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Greenberg algebras and ramified Witt vectors

par ALESSANDRA BERTAPELLE et MAURIZIO CANDILERA

RESUME. Soit O un anneau complet pour une valuation discréte, de caracté-
ristique mixte et de corps résiduel fini k. Dans cet article, on présente ’étude
d’un morphisme naturel r: Ro — We ,; entre I’algébre de Greenberg de O et
la fibre spéciale du schéma des vecteurs de Witt ramifiés sur O. Ce morphisme
est un homéomorphisme universel avec un noyau pro-infinitésimal qui, dans
certains cas, peut étre décrit explicitement.

ABSTRACT. Let O be a complete discrete valuation ring of mixed character-
istic and with finite residue field k. We study a natural morphism r: Rp —
Wo,,, between the Greenberg algebra of O and the special fiber of the scheme
of ramified Witt vectors over O. It is a universal homeomorphism with pro-
infinitesimal kernel that can be explicitly described in some cases.

1. Introduction

Let O be a complete discrete valuation ring with field of fractions K of
characteristic 0 and perfect residue field k of positive characteristic p. We
fix a uniformizing parameter m € O. It is known from [2, 8, 10] that for
any n € N one can associate a Greenberg algebra R, to the artinian local
ring O/n"O, i.e., the algebraic k-scheme that represents the fpqc sheaf
associated to the presheaf

{affine k-schemes} — {O/n"O-algebras},
Spec(A) — W(A) @) O/m"O,

where W(A) is the ring of p-typical Witt vectors with coefficients in A.
There are canonical morphisms R,, — R,,, for n > m, and passing to the
limit one gets an affine ring x-scheme Rp such that W(A) @y ) O =
Rp(A) := Hom,(Spec(A),Rp) for any s-algebra A; see (2.1). The Green-
berg algebra R,, is the fundamental stone for the construction of the Green-
berg realization Gry,(X) of a O/n"O-scheme X; this is a k-scheme whose
set of k-rational sections coincides with X (O/7"0) [8], [2, Lemma 7.1], and
it plays a role in many results in Arithmetic Geometry.

Assume that & is finite. One can define for any O-algebra A the algebra
Wo(A) of ramified Witt vectors with coefficients in A [1, 6, 7, 9, 11]. These
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algebras are important objects in p-adic Hodge theory. It is well-known that
if A is a perfect x-algebra, there is a natural isomorphism

W(A) @w () O ~ Wo(A)

(see [7, 1.1.2], [1, §1.2], [11, Proposition 1.1.26]). Hence Rp(A) ~ Wp(A)
if A is a perfect k-algebra. For a general k-algebra A, Drinfeld’s map
u: W(A) — Weo(A) induces a unique homomorphism of O-algebras
Ro(A) — Wo(A), functorial in A. Hence there is a morphism of ring
schemes over K

r: Ro — Wp xo Spec(k),

where Wo is the ring scheme of ramified Witt vectors over Spec(Q), that
is, Wo(A) = Homp(Spec(A),Wp) for any O-algebra A. It is not difficult
to check that the morphism r is surjective with pro-infinitesimal kernel.
Indeed Theorem 6.2 states that
The morphism r: Ro — Weo xo Spec(k) induces an isomorphism
rPf ]R%f — (Wo x o Spec(k))Pf on inverse perfections.
Hence, up to taking inverse perfections, one can identify Greenberg algebra
Ro with the special fiber of the scheme of ramified Witt vectors We.

The morphism 7 is deeply related to the scheme-theoretic version w
of Drinfeld’s functor (Proposition 5.6) and a great part of the paper is
devoted to the study of Wy and w. In the unramified case the special
fiber of w is a universal homeomorphism and we can explicitly describe its
kernel (Proposition 5.12). The ramified case requires ad hoc constructions
(Proposition 5.14). All these results allow a better understanding of the
kernel of r (Lemma 6.3); in particular if @ = W(k) the kernel of r is
isomorphic to

1

h— i(h—1)
Spec(/@[Xo,Xl,...]/(Xo,Xf L XP ))

where p” is the cardinality of k.

