividing out the
ideals generated from the primes above p, as long as none of these primes
splits into infinitely many primes inM . In the proof, we just have to replace
inertia groups by decomposition groups.

The following two lemmas describe situations in which hypotheses (i)
and (ii) from Theorem 4.3 are valid.
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Lemma 4.6. Condition (i) from Theorem 4.3 holds, for example, if

pdZp[[Gal(L/K)]](A(L)) ≤ 1

and at most one prime of L ramifies in L.

Proof. This follows from the proof of [24, Lemma 1] (cf. also the proof of
the next lemma; the strategy of the two proofs is the same). �

Lemma 4.7. In order to obtain a situation as in Theorem 4.3(ii), it suf-
fices that A(M) contains a non-trivial finite Zp[[Gal(M/K)]]-submodule, and
that there exists a map

A(L)/(T1 ·A(L)) // A(M)(4.3)

which is injective and has Zp-free cokernel. This can be achieved
(1) if L/M is unramified, or
(2) if there exists exactly one prime of M dividing p which ramifies in

L, and this prime is totally ramified.

Proof. We have an isomorphism

A(L)/(T1 ·A(L)) ∼= Gal(N/L),

where N denotes the maximal subfield of H(L) which is abelian over M ;
condition (1) implies that actually N = H(M). In this case, we therefore
obtain an injective map

A(L)/(T1 ·A(L)) ∼= Gal(H(M)/L) ↪→ Gal(H(M)/M)

with Zp-free cokernel. In case (2), there exists a unique prime p ofM which
ramifies in L. We denote by Ip ⊆ Gal(N/M) the inertia subgroup. Then
N Ip = H(M); since Ip ∩ Gal(N/L) = {1}, it follows that N = H(M) · L,
and therefore

A(L)/(T1 ·A(L)) ∼= Gal(N/L) = Gal(H(M)/(L ∩H(M))) ∼= A(M),

because L ∩H(M) = M by the second hypothesis in (2). �

Using the previous two lemmas, we can derive from Theorem 4.3 the
following

Corollary 4.8. Let L/K be a Z2
p-extension of a number field K; suppose

that L,M ⊆ L denote two Zp-extensions of K such that
(i) (A(L))◦ = {0}, and at most one prime of L ramifies in L, and
(ii) (A(M))◦ 6= {0}, and the extension L/M is unramified.

Then (A(L))◦ 6= {0}.
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The above approach will also be used in Section 5 (cf. the proofs of
Theorem 1.2 and Theorem 5.9 below). Sometimes the existence of a non-
trivial pseudo-null submodule of (A(L))◦ can be proved more directly by
considering a submodule B(L) of A(L) generated by some of the primes
dividing p:

Remark 4.9. Suppose that L/K denotes a Zkp-extension such that the
decomposition groups Dp(L/K) ⊆ Gal(L/K) have Zp-ranks at least two
for each prime p of K dividing p. Then B(L) ⊆ A(L) is pseudo-null, i.e.
B(L) ⊆ (A(L))◦. Important special case: L/K is a Z2

p-extension such that
there exist only finitely many primes of L dividing p.

We mention two example settings where the condition from the previous
remark is satisfied. First, if K contains only one prime above p, then this
prime is almost totally ramified in L/K.

On the other hand, suppose that K is a CM-field, that p 6= 2 is totally
split in K/Q, [K : Q] ≥ 4 and that Leopoldt’s conjecture holds for K
and p. Then for each pair {pi, pi} of complex conjugate primes above p,
there exists a unique Zp-extension M (i) of K such that the set of primes
ramifying in M (i) equals {pi, pi} (cf. [13, Lemma 3.31]). In view of [5,
Lemma 3], each prime of K dividing p is finitely split in M (i)/K. There-
fore rankZp(Dp(K/K)) ≥ 2 for every prime p above p, where K denotes the
composite of all Zp-extensions of K. Note: in [5] a result concerning (GGC)
is derived from this, see [5, Theorem 2].

