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On the theory of Kolyvagin systems of rank 0

par Ryotaro SAKAMOTO

Résumé. Dans cet article, nous définissons un système Kolyvagin de rang 0
et développons la théorie des systèmes Kolyvagin de rang 0. En particulier,
nous prouvons que le module des systèmes Kolyvagin de rang 0 est libre de
rang un sous les hypothèses standard.

Abstract. In this paper, we define a Kolyvagin system of rank 0 and develop
the theory of Kolyvagin systems of rank 0. In particular, we prove that the
module of Kolyvagin systems of rank 0 is free of rank one under standard
assumptions.

1. Introduction
Let R be a complete noetherian local ring with finite residue field of char-

acteristic p > 2 and T a free R-module with an R-linear continuous action
of the absolute Galois group Gk of a number field k which is unramified
outside a finite set of places of k. Let F be a Selmer structure on T (see
Definition 2.1).

In [11], Mazur and Rubin introduced the notion of Kolyvagin systems of
rank 1 for the pair (T,F) in order to understand well the theory of Euler
systems. Howard, Mazur, and Rubin proved in [11] the following

Theorem 1.1 ([11, Corollary 4.5.2(i), Theorems 4.5.6, 5.2.10, and 5.2.12]).
Suppose that

• R is a principal ideal ring,
• F is cartesian (see Definition 2.11),
• T satisfies hypothesis 2.7,
• the core rank χ(F) is 1 (see Definition 2.15).

Then the R-module KS1(T,F) of Kolyvagin systems of rank 1 for (T,F) is
free of rank 1. Furthermore, a basis of KS1(T,F) gives a sharp bound for
the order of the dual Selmer module associated to F .

In [6], Büyükboduk generalized Theorem 1.1 to the case that the co-
efficient ring R is the formal power series ring over Zp. Moreover, in the
papers [3, 4, 5, 7], Büyükboduk considered locally restricted Euler and
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Kolyvagin systems in order to get the relation between higher rank Euler
systems and Kolyvagin systems (of rank 1) and proved that, under certain
assumptions, the higher rank Euler system associated with the conjectural
Rubin–Stark units gives a sharp bound for the ideal class group.

To remove the assumption in Theorem 1.1 that χ(F) = 1, in [12], Mazur
and Rubin defined higher rank Kolyvagin systems by using the exterior
power. However, as they mentioned in [12, Remark 11.9], it is possible
that there is a higher rank Kolyvagin system entirely unrelated to the dual
Selmer module. Therefore, Mazur and Rubin considered special Kolyvagin
systems that they call stub Kolyvagin systems and proved that the corre-
sponding dual Selmer module is controlled by stub Kolyvagin systems.

After Mazur–Rubin’s works, in [2], Burns and Sano modified the defini-
tion of higher rank Kolyvagin systems by using the exterior bi-dual instead
of the exterior power. Furthermore, in [1], Burns, Sakamoto, and Sano
proved the following theorem which is a generalization of Theorem 1.1 to
the higher rank and Gorenstein coefficient case:

Theorem 1.2 ([1, Theorem 5.2]). Suppose that
• R is a zero dimensional Gorenstein ring,
• F is cartesian,
• T satisfies hypothesis 2.7,
• r := χ(F) ≥ 1.

Then the R-module KSr(T,F) of Kolyvagin systems of rank r for (T,F)
defined in [2] is free of rank 1. Furthermore, a basis of KSr(T,F) controls
the initial Fitting ideal of the dual Selmer module associated to F .

In spite of the fact that there are important Selmer structures F on T
with χ(F) = 0 (see Section 2.4), there is no definition of Kolyvagin systems
of rank 0 because of some technical obstacles (see Remark 4.3). In this
paper, we define Kolyvagin systems of rank 0 and prove the same result as
Theorem 1.2, namely, the main result of the present article is the following

Theorem 1.3 (Theorems 5.5 and 5.8). Suppose that
• R is a zero dimensional Gorenstein ring,
• F is cartesian,
• T satisfies hypothesis 2.7,
• χ(F) = 0.

Then the R-module KS0(T,F) of Kolyvagin systems of rank 0 for (T,F)
defined in Definition 5.1 is free of rank 1. Furthermore, a basis of KS0(T,F)
controls the initial Fitting ideal of the dual Selmer module associated to F .

1.1. Notations. Let p be an odd prime. For a field k, we fix a separable
closure k of k and denote by Gk := Gal(k/k) the absolute Galois group
of k.
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For any number field k and places v of Q, we denote by Sv(k) the set of
places of k above v. For a finite set S of places of k, we denote by kS the
maximal extension of k contained in k which is unramified outside S. Set

Gk,S := Gal(kS/k).

For a prime q of k, we denote by kq the completion of k at q. We fix a
place q̃ of k lying above q and identify the decomposition group of q̃ in Gk
with Gkq .

For a pro-finite group G and a topological G-module M , let C•(G,M)
denote the complex of inhomogeneous continuous cochains of G with values
in M . For each integer i ≥ 0, we write H i(G,M) for its i-th cohomology
group.

For an R-module M and an ideal I of R, we set

M [I] := {m ∈M | Im = 0}.

2. Selmer structure
Throughout this paper, we use the following notations. Let R be a com-

plete noetherian local ring with finite residue field of characteristic p > 2
and mR denotes the maximal ideal of R. Let k be a number field. Fix a
finite set of places S of k satisfying

Sp(k) ∪ S∞(k) ⊆ S.

Let T be a free R-module of finite rank with an R-linear continuous action
of Gk,S .

2.1. Definition of Selmer structure. The contents of this subsection
are based on [11, Chapters 1 and 2].

Definition 2.1 ([11, Definition 2.1.1]). A Selmer structure F on T is a
collection of the following data:

• a finite set S(F) of places of k containing S,
• a choice of R-submodule H1

F (Gkq , T ) of H1(Gkq , T ) for each prime
q ∈ S(F).

For each prime q 6∈ S(F), we set

H1
F (Gkq , T ) := H1

ur(Gkq , T ) := im
(
H1(Gal(kur

q /kq), T ) ↪−→ H1(Gkq , T )
)
,

where kur
q denotes the maximal unramified extension of kq. We call

H1
F (Gkq , T ) the local condition of F at a prime q of k.

Remark 2.2. Since p > 2, the module H1(Gkv , T ) vanishes for any v ∈
S∞(k). Therefore, in this paper, we ignore the local condition at any infinite
place of k.
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Remark 2.3. Let R → R′ be a surjective ring homomorphism. A Selmer
structure F on T induces a Selmer structure on T⊗RR′, that we will denote
by FR′ . If there is no risk of confusion, then we also write F instead of FR′ .

For a Selmer structure F on T , we define the Selmer module H1
F (k, T ) ⊆

H1(Gk,S(F), T ) associated with F by

H1
F (k, T ) := ker

H1(Gk,S(F), T ) −→
⊕

q∈S(F)
H1
/F (Gkq , T )

 .
Here we set

H1
/F (Gkq , T ) := H1(Gkq , T )/H1

F (Gkq , T )
for any prime q of k.
Definition 2.4.

(i) For a topological Zp-module M , we define the Pontryagin dual M∨
of M by

M∨ := Homcont(M,Qp/Zp).
(ii) For any integer n > 0, let µn denote the group of all n-th roots of

unity.
(iii) The Cartier dual of T is defined by

T∨(1) := T∨ ⊗Zp lim←−
n>0

µpn = Homcont(T,Qp/Zp)⊗Zp lim←−
n>0

µpn .