Notation. For any morphism of O-schemes f: X — Y and any O-algebra
A (i.e., any homomorphism of commutative rings with unit O — A) we
write X (A) for Homp(Spec(A), X) and f4 for the map X(A) — Y (A)
induced by f. For any O-scheme X, we write X, for its special fiber. If
f: Spec(B) — Spec(A), f*: A — B denotes the corresponding morphism
on global sections. We use bold math symbols for (ramified) Witt vectors
and important morphisms.

Acknowledgements. We thank an anonymous referee for suggesting new
references that inspired shorter proofs of the main results and a second
referee for careful reading of the paper and helpful comments.
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2. Greenberg algebras

Let O be a complete discrete valuation ring with field of fractions K of
characteristic 0 and perfect residue field s of positive characteristic p. Let
m € O denote a fixed uniformizing parameter and let e be the absolute
ramification index so that O ~ @, W (k)r' as W (x)-modules. Let W
(respectively, W,,) denote the ring scheme of p-typical Witt vectors of infi-
nite length (respectively, length m) over Spec(Z) and let W, (respectively,
W) be its base change to Spec(k).

The Greenberg algebra attached to the artinian local ring O /7" O, n > 1,
is the k-ring scheme R,, that represents the fpqc sheaf associated to the
presheaf

{affine k-schemes} — {O/n" O-algebras},
Spec(A) = W(A) @w () O/7"O;

it is unique up to unique isomorphism [10, Proposition A.1]. The explicit
description of R, requires some work in general (we refer the interested
reader to [2, 8, 10]) but is easy when considering indices that are multiple
of e. Indeed R, ~ Hf;& Wi, as k-group schemes and for any x-algebra
A it is

Rine(A) = OWi (A)7" = Wi (A)[T]/(fr(T)) = Win(A) @w,,(x) O/7"O,

where f(T') € W(k)[T] is the Eisenstein polynomial of 7; see [2, (3.6) and
Remark 3.7 (a)], where O is denoted by R, and [2, Lemma 4.4] with R’ = O,
R =W (k), m =n and R,, denoted by Z%,,. Hence the addition law on the
k-ring scheme R,,. is defined component-wise (via the group structure of
W,y .) while the multiplication depends on fr(7") and mixes indices.

The canonical homomorphisms O/7"O — O/n™¢O,n > m, induce
morphisms of ring schemes R, — R, [10, Proposition A.1(iii)] and the
Greenberg algebra associated with O is then defined as the affine x-ring
scheme

Rop = l&n Rne

(see [2, §5] where Ry is denoted by %7) By construction Rp ~ Hf;& W, as
k-group schemes and

(2.1) Ro(A) = WA[T]/(f=(T)) = W(A) @w(x) O

for any k-algebra A [2, (5.4)]; note that by [2, Lemma 4.4] the hypothesis
A = AP in [2, (5.4)] is superfluous since m o Rme = lim R, We will
say that Rp is an O-algebra scheme over Spec(k) since, as a functor on
affine k-schemes, it takes values on O-algebras.

Note that if O = W (k), then Rp ~ W, the k-scheme of p-typical Witt

vectors.
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3. Ramified Witt vectors

Let O be a complete discrete valuation ring with field of fractions K and
finite residue field x of cardinality ¢ = p".

For any O-algebra B one defines the O-algebra of ramified Witt vectors
Wo(B) as the set B endowed with a structure of O-algebra in such a
way that the map

dp: Wo(B) — BY,

3.1
( ) b= (bn)neNo — (@o(b), (I)l(b), (I)Q(b), A ) s

is a homomorphism of O-algebras, where ®,,(b) = b —|—7Tb({n_1 +- -+ 7"by
and the target O-algebra BN is the product ring on which O acts via
multiplication in each component. Proving the existence of Wp(B) with
the indicated property requires some work; we refer to [11] for detailed
proofs and to [4] for a generalized construction.

Note that if 7 is not a zero divisor in B then ®p is injective and indeed
bijective if 7 is invertible in B.