Example 4.10. In [14], we studied a family of cubic non-normal extensions
of Q each of which contained exactly one prime dividing p = 3. For example,
the number field K defined by the polynomial x3 − 27x2 + 18x − 21 was
contained in that family. Using PARI, we computed A(K) ∼= Z/9Z and
(A#)(K) ∼= Z/3Z, i.e. D(K) = 3 · A(K). If K denotes the composite of all
Z3-extensions of K (which is a Z2

3-extension of K since K has exactly one
real archimedean and one pair of complex primes and Leopoldt’s Conjecture
holds for K), then the results of [14] imply that H(K) ∩K = H ′(K) ∩K.
For the reader’s convenience, we will briefly sketch the proof of this fact
below. It then follows that {0} 6= D(K) ⊆ (A(K))◦. Indeed, Z := H ′(K)∩K
equals the decomposition field of the unique prime p above p in K/K; if
p(Z) denotes any prime of Z dividing p, then the order of p(Z) in D(Z) is at
least |D(K)| = 3, since NZ/K(p(Z)) = p. Moreover, p(Z) is totally ramified
in K/Z, and therefore the norm map N : D(K) −→ D(Z) is surjective, i.e.
D(K) 6= {0}. We recall that D(K) = B(K) ⊆ (A(K))◦ in view of the previous
remark.

One can actually show more: if L denotes the cyclotomic Z3-extension
of K, then it turns out that A(L)

1 = A
(L)
2
∼= Z/9Z × Z/3Z, and therefore
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A(L) ∼= A
(L)
1 is finite by Fukuda’s Theorem (cf. [7, Theorem 1]). Since L

contains exactly one prime above p = 3, it follows from [14, Corollary 2.5]
that A(K) =(A(K))◦, i.e. (GGC) holds forK and p= 3. Note that A(K) 6={0}
by the above.

Proof of the above claim. Class field theory implies that we have an exact
sequence

0 // (O∗p/EK)(3) // J3(3) cont // A(K) // 0.

Here p denotes the unique prime of K dividing p = 3, O∗p ⊆ K∗p is the
local unit group, J3 = (

∏
v-3K

∗
v/O∗v ×K∗p )/K∗, and for any group G, G(3)

denotes the 3-pro-primary part of G. Note that J3(3) is isomorphic to the
Galois group Gal(M3(K)/K), where M3(K) denotes the maximal abelian
pro-3-extension of K unramified outside p = 3.

If the above exact sequence splits, then H(K)∩K = K (cf. [14, Claim 1
in Example 4.9]). More generally, suppose that there exists a map
s : D(K) → J3(3) such that cont ◦s = idD(K) . Then

X := (O∗p/EK)(3)⊕ s(D(K)) ↪→ J3(3);

note that X = cont−1(D(K)), which is the subgroup
Fix(H ′(K)) ⊆ Gal(M3(K)/K) ∼= J3(3)

fixing H ′(K).
But then H(K) ∩K = H ′(K) ∩K, since

Fix(H ′(K))/Fix(H(K)) ∼= s(D(K))
is contained in the torsion subgroup of Gal(M3(K)/K), which is Fix(K),
and therefore

Fix(H(K)) · Fix(K) = Fix(H ′(K)) · Fix(K).

It remains to construct a map s : D(K) −→ J3(3). This can be done
exactly as in [14, Example 4.9] (in fact, the family studied there was chosen
such that this split exists, cf. [14, Claim 3]). �

We have now seen how to produce a non-trivial pseudo-null submodule
of A(L) for a Zkp-extension L of K. The following lemma can be used for
deriving consequences concerning (GGC).

Lemma 4.11 (Fujii). Let L/K be a Zkp-extension, k ≥ 2, and suppose that
there exists a Zk−1

p -extension L ⊆ L of K such that
(i) (A(L))◦ = {0},
(ii) there exists an injection for L as in (4.1), where we write T2 = γ2−1

for some generator γ2 of Gal(L/L) ∼= Zp, as in Theorem 4.3, and



610 Sören Kleine

(iii) the characteristic power series FA(L)(T ) ∈ Zp[[L]] ∼= Λk−1 of A(L) is
irreducible.

Then the following holds: If (A(L))◦ 6= {0}, then A(L) is pseudo-null over
Zp[[Gal(L/K)]] ∼= Λk.
Proof. This follows from the proof of [3, Proposition 3.1] (which is given
for a Z2

p-extension). For the reader’s convenience, we include a sketch here.
(i) and (ii) imply that A(L)/(T2 ·A(L)) is not pseudo-null, and therefore the
characteristic power series of the quotient A(L)/(T2 ·A(L)) is not a unit (note
that A(L) 6= {0} since (A(L))◦ 6= {0} by assumption). The assumptions (ii)
and (iii) imply that the characteristic power series of A(L)/(T2 · A(L)) is
irreducible. Since the quotient does not contain any non-trivial pseudo-null
submodules by (i) and (ii), it follows that the characteristic ideal and the
Fitting ideal of this Zp[[Gal(L/K)]]-module coincide. Lifting the character-
istic polynomial to FittΛk(A(L)), we obtain an irreducible annihilator g of
A(L) contained in FittΛk(A(L)) (note that the image of a non-unit of Λk
yields also a non-unit in Λk/(T2)). If A(L) was not pseudo-null over Λk,
then the annihilator ideal Ann(A(L)) of A(L) would be contained in some
prime ideal of height one, and we could conclude that