Let F be a Selmer structure on T . For a prime q of k, we have the local
Tate paring

〈 · , · 〉q : H1(Gkq , T )×H1(Gkq , T∨(1)) −→ Qp/Zp.

We define an R-submodule H1
F∗(Gkq , T∨(1)) of H1(Gkq , T∨(1)) to be the

orthogonal complement of H1
F (Gkq , T ) under the local Tate paring 〈 · , · 〉q.

Hence we obtain the dual Selmer module H1
F∗(k, T∨(1)) associated with F :

H1
F∗(k, T∨(1)) := ker

H1(Gk,S(F), T
∨(1)) −→

⊕
q∈S(F)

H1
/F∗(Gkq , T

∨(1))

.
Theorem 2.5 ([11, Theorem 2.3.4]). Let F1 and F2 be Selmer structures
on T satisfying

H1
F1(Gkq , T ) ⊆ H1

F2(Gkq , T )
for any prime q of k. Then there is an exact sequence of R-modules

0 −→ H1
F1(k, T ) −→ H1

F2(k, T ) −→
⊕
q

H1
F2(Gkq , T )/H1

F1(Gkq , T )

−→ H1
F∗1 (k, T∨(1))∨ −→ H1

F∗2 (k, T∨(1))∨ −→ 0,

where q runs over all the primes of k satisfying H1
F1

(Gkq , T ) 6= H1
F2

(Gkq , T ).
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2.2. Hypotheses.

Definition 2.6. For a Gk-module M , we define the field k(T ) to be the
minimal Galois extension of k such that Gk(T ) acts trivially on T .

We denote by H the Hilbert class field of k. We set
kpn := Hk((O×k )1/pn) and k(T )pn := kpnk(T ).

Here (O×k )1/pn denotes the set {u ∈ k | upn ∈ O×k }. We also put

kp∞ :=
⋃
n>0

kpn and k(T )p∞ := kp∞k(T ).

To simplify the notation, we set
T = T/mRT.

In this paper, we assume the following hypotheses for the R-module T
(introduced by Mazur and Rubin in [11, Section 3.5]).

Hypothesis 2.7.
(i) The R/mR[Gk]-module T is irreducible.
(ii) There exists an element τ ∈ Gkp∞ such that the R-module

T/(1− τ)T is free of rank 1.
(iii) The modulesH1(Gal(k(T )p∞/k), T ) andH1(Gal(k(T )p∞/k), T∨(1))

vanish.
(iv) If p = 3, then T and T∨(1) have no nonzero isomorphic Zp[Gk]-

subquotients.

Remark 2.8. If T satisfies hypothesis 2.7, then so does T/IT for any ideal
I of R.

Definition 2.9. Let n > 0 be an integer.
(i) We define Pn(T ) to be the set of primes q 6∈ S of k such that the

Frobenius Frq at q is conjugate to τ in Gal(k(T )pn/k).
(ii) For a Selmer structure F on T , we put Pn(T,F) := Pn(T ) \ S(F).
(iii) For a set Q of primes of k, we denote by N (Q) the set of square-free

products of primes in Q.

Definition 2.10. For a prime q of k, we denote by k(q) the maximal p-
extension of k inside the ray class field modulo q. We also denote by k(q)q
the completion of k(q) at the (fixed) prime lying above q.

Let us suppose that R is artinian. Fix an integer n > 0 with pnR = 0. A
prime q ∈ Pn(T ) splits completely in kpn , and hence k(q)q/kq is a totally
tamely ramified cyclic extension such that [k(q)q : kq] annihilates R. Thus
we can define the subgroup H1

tr(Gkq , T ) by

H1
tr(Gkq , T ) := ker

(
H1(Gkq , T ) −→ H1(Gk(q)q , T )

)
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(see Definition A.1). Furthermore, by Hypothesis 2.7(ii), the R-module
T/(1− Frq)T is free of rank 1, which implies that

H1(Gkq , T ) = H1
ur(Gkq , T )⊕H1

tr(Gkq , T )

and H1
ur(Gkq , T ), H1

tr(Gkq , T ), H1
/ur(Gkq , T ), and H1

/tr(Gkq , T ) are free R-
modules of rank 1 (see Lemmas A.2 and A.4).

Let F be a Selmer structure on T , and let a, b, and c be pairwise relatively
prime integral ideals in N (Pn(T,F)). Define a new Selmer structure Fa

b (c)
on T by the following data:

• S(Fa
b (c)) := S(F) ∪ {q | abc},

• define H1
Fa

b
(c)(Gkq , T ) :=


H1(Gkq , T ) if q | a,
0 if q | b,
H1

tr(Gkq , T ) if q | c,
H1
F (Gkq , T ) otherwise.

We note that (Fa
b (c))∗ = (F∗)ba(c) by [11, Proposition 1.3.2].

2.3. Core rank and cartesian condition. In this subsection, suppose
that

• R is a zero dimensional Gorenstein ring, and
• T satisfies Hypothesis 2.7.

We fix an R-isomorphism R/mR
∼→ R[mR], and it induces an injection

T ↪−→ T.

Let F be a Selmer structure on T .

Definition 2.11 ([13, Definition 3.8]). We say that the Selmer structure
F on T is cartesian if the map

H1
/F (Gkq , T ) −→ H1

/F (Gkq , T )

induced by the injection T ↪→ T is injective for any prime q ∈ S(F).

Remark 2.12.
(i) When R is a principal artinian local ring, the cartesian condition in

the sense of this paper is equivalent to that of [11, Definition 1.1.4].
Moreover, under the setting of [6], the conditions (C2) and (C3)
in [6, Definition 2.5] are equivalent to the cartesian condition in the
sense of this paper.

(ii) The definition of cartesian condition is independent of the choice of
the isomorphism R/mR

∼→ R[mR].
(iii) Let R′ be a zero dimensional Gorenstein local ring and π : R→ R′

a surjective ring homomorphism. If F is cartesian, then so is FR′
([13, Lemma 3.11]).
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Fix an integer n > 0 with pnR = 0.
Lemma 2.13 ([13, Corollary 3.18]). Let a, b, c ∈ N (Pn(T,F)) be pairwise
relatively prime integral ideals. If F is cartesian, then so is Fa

b (c).
Lemma 2.14 ([1, §3.2], [11, Lemma 3.5.3], [13, Lemmas 3.13 and 3.14]).

(i) For an ideal I of R, the inclusion map (T/IT )∨(1) = T∨(1)[I] ↪→
T∨(1) induces an isomorphism

H1
F∗(k, (T/IT )∨(1)) ∼−→ H1

F∗(k, T∨(1))[I].
(ii) If F is cartesian, then the fixed injection T ↪→ T induces an iso-

morphism
H1
F (k, T ) ∼−→ H1

F (k, T )[mR].
Definition 2.15. We define the core rank χ(F) of the Selmer structure F
on T by

χ(F) := dimR/mR H
1
F (k, T )− dimR/mR H

1
F∗(k, T∨(1)).

Lemma 2.16 ([13, Corollary 3.21]). For any pairwise relatively prime in-
tegral ideals a, b, c ∈ N (Pn(T,F)), we have

χ(Fa
b (c)) = χ(F) + ν(a)− ν(b),

where ν(n) denotes the number of prime divisors of n.
Lemma 2.17 ([11, Corollary 4.1.9]). Let Q be a subset of Pn(T,F) con-
taining Pm(T,F) for some integer m ≥ n. Suppose that χ(F) ≥ 0. Then,
for any ideal n ∈ N (Q), there is an ideal m ∈ N (Q) with n | m such that
H1
F∗(m)(k, T

∨(1)) vanishes.