The above construction provides a ring scheme (and in fact an O-algebra
scheme) We such that Wp(A) = Home(Spec(A4), Wp) =: Wp(A) for any
O-algebra A, together with a morphism of O-algebra schemes ®: Wp —
Ago induced by the Witt polynomials

D, = 0p(Xo,..., Xn) = X 472X+ 41X

more precisely, if Ago =Spec(0|Zy, Z1,...]), and Wp =Spec(O[ Xy, X1,...])
then ®*(Z,) = ®,,. Let ®;: Wp — A}Q denote the composition of ® with
the projection onto the ith factor.

It is Wz, = W Xgpec(z) Spec(Zy), the base change of the scheme of p-
typical Witt vectors over Z, but, despite the notation, We differs from
W Xgpec(z) Spec(O) in general.

Let K’ be a finite extension of K with residue field ' = Fyr and ring
of integers @', and let @ € O be a fixed uniformizing parameter. We can
repeat the above constructions with o, ¢" in place of 7, ¢ and then get
a morphism of (O’-algebra schemes ®': Wy — Ag? defined by the Witt
polynomials

(3.2) O (Xo,..., Xn) = X& + x0TV 4 oX

By [6] there is a natural morphism of functors from the category of O'-
algebras to the category of O-algebras

u = w0y Wo— Wor (Drinfeld’s functor)
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such that for any ’-algebra B the following diagram
Wo(B) —— Wor(B)

s |0

BNO ' BNO

commutes, where the upper arrow is induced by uw on B-sections and IT’
maps (bg, b1,...) to (bo, by, bay, ... ). Further

u([o]) = [b],  w(F7"b) = F(u(b)), U(Vb)ZgV(U(F’"’lb)),

where [-], F', V denote, respectively, the Teichmiiller map, the Frobenius
and the Verschiebung both in Wy (B) and in We/(B), and F" is the r-fold
composition of F' with itself. By construction Drinfeld’s functor behaves
well with respect to base change, i.e. if 0"/’ is another extension, then

(33) U(O,O”) = u(O’,O”) (¢] u’(0,0’)

as functors from the category of (O0”-algebras to the one of (O-algebras.
More details on u and its scheme-theoretic interpretation will be given in
Section 5.

4. Perfection

A k-scheme X is called perfect if the absolute Frobenius endomorphism
Fx is an isomorphism. For any k-scheme X one constructs its (inverse)
perfection XPf as the inverse limit of copies of X with Fx as transition
maps. It is known that the functor (-)P! is right adjoint of the forgetful
functor from the category of perfect x-schemes to the category of k-schemes,
ie., if p: XPf — X denotes the canonical projection, there is a bjection

(4.1) Hom,(Z, XP") ~ Hom.(Z,X), frpof

for any perfect k-scheme Z; see [3, Lemma 5.15 and (5.5)] for more details
on this.
In the next sections we will need the following result.

Lemma 4.1. Let ¢v: X — Y be a morphism of k-schemes such that the
map Ya: X(A) = Y(A) is a bijection for any perfect k-algebra A. Then
PPt XPE 5 YOI s an isomorphism and 1 is a universal homeomorphism.

Proof. By hypothesis
(4.2) Homy(Z, X) ~ Hom,(Z,Y), fr=1of,
for any perfect x-scheme Z. In particular,

Hom, (Y?f, XPf) ~ Hom, (Y?, X) ~ Hom, (Y?,Y) ~ Hom, (Y™, YPf),
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where the first and third bijections follow from (4.1) and the second from
(4.2). By standard arguments the inverse of ¥Pf is then the morphism as-
sociated with the identity on YP via the above bijections. Consider further
the following commutative square

xpf >~ ypf

X Y

Since the canonical morphisms p are universal homeomorphisms [3, Re-
mark 5.4], the same is 9. O

5. Results on ramified Witt vectors

In this section we study more closely ramified Witt vectors. Whenever
possible, we take a scheme-theoretic approach which also makes the func-
torial properties more evident and shortens the proofs as well. Let notation
be as in Section 3.