FittΛk(A(L)) = AnnΛk(A(L)) = (g)

was principal. But then (A(L))◦ = {0}, in contradiction to our assump-
tions. �

Remark 4.12. If the characteristic power series FA(L)(T ) is irreducible
and L/L is unramified, then FA(L)(T ) = T , and A(L) = {0} in view of
Nakayama’s Lemma. Therefore hypotheses (ii) and (iii) from Lemma 4.11
can yield a non-trivial pseudo-null A(L) only if a prime (e.g. exactly one)
ramifies in L/L.3

In the last result of this section, we will describe an efficient criterion for
proving that the characteristic polynomial FA(L)(T ) of a Zp-extension L of
K is irreducible (cf. condition (iii) of the above lemma).
Lemma 4.13. Let L/K be a Zp-extension and suppose that

|An+1/(λ ·An+1)| = |An/(λ ·An)| ≤ p
for some λ ∈ (p, T ) ⊆ Λ = Zp[[Gal(L/K)]] and some n ≥ e(L/K).

Then either A(L) = (A(L))◦ is finite, or (A(L))◦ = {0} and the charac-
teristic polynomial FA(L)(T ) of A(L) in Zp[[Gal(L/K)]] = Λ is irreducible.
Proof. By [15, Theorem 2.5], the assumption implies that

|A(L)/(λ ·A(L))| ≤ p.
3I thank the anonymous referee for pointing out this constraint to me.
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If the cardinality is 1, then A(L) = {0} by Nakayama’s Lemma, because λ
is contained in the maximal ideal of Λ. Therefore suppose that the order of
the quotient is p. Now

|A(L)/(λ ·A(L))| = |(A(L))◦/(λ · (A(L))◦)| · |EA/(λ · EA)|,
where EA denotes the elementary Λ-module attached to A(L), by [13,
Proposition 3.58]. Therefore one of the two factors on the right hand side
must vanish. Again, this means that either (A(L))◦ = {0} or EA = {0}. In
the second case, A(L) is finite. Suppose therefore that (A(L))◦ = {0} and
|EA/(λ · EA)| = p. It is easy to see that FA(L)(T ) has to be irreducible in
this case (in fact, if FA(L)(T ) = g1 · . . . · gt for suitable irreducible elements
g1, . . . , gt ∈ Λ, then |EA/(λ ·EA)| =

∑t
i=1 |Λ/(λ, gi)|, and each summand is

greater than or equal to p). �

5. Applications and further Examples

In this section, we apply the results from the preceding two sections to
two different settings: first we describe situations where we can show certain
finiteness results for Iwasawa modules for the cyclotomic Zp-extension of a
number field K, with an eye towards (but not limited to) fields K which
contain exactly one prime above p. In this subsection, we also give a proof of
Theorem 1.2 from the Introduction. In the second part, we study a certain
class of number fields containing exactly two primes above p.

5.1. One prime above p. In this subsection we prove Theorem 1.2. The
following lemma might prove useful also in other interesting situations.

Lemma 5.1. Let K be any number field, and let L/K be a Zp-extension
such that

(i) e(L/K) = 0,
(ii) rankp(A(L)

1 ) = rankp(A(K)), and
(iii) rankp(A(K)) < rankp((A#)(K)) + rankp(D(L)).

Then ((A#)(L))◦ is non-trivial. If moreover rankp((A#)(K)) = 1, then
(A#)(L) is finite and cyclic.

Proof. It follows from (i) and (ii) that rankp(An) = rankp(A(K)) for every
n ∈ N. Lemma 3.8 implies that

r(p) = r
(p)
0 = rankp(A(K))− rankp((A#)(K))

(iii)
< rankp(D(L)).