Lemma 2.18 ([13, Lemma 4.6]). Let F be a cartesian Selmer structure on
T and a, b, c ∈ N (Pn(T,F)) pairwise relatively prime integral ideals. If the
module H1

(Fa
b

(c))∗(k, T
∨(1)) vanishes and χ(F) + ν(a) − ν(b) ≥ 0, then the

R-module H1
Fa

b
(c)(k, T ) is free of rank χ(F) + ν(a)− ν(b).

Lemma 2.19 ([13, Lemma 3.25]). Let M be a free R-submodule of
H1(Gk, T ) of rank s ≥ 0. For a ring homomorphism R → R′, the canoni-
cal map

M ⊗R R′ −→ H1(Gk, T ⊗R R′)
is a split injection.
2.4. Examples. In this subsection, we give two important examples of
Selmer strucures.
Example 2.20 ([12, Section 5.2]). Let χ : Gk → Q× be a prime-to-p finite
order character. We set R := Zp[im(χ)] and T := R(1) ⊗ χ−1. In this
setting, we define a canonical unramified Selmer structure Fur on T by the
following data.
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• We set S(Fur) := Sp(k) ∪ S∞(k) ∪ {q | T is ramified at q},
• For a prime q ∈ S(Fur) with q - p, we set

H1
Fur(Gkq , T ) := ker

(
H1(Gkq , T ) −→ H1(Gkur

q
, T ⊗Zp Qp)

)
.

• For a prime p ∈ Sp(k), we set

H1(Gkp , T )u :=
⋂

kp⊆L⊆kur
p

im
(
H1(L, T ) −→ H1(Gkp , T )

)
,

where L runs over all finite unramified extension of kp. Put

H1
Fur(Gkp , T ) := ker

(
H1(Gkp , T ) −→ (H1(Gkp , T )/H1(Gkp , T )u)⊗Zp Qp

)
.

We put kχ := kker(χ) and

eχ := 1
[kχ : k]

∑
g∈Gal(kχ/k)

χ(g)g−1.

By [12, Proposition 5.5], we have the canonical isomorphisms

H1
Fur(k, T ) ∼= eχ(O×kχ ⊗Z R) and H1

F∗ur
(k, T∨(1))∨ ∼= eχ(Cl(kχ)⊗Z R),

where Cl(kχ) denotes the ideal class group of kχ. Furthermore, [12, Corol-
lary 5.6] shows that

χ(Fur) = rankR
(
eχ(O×kχ ⊗Z R)

)
= #{v ∈ S∞(k) | χ(Gkv) = 1}.

In particular, if k is a totally real field and χ is a totally odd character,
then we have χ(Fur) = 0.

Example 2.21. Let E be an elliptic curve over k, and T := Tp(E) denotes
the p-adic Tate module of the elliptic curve E. Let Sbad(E) denote the set
of the primes of k where E has bad reduction. We define a Selmer structure
Fcl on T by the following data:

• We set S(Fcl) := Sp(k) ∪ S∞(k) ∪ Sbad(E), where Sbad(E) denotes
the set of primes of k where E has bad reduction.
• For a prime q ∈ S(Fcl), we define H1

Fcl
(Gkq , T ) to be the image of

the p-adic completion of E(kq) under the Kummer map.
Then the module H1

F∗cl
(k, T∨(1)) coincides with the classical Selmer group

Sel(k,E[p∞]). For any integer n > 0, we identify E[pn] = E[pn]∨(1) by using
the Weil pairing. We then have (Fcl)Zp/(pn) = (F∗cl)Zp/(pn), and χ(Fcl) = 0.
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3. Review of the definition of Stark systems
In this section, we quickly review the definition of Stark system over a

zero dimensional Gorenstein local ring developed in [2, 12, 13].
We assume that R is a zero dimensional Gorenstrein local ring and let

F be a Selmer structure on T . Suppose that T satisfies Hypothesis 2.7.
Fix an integer n > 0 with pnR = 0. To simplify the notation, we put

Pm := Pm(T,F) and Nm := N (Pm(T,F)).
for an integer m ≥ n. Let ν(n) denote the number of prime divisors of n.
For an R-module M , we put

M∗ := HomR(M,R).
For an integer r ≥ 0, we define the r-th exteiror bi-dual

⋂r
RM by⋂r

R
M :=

(∧r

R
M∗

)∗
.

Definition 3.1. For an ideal n ∈ Nn and an integer r ≥ 0, define
Wn :=

⊕
q|n

H1
/ur(Gkq , T )∗,

Xr
n(T,F) :=

⋂r+ν(n)
R

H1
Fn(k, T )⊗R det(Wn).

Let n ∈ Nn be an ideal. For an ideal m | n, we have the following cartesian
diagram:

H1
Fm(k, T )

��

� � // H1
Fn(k, T )

��⊕
q|mH

1
/ur(Gkq , T ) �

� //⊕
q|nH

1
/ur(Gkq , T ).

Hence by Definition B.2, we obtain an R-homomorphism
Φn,m : Xr

n(T,F) −→ Xr
m(T,F).

Furthermore, Proposition B.3 implies the following

Lemma 3.2. We have Φn1,n3 = Φn2,n3 ◦Φn1,n2 for any n1 ∈ N , n2 | n1, and
n3 | n2.

Definition 3.3. Let r ≥ 0 be an integer. For a subset Q of Pn, we define
the module SSr(T,F ,Q) of Stark systems of rank r for (T,F ,Q) by

SSr(T,F ,Q) := lim←−
n∈N (Q)

Xr
n(T,F),

where the inverse limit is taken with respect to the maps Φn,m. We call an
element of SSr(T,F ,Q) a Stark system of rank r associated with the tuple
(T,F ,Q).
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Theorem 3.4 ([2, Theorem 3.19], [12, Theorem 6.7], [13, Theorem 4.7]).
Let Q be a subset of Pn containing Pm for some integer m ≥ n. Suppose
that F is cartesian and r = χ(F) ≥ 0.

(i) For any ideal n ∈ N (Q) with H1
(Fn)∗(k, T

∨(1)) = 0, the projection
map

SSr(T,F ,Q) −→ Xr
n(T,F)

is an isomorphism.
(ii) The R-module SSr(T,F ,Q) is free of rank 1.

4. Higher rank Kolyvagin systems
In this section, we recall the definition of higher rank Kolyvagin systems

developed in [2, 11, 12] and explain why it is not easy to define a Kolyvagin
system of rank 0.

As in Section 3, R is a zero dimensional Gorenstrein local ring, F denotes
a Selmer structure on T , and suppose that T satisfies Hypothesis 2.7. Fix
an integer n > 0 with pnR = 0. To simplify the notation, we put

Pm := Pm(T,F) and Nm := N (Pm(T,F)).

for an integer m ≥ n.

4.1. Definition of higher rank Kolyvagin systems. For each prime
q ∈ Pn, we set

Gq := Gal(k(q)/k(1)) = Gal(k(q)q/kq).