5.1. Frobenius, Verschiebung, Teichmiiller maps. In this subsection
we present classical constructions in the scheme-theoretic language. Their
properties naturally descend from (5.1) and Remark 5.2.

Let B be an O-algebra. If B admits an endomorphism of O-algebras o
such that o(b) = b mod 7B for any b € B, then the image of the homo-
morphism ®p in (3.1) can be characterized as follows

(5.1)  (an)nen, € Im®p <= o(ay) = any1 mod 7"T'B Vn € Ny;
see [11, Proposition 1.1.5]. We will apply this fact to polynomial rings
O[T;,i € I] with o the endomorphism of O-algebras mapping 7; to T}.

Lemma 5.1. Let 0: B — B be an endomorphism of O-algebras, w € B

an element such that # € wB and f € N. If o(b) = v’ mod wB for any
b € B, then

o(@sn (b)) = Py41)(b) mod w/"B
for all b= (by,b1,...) € Wo(B) and n > 0.
Proof. Let b = (bo,b1,...). Since ®r,1q)(b) = <I>fn(bgf, b‘llf, ...) mod
7 +1B  we are left to prove that
(@ (b)) = Bpa(b¢,5,...) mod /"B
We first note that o(b) = b7 mod wB implies that
(5.2) o) =b

f+s
4 mod w1, Vs >0,
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(cf. [11, Lemma 1.1.1]). Hence by (5.2)

(@ (b)) = o (0" + bl g,

= o(b)?" +7o(b)?" " 4. 7l (bs)

(n41)f n+1)—1

= b{ + bl +~-+7rf”b§fl:c1>fn(bqf),

where the equivalence holds modulo w/™ ! B. O

Let B be an Q-algebra, 0: B — B an endomorphism of O-algebras such
that o(b) = b% mod 7B, and let h: Spec(B) — AL’ = Spec(O[Zo, Z1,...])
be a morphism of O-schemes; the latter is uniquely determined by (hog, ... ) €
BNo with h; = h*(Z;). The morphism h factors through ®: Wo — AI(\})O if
and only if (hg, h1,...) € Im®p. Hence we can rephrase (5.1) as follows:

(5.3) h factors through ®
— o(h*(Z,)) = h*(Zny1) mod 7B Vn e Ny.

Remarks 5.2.

(a) Note that if 7 is not a zero divisor in B and h factors through ®,
then it factors uniquely. Indeed, let g,¢’: Spec(B) — Wy be such
that ®og = h = ® o ¢  and let b, € Wp(B) = Wp(B) be the
corresponding sections. Then ®g(b) = ®5(b’) and one concludes
that g = ¢’ by the injectivity of ®5 [11, Lemma 1.1.3].

(b) Since the above constructions depend on 7, it seems that one should
write @, and We » above. However, if @ is another uniformizing
parameter of O, let ¢ be the O-algebra endomorphism on B =
O[Xo, X1, . ..] mapping X; to X. Then (P n(X)) = Pm pi1(X))
mod w"t!'B = 7" B; hence by (5.3) and (a) one deduces the
existence of a unique morphism hro: Wo » — Wp o such that
P, = P, 0 hy . Similarly one constructs heg r: Wo o — Wo r
and (a) implies that hg r © hr o and hg o 0 he o are the identity
morphisms.

(c) Note that if h: Go — Ago is a morphism of group (respectively,
ring) schemes with Go ~ Ago or Go ~ A7y as schemes, and there
exists a morphism g: Go — Wp, unique by point (a), such that
h = ®og, then g is a morphism of group (respectively, ring) schemes.
Indeed let ug, pw, pa be the group law on Go, Wo and AI(\,I)O respec-
tively. Since Gp x0Go = Spec(C') with C reduced, in order to prove
that goug = pwo (9 X 9): Go xo Go — W, it suffices to prove
that @ ogopug = Popuwo (g xg). Now Pogoug = hopug =
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pupao(hxh)=ppo(®xP)o(gxg) =Pouwo(gxg). Similar argu-
ments work for the multiplication law when considering morphisms
of ring schemes.