Therefore ((A#)(L))◦ 6= {0} by Corollary 3.7. Since

rankp(A#
n ) = rankp((A#)(K))

for every n ∈ N by Lemma 3.8, the additional hypothesis means that
actually (A#)(L) = ((A#)(L))◦ is finite. �
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Remark 5.2. The following special instance of Lemma 5.1 is well-known.
Let L/K be a Zp-extension such that only one prime p of K ramifies in
L, and suppose that p is totally ramified. If A(K) = A

(L)
0 and A

(L)
1 both

are cyclic and {0} 6= D(L), then (A#)(L) is either trivial or finite cyclic
(depending on whether D(L) ⊆ p ·A(L) or not).

In fact, D(L) is contained in (A(L))Γ, Γ = Gal(L/K), and therefore it
is finite by Chevalley’s Theorem 3.1(i) because only one prime ramifies in
L/K. Since rankp(A(L)) = 1 and D(L) 6= {0} by assumption, it follows that
actually

A(L) = (A(L))◦

is finite cyclic.

The following variant of Lemma 5.1 will be used for the proof of The-
orem 5.4. Recall that for any finitely generated torsion Λ-module X, we
defined

rankT (X) = vp(|X/(T ·X)|),
whenever this is finite.

Lemma 5.3. Let K be any number field, and let L/K be a Zp-extension.
We suppose that

(i) e(L/K) = 0,
(ii) rankT (A1) = rankT (A(K)),
(iii) |(A#)(K)| = p, and
(iv) |D(L)

n | > |D(L)
0 | = |D(K)| for some n ∈ N.

Then A(L) is finite.

Proof. It follows from (i) and (ii) that rankT (An) = rankT (A(K)) for every
n ∈ N; Lemma 3.8 implies that rankT (A#

n ) = rankT ((A#)(K)) (iii)= 1 for
each n. We claim that ((A#)(L))◦ 6= {0}; by the above, this will imply that
(A#)(L) = ((A#)(L))◦ is actually finite. Indeed, as in the proof of Lemma 5.1
the claim is true by Corollary 3.7 and Lemma 3.8, since

r(T ) = r
(T )
0 = rankT (A(K))− rankT ((A#)(K)) = vp(|D(L)

0 |),

and this is strictly smaller than rankT ((A(L))◦) ≥ vp(|D(L)|) by (iv).
Therefore (A#)(L) is finite. But D(L) ⊆ A(L)[T ] is also finite, since

rankT (A(L)) is finite by (i) and (ii). �

Theorem 5.4. Let K be a number field containing exactly one prime p
above p. Let L =

⋃
n Ln be a Zp-extension of K such that the prime p is

totally ramified in L/K. If |(A#)(K)| = p and |D(L)| > |D(K)|, then (GGC)
holds for K.
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Proof. If K contains only one prime above p, then Chevalley’s Theor-
em 3.1(i) implies that hypothesis (ii) in Lemma 5.3 is satisfied; the remain-
ing assumptions from that lemma are also satisfied by assumption, and
therefore A(L) is finite. (GGC) for K and p follows from [14, Corollary 2.5],
because L contains exactly one prime above p. �

Example 5.5. We consider a list of 20000 real quadratic number fields
with small discriminant, taken from the LMFDB database [18]. Among
this family, 11669 fields K contain exactly one prime p above p = 2 which
is totally ramified in the cyclotomic Z2-extension of K, and 261 of these
fields satisfy the conditions from Theorem 5.4.

Moreover, let us consider the family of 20000 cubic number fields of
signature [1,1] which has been used already in Example 3.18. We checked
the conditions from Theorem 5.4, for p = 3. It turned out that for 69 of the
number fields K in this list the hypotheses in Theorem 5.4 are satisfied.
For example, suppose that K is defined by the polynomial x3 + 6x − 50.
Then

A(K) ∼= Z/3Z, D(K) = {0}, A(L)
1
∼= (Z/3Z)3 and D(L)

1
∼= Z/3Z.

Now we turn to the

Proof of Theorem 1.2. Since exactly one prime of K ramifies in L, and as
it is totally ramified, we have

A(L(i))/(TA(L(i))) ∼= A(L(i−1))

for every Zip-extension L(i) ⊆ L of K and any Zi−1
p -subextension

L(i−1) = (L(i))〈T+1〉.

In view of Lemmas 4.6 and 4.7, hypotheses (i) and (ii) of Theorem 4.3 can
be replaced by the conditions “pdZp[[Gal(L/K)]](A(L)) ≤ 1” and “A(M)[T2]
contains a non-trivial Zp[[Gal((L∩M)/K)]]-torsion submodule” for the cor-
responding subextensions of L, respectively.