For an ideal n ∈ Nn, we also put

Gn :=
⊗
q|n

Gq.

Definition 4.1. Let q ∈ Pn be a prime.
(i) We define the map vq by the composite map

vq : H1(Gk, T ) locq−−→ H1(Gkq , T ) −→ H1
/ur(Gkq , T ).

For an ideal n ∈ Nn with q | n, by Definition B.2, this map induces
an R-homomorphism

vq :
⋂r

R
H1
F(n)(k, T )⊗Z Gn −→ H1

/ur(Gkq , T )⊗R
⋂r−1
R

H1
Fq(n/q)(k, T )⊗Z Gn.

(ii) We define the finite-singular comparison map ϕfs
q by

ϕfs
q : H1(Gk, T ) locq−−→ H1

/tr(Gkq , T ) ∼←− H1
ur(Gkq , T ) ϕfs

−→ H1
/ur(Gkq , T )⊗Gq.
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For an ideal n ∈ Nn with q | n, by Definition B.2, this map induces
an R-homomorphism

ϕfs
q :
⋂r

R
H1
F(n/q)(k,T )⊗ZGn/q−→H1

/ur(Gkq ,T )⊗R
⋂r−1

R
H1
Fq(n/q)(k,T )⊗ZGn.

Definition 4.2. Let Q be a subset of Pn and r > 0 an integer. We define
the module KSr(T,F ,Q) of rank r to be the set of elements

{κn}n∈N (Q) ∈
∏

n∈N (Q)

⋂r

R
H1
F(n)(k, T )⊗Z Gn

satisfying the finite-singular relation
vq(κn) = ϕfs

q (κn/q)

for any ideal n ∈ N (Q) and prime q ∈ Q with q | n.

Remark 4.3. When r = 0, we can not consider the homomorphisms vq
and ϕfs

q . Hence we can not directly define a Kolyvagin system of rank 0.

4.2. Regulator map. Let us define the regulator map
SSr(T,F ,Q) −→ KSr(T,F ,Q)

introduced in [2, 12]. Take an ideal n ∈ N (Q). There is an exact sequence
of R-modules

0 −→ H1
F(n)(k, T ) −→ H1

Fn(k, T ) −→
⊕
q|n

H1
/tr(Gkq , T ).

Applying Definition B.2 to this exact sequence, we obtain a natural homo-
morphism

⋂r+ν(n)
R

H1
Fn(k, T )⊗R det

⊕
q|n

H1
/tr(Gkq , T )∗

 −→⋂r

R
H1
F(n)(k, T ).

By Lemmas A.2 and A.4, we have the canonical isomorphism
H1
/tr(Gkq , T ) ∼←− H1

ur(Gkq , T ) ∼−→ H1
/ur(Gkq , T )⊗Z Gq.(4.1)

Since Gq is a cyclic group with (#Gq) ·R = 0, this isomorphism induces an
isomorphism

H1
/tr(Gkq , T )∗ ⊗Z Gq

∼= H1
/ur(Gkq , T )∗,

and we obtain an isomorphism

det

⊕
q|n

H1
/tr(Gkq , T )∗

⊗Z Gn
∼= Wn.

Hence we get a natural homomorphism

Πn : Xr
n(T,F) −→

⋂r

R
H1
F(n)(k, T )⊗Z Gn.
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Lemma 4.4 ([2, Proposition 4.3], [12, Proposition 12.3]). For a Stark sys-
tem ε = {εn}n∈N (Q) ∈ SSr(T,F ,Q), we have

{(−1)ν(n)Πn(εn)}n∈N (Q) ∈ KSr(T,F ,Q).

Definition 4.5. We define the regulator map

Regr : SSr(T,F ,Q) −→ KSr(T,F ,Q)

by Regr({εn}n∈N (Q)) = {(−1)ν(n)Πn(εn)}n∈N (Q).

When r = 1, the following theorem is proved by Mazur and Rubin in [12].
In the higher rank case, it is proved by Burns, Sakamoto and Sano in [1].
(In this paper, we only use the rank 1 case of the following theorem).

Theorem 4.6 ([1, Theorem 5.2(i)], [12, Theorem 12.4], [15, Theorem 3.17]).
Let Q be a subset of Pn containing Pm for some integer m ≥ n. Suppose
that F is cartesian and r := χ(F) > 0. Then the regulator map

Regr : SSr(T,F ,Q) −→ KSr(T,F ,Q)

is an isomorphism.

5. Kolyvagin systems of rank 0 over zero dimensional
Gorenstein local rings

Throughout this section, suppose that R is a zero dimensional Gorenstein
local ring and that T satisfies Hypothesis 2.7. Let n > 0 be an integer
with pnR = 0. We fix an isomorphism H1

/ur(Gkq , T ) ∼= R for each prime
q ∈ Pn(T ). Hence we have an isomorphisms

vq : H1(Gk, T ) −→ H1
/ur(Gkq , T ) ∼= R,

ϕfs
q : H1(Gk, T ) −→ H1

/ur(Gkq , T )⊗Z Gq
∼= R⊗Z Gq.

For a subset Q of Pn(T ), we put

M(Q) := {(n, q) ∈ N (Q)×Q | q is coprime to n}.

Let F be a Selmer structure on T .

5.1. Definition of Kolyvagin systems of rank 0. Let Q be a subset
of Pn(T,F).

Definition 5.1. A Kolyvagin system of rank 0 is an element

{κn,q}(n,q)∈M(Q) ∈
∏

(n,q)∈M(Q)
H1
Fq(n)(k, T )⊗Z Gn
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which satisfies the following relations for any elements (n, q), (n, r), (nq, r) ∈
M(Q):

vq(κnq,r) = ϕfs
q (κn,r),(5.1)

vr(κnq,r) = −ϕfs
q (κn,q),(5.2)

vq(κ1,q) = vr(κ1,r).(5.3)

We denote by KS0(T,F ,Q) the module of all Kolyvagin systems of rank 0.

Remark 5.2.
(i) The idea of the definition of Kolyvagin systems of rank 0 comes

from the definition of Stark systems of rank 0.
(ii) A family of elements which satisfies the relations (5.1), (5.2) and

(5.3) has already been considered by Kurihara in [8, 9, 10]. For an
ideal m satisfying a certain condition, Kurihara constructed a finite
family {κn,q}nq|m satisfying the relations (5.1), (5.2) and (5.3) from
an Euler system of Gauss sum type. However, in the definition of
Kolyvagin system of rank 0, we consider κn,q for general (n, q). It is
worth noting that Theorem 5.5 shows that a non-trivial Kolyvagin
system of rank 0 exists.

Remark 5.3. The relation (5.2) depends on the choice of the fixed iso-
morphism H1

/ur(Gkq , T ) ∼= R for each prime q ∈ Pn(T ). Hence the module
KS0(T,F ,Q) also depends on these fixed isomorphisms.

By the relation (5.1), for a system {κn,q}(n,q)∈M(Q) ∈ KS0(T,F ,Q), we
have {κn,q′}n∈N (Q\{q′}) ∈ KS1(T,Fq′ ,Q \ {q′}) for each prime q′. Hence we
have a natural homomorphism

KS0(T,F ,Q) ↪−→
∏
q∈Q

KS1(T,Fq,Q \ {q}).