As applications of (5.1) and (5.3) one proves the existence of the Frobe-
nius, Verschiebung and Teichmiiller morphisms as well as of endomorphisms
A Wo — We for any A € O.

We now see how to deduce the existence of classical group/ring endo-
morphisms of We from endomorphisms of Ago.

Proposition 5.3.

(i) Let ANo = Spec(O[Zy, Z1,...]) and let f be the endomorphism of
AN such that f*(Z,) = Zny1. There exists a unique morphism of
ring schemes F: Wop — Wo such that ® o F = f o ®.

(ii) Let v be the endomorphism of ANo = Spec(O[Zy, Z1,...]) such that
v*(Zp) = 0 and v*(Zp41) = ©Z, for n > 0. Then there exists a
unique morphism of O-group schemes V: Wo — Wy such that
PoV =vod.

(iii) For A€ O let fy be the group endomorphism ofAI(\IQ0 =Spec(0][Z,...])
such that fX(Zy,) = AZ,. Then there exists a unique morphism of
O-group schemes A: Wp — Wo such that ® oA = f) o ®.

(iv) Let o: AL, — A}, = Spec(O[T]) be the morphism of O-schemes
such that o*(T) = T? and let o = (id,0,02%,...): AL — AIEO. Then
there exists a unique morphism of O-schemes T: A%Q — Wo such
that ® o T = o. It is a multiplicative section of the projection onto
the first component ®q: Wp — Ab.

Proof. For proving (i)—(iii) we use (5.3) with B = O[Xo, X1, ...], the ring
of global sections of W, endowed with its unique lifting of Frobenius,
more precisely with the morphism of O-algebras o mapping X; to X}. Let
X denote the vector (Xo, X1,...) € Wo(O[Xo,X1,...]) and set X7 =
(X&, XL ...

The morphism F' exists as soon as the condition in (5.3) is satisfied for
h= fo®,i.e.,if®,,1(X%) = ®,,2(X) mod 7"*! for any n. This is evident
since @, 12(X) = ®,11(X) + 72X, 0.

The morphism V' exists as soon as the condition in (5.3) is satisfies for
h=vod®, ie., if 0 = 71Xy mod 7B and 7®,_1(X°) = 7®,(X) mod 7" B
for any n > 1. The first fact is trivial while the second is evident since
0, (X7) =&, 1(X9) + 71" X,.

The morphism A exists as soon as the condition in (5.3) is satisfied for
h = fyo®, ie., if A®,(X°) = A®,,1(X) mod 7"*! for any n. This is
evident since ®,(X°) = ®,,1(X) mod 7! by Lemma 5.1 with f = 1,
w=T.



Greenberg algebras 909

Uniqueness of F, V', X follows by Remark 5.2 (a). The fact that they are
group/ring scheme morphisms follows by Remark 5.2 (c).

For (iv), we consider condition (5.3) for B = O[T] and h = o. It is
satisfied since h*(Z,) = T9"; whence T exists. Uniqueness follows again by
Remark 5.2 (a) and multiplicativity of 7 follows from multiplicativity of o
as in Remark 5.2 (c). Finally, by construction, 7 is a section of ®. O

The ring scheme endomorphism F' is called Frobenius and the O-scheme
endomorphism V is called Verschiebung. By a direct computation one
checks that for any O-algebra A, the induced homomorphism Fg: Wp(A) —
Wo(A) satisfies

(5.4) Fa(ag,a1,...) = (ap,a1,...)? mod nWp(A),
and, if A is a k-algebra,

(5.5) Fa(ag,a1,...) = (ad,ai,...)

holds. Further, both F4 and V4 are O-linear [11, §1] and

(5.6) FaVpi=m- idW@(A)?
(5.7) VAFA:W‘idWO(A), if rA=0,
a-Vi(e) =Va(Fa(a)-c), for all @,c € Wp(A).