We proceed by induction. Suppose first that there exist Zp-extensions
L,M ⊆ L of K such that (A(L))◦ = {0} and (A(M))◦ 6= {0}. Then The-
orem 4.3 implies that (A(M(2)))◦[T2] 6= {0}, where M(2) := L · M and
〈T2 + 1〉 = Gal(M(2)/L).

Suppose now that we are given Zip-extensions L(i),M(i) ⊆ L of K,
2 ≤ i < k, such that (L(i) ∩M(i))/K is a Zi−1

p -extension,

pdZp[[Gal(L(i)/K)]](A
(L(i))) ≤ 1

and (A(M(i)))◦[T2] 6= {0}, where (M(i))〈T2+1〉 = L(i)∩M(i). Then A(M(i))[T2]
contains a non-trivial torsion Zp[[Gal((L(i) ∩ M(i))/K)]]-submodule. Let
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M(i+1) = M(i) · L(i). Noting that
Gal(M(i+1)/L(i)) ∼= Gal(M(i)/(L(i) ∩M(i))),

Theorem 4.3 then implies that (A(M(i+1)))◦[T2] 6= {0}. �

Remark 5.6. Let again L/K be a Zkp-extension such that only one prime
p of K ramifies in L, and suppose that p is totally ramified. Now we assume
that

pdZp[[Gal(L/K)]](A(L)) ≤ 1
(in particular, this implies that (A(L))◦ = {0}). Then

pdZp[[Gal(L(i)/K)]](A
(L(i))) ≤ 1

for each Zip-extension L(i) of K contained in L.
Indeed, we proceed via induction, and we assume that k ≥ 2. Let

L(k−1) ⊆ L be a Z(k−1)
p -extension of K contained in L, and write

L(k−1) = L〈T+1〉.

Then A(L(k−1)) ∼= A(L)/(T ·A(L)) and therefore

pdZp[[Gal(L(k−1)/K)]](A
(L(k−1))) = pdZp[[Gal(L(k−1)/K)]](A

(L)/T ·A(L))

= pdZp[[Gal(L/K)]](A(L)) ≤ 1.

5.2. Two primes above p. Let Q(
√
−d) be an imaginary quadratic num-

ber field in which the prime p splits, and let K ⊇ Q(
√
−d) be a number field

such that p does not split further in K/Q(
√
−d). We denote the primes of

K dividing p by p1 and p2. Let L denote the cyclotomic Zp-extension of K,
and let M be a Zp-extension of K in which exactly one of the two primes
of K dividing p, let’s say p1, is ramified (take M to be the shift of one of
the two corresponding well-known Zp-extensions of Q(

√
−d)). We assume

that the prime p2 of K, which is unramified in M , does not split at all in
M/K, and we consider the Z2

p-extension L := L ·M of K (this is just the
shift of the Z2

p-extension of Q(
√
−d) ⊆ K).

Theorem 5.7. If, under the above assumptions, |(A#
0 )(M)| = 1, then

(GGC) holds for K.

Proof. If (A#
0 )(M) = {0}, then A(K) is generated by the ideal class of p1.

Then also (A#)(M) = {0} by Theorem 3.1(ii) (note: it does not matter
here whether e(M/K) = 0 or not). Therefore A(M) is finite. Moreover, since
only one prime ramifies in L/M (because p2 does not split at all in M by
assumption), it follows from [14, Corollary 2.5] that A(L) is pseudo-null
over Zp[[Gal(L/K)]]. Since L contains only finitely many primes dividing p,
(GGC) for K follows from [14, Corollary 2.4]. �
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Remark 5.8. Let B(K) ⊆ A(K) be generated by both primes above p,
and write (A′)(K) = A(K)/B(K). If K/Q(

√
−d) is abelian, A(K) is cyclic

and A′(K) = {0}, then the validity of (GGC) is already proved in [20,
Proposition 3.B]. Note that the primes of Q(

√
−d) dividing p are allowed

to ramify in K; therefore it is possible that B(K) ) D
(M)
0 .

Now we prove a sufficient criterion for the existence of a non-trivial
pseudo-null submodule of A(L).

Theorem 5.9. Let K/Q(
√
−d) be as above and let L = L ·M denote the

shift of the Z2
p-extension of the imaginary quadratic field Q(

√
−d) contained

in K. We assume that e(L/K) = 0 and (A(L))◦ = {0} for the cyclotomic
Zp-extension L of K.

If [(H(K) ∩ L) : K] is smaller than the order of the ideal class of p1 in
A(K), then (A(L))◦ 6= {0}.