5.2. Regulator map. Let Q be a subset of Pn(T,F). In this subsection,
let us define the regulator map

Reg0 : SS0(T,F ,Q) −→ KS0(T,F ,Q).

Recall that

Wn = det

⊕
q|n

H1
/ur(Gkq , T )∗


for an ideal n ∈ N (Pn(T )). For each prime q ∈ Pn(T ), the fixed isomor-
phism H1

/ur(Gkq , T ) ∼= R induces an isomorphism Wq
∼= R, and we also

obtain an isomorphism

Wn
∼= Wn ⊗RWq

xn⊗xq 7→xn∧xq−−−−−−−−−→Wnq
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for any element (n, q) ∈M. Hence we get an isomorphism

X0
nq(T,F) =

⋂ν(nq)
R

H1
Fnq(k, T )⊗RWnq

∼=
⋂1+ν(n)
R

H1
(Fq)n(k, T )⊗RWn

= X1
n (T,Fq).

By the construction of the transition map Φn,m, this isomorphism is com-
patible with Φn,m, and so we obtain an injective homomorphism

SS0(T,F ,Q) ↪−→
∏
q∈Q

SS1(T,Fq,Q \ {q}).

Lemma 5.4. We have the canonical homomorphism

Reg0 : SS0(T,F ,Q) −→ KS0(T,F ,Q)

such that the following diagram commutes:

SS0(T,F ,Q) �
� //

��

∏
q∈Q SS1(T,Fq,Q \ {q})∏

Reg1
��

KS0(T,F ,Q) �
� // ∏

q∈QKS1(T,Fq,Q \ {q})

(5.4)

Proof. Let ε = {εn}n∈N (Q) ∈ SS0(T,F ,Q) be a Stark system. Take an ideal
n ∈ N (Q) and a prime q ∈ Q with q - n. For each prime r ∈ Q, fix a
basis er of H1

/tr(Gkr , T ). Then by using the isomorphism (4.1), we obtain
bases fr and σr of H1

/ur(Gkr , T ) and Gr, respectively. We may assume that
fr corresponds to 1 under the fixed isomorphism H1

/ur(Gkr , T ) ∼= R. Let f∗r
denote the dual basis of H1

/ur(Gkr , T )∗ with respect to fr. For each ideal
n ∈ N (Q), we fix an order on the set of prime divisors of n. We then have
the basis f∗n = ∧q|nf∗q of Wn. Put

εnq = εn,q ⊗ (f∗n ∧ f∗q ) in
⋂ν(nq)
R

H1
Fnq(k, T )⊗RWnq.

Denote e∗q by the composite map

H1(Gk, T ) −→ H1
/tr(Gkq , T ) eq 7→1−−−→ R.

We set
κn,q := (−1)ν(n)εn,q(∧s|ne∗s)⊗

⊗
s|n

σs.

Then {{κn,q}n∈N (Q\{q})}q∈Q is the image of ε under the composite map

SS0(T,F ,Q) −→
∏
q∈Q

SS1(T,Fq,Q \ {q}) −→
∏
q∈Q

KS1(T,Fq,Q \ {q}).
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Hence {κn,q}(n,q)∈M(Q) satisfies the relation (5.1). Furthermore, since
vq(κ1,q) = vq(ε1,q) = ε1, {κn,q}(n,q)∈M(Q) also satisfies the relation (5.3).

Let us show that {κn,q}(n,q)∈M(Q) satisfies the relation (5.2), that is,

vr(κnq,r) = −ϕfs
q (κn,q)

for any elements (n, q), (nq, r) ∈M(Q). We may assume that f∗nq = f∗n ∧f∗q .
Then, by the definition of Stark system, we have

vr(εnq,r) = (−1)ν(nq)εn,q.

Hence we conclude that

vr(κnq,r) = (−1)ν(nq)εnq,r(∧s|ne∗s ∧ e∗q ∧ vr)⊗
⊗
s|nq

σs

= (−1)ν(nq)εn,q(∧s|ne∗s ∧ e∗q)⊗
⊗
s|nq

σs

= −εn,q(e∗q ∧ ∧s|ne∗s)⊗
⊗
s|nq

σs

= −ϕfs
q (κn,q). �

5.3. Rigidity of Kolyvagin systems. Let Q be a subset of Pn(T,F)
containing Pm(T,F) for some integer m ≥ n.

Theorem 5.5. Suppose that
• the Selmer structure F is cartesian, and
• χ(F) = 0.

Then the regulator map

Reg0 : SS0(T,F ,Q) −→ KS0(T,F ,Q)

is an isomorphism. In particular, the R-module KS0(T,F ,P) is free of
rank 1.

Proof. Take an element (n, q) ∈ M(Q) with H1
(F∗)q(n)(k, T

∨(1)) = 0. Then
we have a commutative diagram

SS0(T,F ,P)
Reg0 //

∼=
��

KS0(T,F ,P)

��
X0

nq(T,F)
∼= // X1

n (T,Fq)
(−1)ν(n)Πn // H1

Fq(n)(k, T )⊗Z Gn.

The left vertical arrow is an isomorphism by Theorem 3.4(i). Since F is
cartesian and the module H1

(F∗)q(n)(k, T
∨(1)) vanishes, Lemma 2.18 implies

that the R-module H1
Fq(n)(k, T ) is free of rank χ(F) + ν(q) = 1. Hence
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applying Theorem 2.5 with F1 = Fq(n) and F2 = Fnq, we get a split exact
sequence of free R-modules

0 −→ H1
Fq(n)(k, T ) −→ H1

Fnq(k, T ) −→
⊕
r|n
H1
/tr(Gkr , T ) −→ 0.

Hence we see that the composite
SS0(T,F ,P) −→ KS0(T,F ,Q) −→ H1

Fq(n)(k, T )⊗Z Gn

is an isomorphism, and this theorem follows from Proposition 5.6 below. �

Proposition 5.6. Suppose that
• the Selmer structure F is cartesian, and
• χ(F) = 0.

For any element (n, q) ∈ M with H1
(F∗)q(n)(k, T

∨(1)) = 0, the projection
map

KS0(T,F ,Q) −→ H1
Fq(n)(k, T )⊗Z Gn

is an isomorphism.

Proof. Take an element (n, q) ∈M(Q) with H1
(F∗)q(n)(k, T

∨(1)) = 0. In the
proof of Theorem 5.5, we proved that the composite

SS0(T,F ,P) −→ KS0(T,F ,Q) −→ H1
Fq(n)(k, T )⊗Z Gn

is an isomorphism. Hence the projection KS0(T,F ,Q)→ H1
Fq(n)(k, T )⊗ZGn

is surjective, and we only need to show that this homomorphism is injective.
To see this, take a Kolyvagin system κ = {κn,q}(n,q)∈M(Q) ∈ KS0(T,F ,Q)
with κn,q = 0. Let (m, r) ∈ M(Q) be an element. It suffices to prove that
κm,r = 0. We have the following commutative diagram:

SS1(T,Fq,Q \ {q})
Reg1

∼= //

∼=
��

KS1(T,Fq,Q \ {q})

��
X1

n (T,Fq)
(−1)ν(n)Πn // H1

Fq(n)(k, T )⊗Z Gn.

Since Fq is cartesian and χ(Fq) = 1 by Lemmas 2.13 and 2.16, Theo-
rem 3.4(i) shows that the left vertical arrow is an isomorphism. Moreover,
Reg1 is also an isomorphism by Theorem 4.6. In the proof of Theorem 5.5,
we show that Πn is an isomorphism. Hence the projection map

KS1(T,Fq,Q \ {q}) −→ H1
Fq(n)(k, T )⊗Z Gn.(5.5)

is also an isomorphism. Since {κn,q}n∈N (Q\{q}) ∈ KS1(T,Fq,Q \ {q}) and
κn,q = 0, we see that κd,q = 0 for any ideal d ∈ N (Q \ {q}).

By Lemma 2.17, one can take an ideal d ∈ N (Q \ {q}) with r | d such
that H1

F∗(d)(k, T
∨(1)) vanishes. Since χ(F(d)) = χ(F) = 0 by Lemma 2.16,



On the theory of Kolyvagin systems of rank 0 1093

the module H1
F(d)(k, T ) also vanishes. Hence, by Lemma 2.14, we conclude

that
H1
F(d)(k, T ) = H1

F∗(d)(k, T ) = 0
Applying Theorem 2.5 with F1 = F(d) and F2 = F r(d/r), we have an
isomorphism

ϕfs
r : H1

Fr(d/r)(k, T ) ∼−→ H1
/tr(kr, T ) ∼= R⊗Z Gr.

Since κd,q = 0, the relation (5.2) shows that

ϕfs
r (κd/r,r) = −vq(κd,q) = 0,

which implies κd/r,r = 0. The same argument as the proof of the fact that
the projection (5.5) is an isomorphism shows that the projection map

KS1(T,F r,Q \ {r}) −→ H1
Fr(d/r)(k, T )⊗Z Gd/r.

is an isomorphism. Since {κn,r}n∈N (Q\{r}) ∈ KS1(T,F r,Q\{r}) and κd/r,r =
0, we conclude that κm,r = 0. �

5.4. Kolyvagin systems and Selmer modules.

Definition 5.7. Let Q be a subset of Pn(T,F). Take an ideal n ∈ N (Q)
and q ∈ Q a prime with q - n. For a Kolyvagin system κ ∈ KS0(T,F ,Q),
we put

δn(κ) := vq(κn,q) ∈ R⊗Z Gn.

By the relations (5.2) and (5.3), the element δn(κ) does not depend on the
choice of the prime q ∈ Q.

We fix a generator of Gq for each prime q ∈ Q and identify R⊗ZGn with
R for each ideal n ∈ N (Q). For an integer i ≥ 0 and a Kolyvagin system
κ ∈ KS0(T,F ,Q), define an ideal Ii(κ) of R by

Ii(κ) := 〈 δn(κ) | n ∈ N (Q), ν(n) ≤ i 〉.

The ideal Ii(κ) does not depend on the choice of the fixed generator of Gq.

Let Q be a subset of Pn(T,F) containing Pm(T,F) for some integer
m ≥ n.

Theorem 5.8. Suppose that
• the Selmer structure F is cartesian, and
• χ(F) = 0.

Take a Kolyvagin system κ ∈ KS0(T,F ,Q).
(i) For each ideal n ∈ N (Q), we have

R · δn ⊆ Fitt0
R(H1

F(n)∗(k, T
∨(1))∨),
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with equality if κ is a basis of KS0(T,F ,Q). In particular, if κ is a
basis, then we have

R · δ1 = Fitt0
R(H1

F∗(k, T∨(1))∨).
(ii) For each integer i ≥ 0, we have

Ii(κ) ⊆ FittiR(H1
F∗(k, T∨(1))∨).

Remark 5.9. Suppose that R is a principal ideal ring. Mazur and Rubin
proved in [11, Theorem 4.5.9] that Kolyvagin systems of rank 1 controlled
all the higher Fitting ideals of the dual Selmer module. In the higher rank
case, Burns, Sakamoto and Sano proved in [1, Theorem 5.2(iii)] a simi-
lar result (see also [1, Remark 5.3]). However, a similar argument of the
proof of [11, Theorem 4.5.9] does not work in the rank 0 case. It is an
interesting problem to understand conditions under which the inclusion in
Theorem 5.8(ii) becomes an equality.

Proof. Since the R-module KS0(T,F ,Q) is free of rank 1 by Theorem 5.5,
we may assume that κ is a basis of KS0(T,F ,Q). Then one can take a basis
ε of SS0(T,F ,P) such that Reg0(ε) = κ by Theorem 5.5.

Let us prove claim (i). To do this, we take an ideal n ∈ N (Q) and fix a
generator of Gq for each q ∈ Q. Hence we can regard δn as an element of R
for each ideal n ∈ N (Q). By using the fixed isomorphisms {H1

/ur(Gkq , T ) ∼=
R}q∈Q, we also regard εn as an element of

⋂ν(n)
R H1

Fn(k, T ) for each ideal
n ∈ N (Q).

Let n ∈ N (Q) be an ideal. By Lemmas 2.14 and 2.17, one can take
an ideal m ∈ N (Q) with n | m and H1

(Fm)∗(k, T
∨(1)) = 0. Applying The-

orem 2.5 with F1 = F(n) and F2 = Fm, we get an exact sequence of
R-modules

0 −→ H1
F(n)(k, T ) −→ H1

Fm(k, T ) −→ X −→ H1
F∗(n)(k, T

∨(1))∨ −→ 0,
where

X =
⊕
q|n

H1
/tr(Gkq , T )⊕

⊕
q|m

n

H1
/ur(Gkq , T ).

The fixed isomorphisms induce an isomorphism X ∼= Rν(m). Applying Def-
inition B.2 to the exact sequence 0 → H1

F(n)(k, T ) → H1
Fm(k, T ) → X ∼=

Rν(m), we obtain an R-homomorphism⋂ν(m)
R

H1
Fm(k, T ) −→ R.

Furthermore, we see that the image of εm under this homomorphism is δn.
We note that the R-module H1

Fm(k, T ) is free of rank ν(m) by Lemma 2.18
and that εm is a basis of

⋂ν(m)
R H1

Fm(k, T ) by Theorem 3.4. Hence claim (i)
follows from Lemma B.4.
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Let us show claim (ii). Take an ideal n ∈ N (Q) and an integer i ≥ ν(n).
By Lemmas 2.14 and 2.17, one can take an ideal m ∈ N (Q) with i ≤ ν(m)
and n | m such that the module H1

(Fm)∗(k, T
∨(1)) vanishes. In the proof

of [13, Theorem 4.10], we show that

FittiR(H1
F∗(k, T∨(1))∨) =

∑
d|m, ν(d)=i

Fitt0
R(H1

(Fd)∗(k, T
∨(1))∨).

Let d | m be an ideal with n | d and ν(d) = i. By the definition of Selmer
structures Fd and F(n), we have the canonical surjection

H1
(Fd)∗(k, T

∨(1))∨ −→ H1
F(n)∗(k, T

∨(1))∨.

Claim (i) implies that

δn ∈ Fitt0
R(H1

F(n)∗(k, T
∨(1))∨)

⊆ Fitt0
R(H1

(Fd)∗(k, T
∨(1))∨)

⊆ FittiR(H1
F∗(k, T∨(1))∨).

In particular, we have Ii(κ) ⊆ FittiR(H1
F∗(k, T∨(1))∨). �

6. Kolyvagin systems of rank 0 over Gorenstein local rings
In this section, suppose that R is a complete Gorenstein local ring and

that T satisfies Hypothesis 2.7. Let I denote the set of ideals I of R such
that R/I is a zero dimensional Gorenstein ring.