Proof. Let N = Me(M/K) = H(K)∩M . Since e(L/K) = 0, p1 and p2 do not
split at all in L/K. It follows from our assumptions that the ideal class of
p1 = p

(N)
1 in A(N) is non-trivial. Therefore the prime ofM dividing p(N)

1 gen-
erates a non-trivial subgroup D(M) of A(M). But rankT (A(M)) < ∞, since
only one prime of K ramifies in M , and therefore D(M) ⊆ (A(M))Gal(M/K)

is finite.
Since (A(M))◦ 6= {0}, it follows from Theorem 4.3, Lemma 4.6 and

Lemma 4.7 that (A(L))◦ 6= {0}, because both primes of K dividing p are
finitely split in L, the assumption e(L/K) = 0 implies that e(L/M) = 0,
and L/L is unramified. Note that only one prime ramifies in L/M , since p2
does not split at all in M by assumption. �

In the following example we show that there exist infinite families of
number fields to which the above results can be applied.

Example 5.10. We choose k = Q(
√
−107), p = 3, and we let K = kK+,

where K+ denotes the maximal totally real subfield of the cyclotomic field
Q(ζ17). Then p = 3 splits in k/Q, A(k) = D(k) ∼= Z/3Z and it is known
that H(k) is disjoint from the Z2

3-extension of k (cf. Table 6.1 in [20]).
Moreover, if we denote the two primes of k dividing p = 3 by p and p, and
if k∞ denotes the Z3-extension of k which is ramified at p and unramified
at p, then p does not split at all in k∞. Indeed, p splits in k∞ if and only if
the Frobenius homomorphism attached to p is a cube in Gal(k∞/k) ∼= Z3.
Using an argument from class field theory similar to the approach used in
Example 4.10, we therefore have to show that a uniformising element π of
p is not a cube in Op

∼= Z3. Since 282 ≡ −107 (mod 81), we see that x = 28
approximates

√
−107 in Z3. Note that the polynomial generating k over Q

can be written as x2 +107 ≡ x2−1 = (x−1)(x+1) (mod 3); we thus write
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p = (3,
√
−107− 1), p = (3,

√
−107 + 1), and we approximate

√
−107 ∈ Z3

by the element x = 28. Then π is approximated by
√
−107+1 ≡ 28+1 = 29

(mod 81). If π was a cube in O∗p ∼= Z∗3, then 29 would be a cube modulo
81. But this is not the case.

Therefore p does not split at all in k∞/k. Since 3 is a primitive root
modulo 17, p = 3 is inert in K+/Q, and therefore K contains exactly
two primes above p. Moreover, A(K+) = {0} and therefore (A(L))◦ = {0},
because K+ contains exactly one prime above p. Finally, we have

H(K) ∩ L = K,

because H(k) is disjoint from L and [K : k] = 8 is coprime with p; by the
same reason, the prime of K dividing p does not split at all inM := k∞ ·K.
But D(M)

0
∼= Z/3Z is non-trivial, and therefore (the proof of) Theorem 5.9

implies that (A(L))◦ 6= {0}.
More generally, let K+ be the maximal totally real subfield of Q(ζ17n)

for any n ∈ N, n ≥ 1. Then again p = 3 is inert in K+, A(K+) = {0}
and the composite field K := kK+ has degree [K : k] = 8 · 17n−1 coprime
with p. Therefore H(K) ∩ L = K, and D(K) is non-trivial, proving that
(A(L))◦ 6= {0}.

The same works with the number field K+ which is defined by the poly-
nomial x3 + 3x2 − 27x + 9: K+ is a non-normal totally real cubic number
field such that A(L+) = {0}, where L+ denotes the cyclotomic Z3-extension
of K+. Note that the two primes of k = Q(

√
−107) dividing p = 3 are to-

tally ramified in K/k, and therefore the prime of K dividing p does not
split in the Zp-extension M = k∞ ·K of K:

k1
ram.

M1 = k1 ·K

inert

k

inert

ram. K

Since e(L/K) = 0 for the cyclotomic Z3-extension L of K, the prime of K
dividing p also does not split inM . Moreover, A(K) ∼= Z/9Z is generated by
each of the two primes p1 and p2 ofK dividing p, and [(H(K) ∩M) : K]≤ 3,
because H(k) ∩ L = k. Therefore again

(A(L))◦ 6= {0}

by (the proof of) Theorem 5.9.
Note: since A(K) is generated by p2, it follows from Theorem 5.7 that

(GGC) holds for K.
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