The R-module T/(1− τ)T is free of rank 1 by Hypothesis 2.7(ii). In this
section, we fix an isomorphism

T/(1− τ)T ∼= R.(6.1)
For each prime q 6∈ S of k, we also fix an isomorphism

Gq
∼= Z/(#Gq).

Let I ∈ I be an ideal. Since R/I is artinian, one can take an integer
n > 0 with pn ∈ I. For a prime q ∈ Pn(T/IT ), we have an isomorphism

H1
ur(Gkq , T/IT ) ∼= T/(1− Frq)T ⊗R R/I

= T/(1− τ)T ⊗R R/I
∼= R/I,

where the last isomorphism is induced by the isomorphism (6.1). Since we
fix an isomorphism Gq

∼= Z/(#Gq), we also have an isomorphism

H1
/ur(Gkq , T/IT ) ∼= R/I

by Lemma A.4. Hence we get the R/I-module
KS0(T/IT,F ,Pn(T/IT,F)).
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We set

KS0(T/IT,F) := lim−→
n>0, pn∈I

KS0(T/IT,F ,Pn(T/IT,F)).

For a prime q ∈ Pn(T/IT ), the fixed isomorphism H1
/ur(Gkq , T/IT ) ∼= R/I

is compatible with base change, namely, for any ideal J ∈ I with I ⊆ J ,
the following diagram commutes:

H1
/ur(Gkq , T/IT )

∼= //

����

R/I

����
H1
/ur(Gkq , T/JT )

∼= // R/J.

Hence we have the canonical homomorphism

KS0(T/IT,F ,Pn(T/IT,F)) −→ KS0(T/JT,F ,Pn(T/IT,F))

for any integer n > 0 with pn ∈ I.

Definition 6.1. We say that a Selmer structure G on T is cartesian if, for
any ideal I ∈ I, the induced Selmer structure GR/I on T/IT is cartesian.

Lemma 6.2. Let n > 0 be an integer with pn ∈ I. If F is cartesian, then
we have the canonical isomorphism

KS0(T/IT,F ,Pn(T/IT,F))⊗R R/J
∼−→ KS0(T/JT,F ,Pn(T/JT,F))

such that the following diagram commutes:

KS0(T/IT,F ,Pn(T/IT,F))⊗R R/J
∼=
�� ++

KS0(T/JT,F ,Pn(T/JT,F)) // KS0(T/JT,F ,Pn(T/IT,F)).

(Note that Pn(T/IT,F) ⊆ Pn(T/JT,F)).

Proof. To simplify the notation, we set Pn,I := Pn(T/IT,F). By Lem-
ma 2.17, there is an element (n, q) ∈ M(Pn(T/IT,F)) such that the R-
module H1

(Fq(n))∗(k, T
∨(1)) vanishes. We then have a commutative diagram

KS0(T/IT,F ,Pn,I)⊗R R/J

∼=
��

// KS0(T/JT,F ,Pn,I)

��

KS0(T/JT,F ,Pn,J)oo

∼=
��

H1
Fq(n)(k, T/IT )⊗R R/J // H1

Fq(n)(k, T/JT ) H1
Fq(n)(k, T/JT ).=oo

Note that the left and right vertical arrows are isomorphism by Proposi-
tion 5.6. Lemma 2.18 shows that the R/I-module H1

Fq(n)(k, T/IT ) and the
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R/J-module H1
Fq(n)(k, T/JT ) are free of rank 1. Hence Lemma 2.19 implies

that the canonical map
H1
Fq(n)(k, T/IT )⊗R R/J −→ H1

Fq(n)(k, T/JT )
is an isomorphism. Therefore, we obtain the desired isomorphism. �

For a cartesian Selmer structure F on T , we define the module KS0(T,F)
of Kolyvagin systems of rank 0 for (T,F) by

KS0(T,F) := lim←−
I∈I

KS0(T/IT,F),

where the transition maps are defined by using Lemma 6.2.

Theorem 6.3. Suppose that
• the Selmer structure F is cartesian, and
• χ(F) = 0.

Then the following claims are valid.
(i) The R-module KS0(T,F) is free of rank 1.
(ii) For an ideal I ∈ I, the canonical homomorphism

KS0(T,F)⊗R R/I
∼−→ KS0(T/IT,F)

is an isomorphism.

Proof. Let I, J ∈ I be ideals of R with I ⊆ J . By Proposition 5.6, we see
that, for any integer n > 0 with pn ∈ I, the canonical homomorphism

KS0(T/IT,F ,Pn(T/IT )) −→ KS0(T/IT,F)
is an isomorphism. Hence the R/J-module KS0(T/JT,F) is free of rank 1
by Theorem 5.5. Furthermore, Lemma 6.2 shows that the canonical homo-
morphism

KS0(T/IT,F)⊗R R/J
∼−→ KS0(T/JT,F).

is an isomorphism. This theorem follows from these two facts. �

Take an ideal I ∈ I of R and an integer n > 0 with pn ∈ I. Let
κ ∈ KS0(T/IT,F) be a Kolyvagin system. Take a representative κ̃ ∈
KS0(T/IT,F ,Pn(T/IT,F)) of κ. For an ideal n ∈ N (Pn(T/IT )), we have
an element

δn(κ) := δn(κ̃) ∈ R/I ⊗Z Gn
∼= R/I.

For each integer i ≥ 0, we define an ideal Ii(κ) ⊆ R/I by

Ii(κ) :=
⋂

n>0, pn∈I
〈 δn(κ) | n ∈ N (Pn(T/IT,F)), ν(n) ≤ i 〉.

Let κ = {κI}I∈I ∈ KS0(T,F) be a Kolyvagin system. For an ideal n ∈
N (Pn(T/IT,F)), we see that

δn(κI) mod J = δn(κJ)
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for any ideal J ∈ I with I ⊆ J . In particular, for each integer i ≥ 0, we
have Ii(κI) mod J ⊆ Ii(κJ). Hence one can define an ideal Ii(κ) of R by

Ii(κ) := lim←−
I∈I

Ii(κI).

Theorem 6.4. Suppose that
• the Selmer structure F is cartesian, and
• χ(F) = 0.

Let κ ∈ KS0(T,F) be a Kolyvagin system.
(i) For each integer i ≥ 0, we have

Ii(κ) ⊆ FittiR(H1
F∗(k, T∨(1))∨).

(ii) If κ is a basis, then we have

R · δ1(κ) = Fitt0
R(H1

F∗(k, T∨(1))∨).

Remark 6.5. Consider the situation in [14]:
• k is a totally real field,
• R is the cyclotomic Iwasawa algebra,
• T is the cyclotomic deformation of Zp(1)⊗χ−1, where χ : Gk → Z×p
is a nontrivial even character of finite order,
• F is the strict Selmer structure (see [14, Example A.7]).

In this case, the argument in [14, Section 5] (that is based on Kurihara’s
works [8, 10]) shows that Ii(κ) = FittiR(H1

F∗(k, T∨(1))∨) for a basis κ ∈
KS0(T,F) and an integer i ≥ 0. The author believes that the argument
in [14, Section 5] still works in more general situations, namely, the author
expects that if dimR ≥ 1 and H1

F (k, T ) = 0, then we have

Ii(κ) = FittiR(H1
F∗(k, T∨(1))∨)

for a basis κ ∈ KS0(T,F) and an integer i ≥ 0.

Proof. Let i ≥ 0 be an integer. For any ideal I ∈ I of R, we have

FittiR(H1
F∗(k, T∨(1))∨)R/I = FittiR/I(H

1
F∗(k, (T/IT )∨(1))∨)

by Lemma 2.14(i). Since R is a complete noetherian local ring, any ideal
of R is closed, and we obtain

FittiR(H1
F∗(k, T∨(1))∨) = lim←−

I∈I
FittiR/I(H

1
F∗(k, (T/IT )∨(1))∨).

Hence this theorem follows from Theorem 5.8. �
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Appendix A. Local Galois cohomology
In this appendix, we recall the results proved by Mazur and Rubin in [11,

Chapter 1].
Let ` 6= p be a prime and K a finite extension of Q`. We denote by F the

residue field ofK. Let R be an artinian local ring with residue characteristic
p > 2, and T denotes a free R-module of finite rank with an R-linear
continuous GK-action. Suppose that

• (#F×) ·R = 0, and
• the GK-action on T is unramified.

Let IK be the inertia subgroup of GK and Fr the Frobenius element of
GK/IK .

Definition A.1 ([11, Definition 1.1.6(iv)]). We fix a totally tamely rami-
fied cyclic extension L of K such that [L : K] annihilates R. Define

H1
ur(GK , T ) := ker

(
H1(GK , T ) −→ H1(IK , T )

)
, and

H1
tr(GK , T ) := ker

(
H1(GK , T ) −→ H1(GL, T )

)
.

We also set H1
/∗(GK , T ) := H1(GK , T )/H1

∗ (GK , T ) for ∗ ∈ {ur, tr}.

Lemma A.2 ([11, Lemmas 1.2.1 and 1.2.4]).
(i) We have the canonical isomorphisms

H1
ur(GK , T ) ∼−→ T/(1− Fr)T

and H1
/ur(GK , T )⊗Z Gal(L/K) ∼−→ TFr=1.

(ii) The composite map H1
tr(GK , T ) → H1(GK , T ) → H1

/ur(GK , T ) is
an isomorphism.

Suppose that det(1 − Fr | T ) = 0. Define the characteristic polynomial
P (x) ∈ R[x] of the Frobenius by

P (x) = det(1− Fr ·x | T ).

Since P (1) = 0, there is a unique polynomial Q(x) ∈ R[x] satisfying P (x) =
(x − 1)Q(x). Since P (Fr−1) · T = 0 by the Cayley–Hamilton theorem, we
have

Q(Fr−1) · T ⊆ TFr=1.

Definition A.3 ([11, Definition 1.2.2]). We define the finite-singular com-
parison map ϕfs on T to be the composition

H1
ur(GK , T ) ∼−→T/(1− Fr)T Q(Fr−1)−−−−−→TFr=1 ∼←−H1

/ur(GK , T )⊗Z Gal(L/K).
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Lemma A.4 ([11, Lemma 1.2.3]). Suppose that the R-module T/(1−Fr)T
is free of rank 1 and that det(1 − Fr | T ) = 0. Then the finite-singular
comparison map

ϕfs : H1
ur(GK , T ) −→ H1

/ur(GK , T )⊗Z Gal(L/K)

is an isomorphism. In particular, the R-modules H1
ur(GK , T ), H1

tr(GK , T ),
H1
/ur(GK , T ), and H1

/tr(GK , T ) are free of rank 1.

Appendix B. Exterior bi-dual
In this appendix, we recall the basis properties of the exterior bi-dual

proved in [13].
Let R be a zero dimensional Gorenstein local ring. Note that all free

R-modules are injective. For each R-module M we set
M∗ := HomR(M,R).

The functor ( · )∗ = HomR( · , R) is exact since R is an injective R-module.
Furthermore, Matlis duality tells us that the canonical map

M −→M∗∗

is an isomorphism for any finitely generated R-module M . For an integer
r ≥ 0, we define the r-th exterior bi-dual

⋂r
RM by⋂r

R
M :=

(∧r

R
M∗

)∗
.

Lemma B.1 ([13, Lemma 2.1]). Let r ≥ 0 be an integer and

F
h−→M

g−→ N −→ 0
an exact sequence of R-modules. If the R-module F is free of rank s ≤ r,
then there is a unique R-homomorphism

ϕ :
∧r−s

R
N ⊗R det(F ) −→

∧r

R
M

such that ϕ (∧r−sg(b)⊗ a) = (∧sh(a)) ∧ b for any a ∈ det(F ) and b ∈∧r−s
R M .

For i ∈ {1, 2}, let Mi be an R-module and Fi a free R-module of rank si.
Suppose that we have the following cartesian diagram:

M1
� � //

��

M2

��
F1
� � // F2,

where the horizontal arrows are injective. The R-module F2/F1 is free
of rank s2 − s1 since F1 is an injective R-module. Applying Lemma B.1
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to the exact sequence (F2/F1)∗ → M∗2 → M∗1 → 0, we obtain an R-
homomorphism

Φ̃ :
⋂r

R
M2 ⊗R det((F2/F1)∗) −→

⋂r−s2+s1

R
M1

for any integer r ≥ s2 − s1.

Definition B.2 ([13, Definition 2.3]). For any cartesian diagram as above
and an integer r ≥ s2 − s1, we have an R-homomorphism

Φ:
⋂r

R
M2 ⊗R det(F ∗2 ) ∼−→

⋂r

R
M2 ⊗R det((F2/F1)∗)⊗R det(F ∗1 )

−→
⋂r−s2+s1

R
M1 ⊗R det(F ∗1 ),

where the first map is induced by the isomorphism

det((F2/F1)∗)⊗R det(F ∗1 ) ∼−→ det(F ∗2 ); a⊗ b −→ a ∧ b̃,

where b̃ is a lift of b in
∧s1
R F

∗
2 and the second map is induced by Φ̃.

Proposition B.3 ([13, Proposition 2.4]). Suppose that we have the follow-
ing commutative diagram of R-modules

M1
� � //

��

M2

��

� � // M3

��
F1
� � // F2

� � // F3

such that F1, F2, and F3 are free of finite rank and the two squares are
cartesian. Let si = rankR(Fi) and r ≥ s3 − s1. For i, j ∈ {1, 2, 3} with
j < i, we denote by

Φij :
⋂r−s3+si
R

Mi ⊗R det(F ∗i ) −→
⋂r−s3+sj
R

Mj ⊗R det(F ∗j )

the map given by Definition B.2. Then we have
Φ31 = Φ21 ◦ Φ32.

Lemma B.4 ([2, Proposition A.2(ii)], [13, Lemma 4.8]). For i ∈ {1, 2},
let Fi be a free R-module of rank si. Suppose that s2 ≤ s1 and there is an
exact sequence of R-modules

0 −→ N −→ F1 −→ F2 −→M −→ 0.
Let

φ :
∧s1−s2

R
N∗ −→ R

be the image of a basis of
⋂s1
R F1 ⊗R det (F ∗2 ) under the map⋂s1

R
F1 ⊗R det (F ∗2 ) −→

⋂s1−s2

R
N

defined in Definition B.2. Then we have im(φ) = Fitt0
R(M).
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