Finally V"W (A) is an ideal of W (A) for any n > 0 where V' denotes the
n-fold composition of V4. Note that Wp(A) = fm o Wo(A)/ViWe(A)
and if A is a semiperfect k-algebra, i.e., the Frobenius is surjective on A,
then Vi'Wp(A) = m"Wo(A).

The morphism 7 is called Teichmdiiller map. For any O-algebra B, we
have 7: B — Wo(B), b [b] := (b,0,0,...), since ®([b]) = (b, b7, b7, .. .).
Note that o is not a morphism of O-group schemes and hence we can not
expect that 7 is a morphism of group schemes.

Remark 5.4. For any subset I C Ny and any O-algebra A, let Wp 1(A)
denote the subset of Wp(A) consisting of vectors b = (by,...) such that
b =0ifi ¢ I. If J C Ny satisfies I N J = &, then the sum in Wp(A) of
a vector b = (bo,...) € Wo 1(A) and a vector ¢ = (cp,...) € Wo j(A) is
simply obtained by “gluing” the two vectors, i.e., b+ ¢ =d = (dp,...) €
Wo,rus(A) with d; = b; if i € I and d; = ¢; if @ € J. For proving this fact,
since A can be written as quotient of a polynomial algebra over O with
possibly infinitely many indeterminates, we may assume that A is w-torsion

n—1

free. In this case d is uniquely determined by the condition > 7 Wid;] =

Bp(do, ... ) = Pulbo, .. )+ ulco,...) = Xl omb? "+ 30w since
for any index i either b; or ¢; (or both) is zero, the above choice of d; works.
More generally, if Iy, ..., I, are disjoint subsets of Ny, and b; are vectors
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in Wo,1;(A), then the sum by + - - - + b, is obtained by “gluing” the vectors
b;. As immediate consequence, any element in Wp(A) can be written as

(5.8) (ag,ar,...) = Z:fo[ai],

since Vi[b] = (0,...,0,b,0,...) € Wo tiy-
Lemma 5.5. Let B be a k-algebra and consider the map

B" — WO,n(B> = W@(B)/VEW@(B),
n—1
(bos- - -y bu1) = > [bj]m
§=0

If B is reduced (respectively, semiperfect, perfect) the above map is injective
(respectively, surjective, bijective). Hence if B is semiperfect (respectively,
perfect), any element of Wo(B) = 1&1 Won(B) can be written (respectively,
uniquely written) in the form > 32,[bj]m’.

Proof. By (5.6), (5.7), (5.4) and Remark 5.4 it is

n—1 n—1

S = 5 ol = S V) = v = 0,

Jj=0 j=0

where we have omitted the subscript B on F and V. Injectivity is clear when
B is reduced. Assume now B semiperfect and let b = (b, b1,...) € Wo(DB).
Then by Remark 5.4

b= (Do, ..., br1,0,...) + (0,00, 0,bps..) € (bgseees by1,0,...) + V' Wo (B),
and by (5.8) and (5.5)

n—1 n—1
(Bos s b1,0,..) = S Vil = S VIFiBYT] Z /7]
=0 §=0

where b; /4" denotes any ¢'th root of b;, which exists since B is semiperfect.
Hence surjectivity is clear too. U

5.2. The Drinfeld morphism. Let K’ denote a finite extension of K
with residue field k' = Fgr, ring of integers O’ and ramification degree
e; since we don’t work with absolute ramification indices in this section,
there is no risk of confusion with notation of Section 2. Let w € O be
a uniformizing parameter and write 7 = aw® with « a unit in O'. Let
P (Xo,...,Xp) = Xgm + waT(nil) + -+ @w"X,, be the polynomials as

in (3.2) that define the morphism ®: Wer — ALY
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Proposition 5.6. There exists a unique morphism of O'-ring schemes u =
u(o,0r) such that the following diagram

Wo xo Spec O’ s Wor

(5.9) @Xido/i l@’

N g N
AOO, AOO,

commutes, where ® X idp is the base change of ® to Spec(O’') and IT' is
the morphism mapping (zo,z1,...) to (xo, Ty, xop,...). For any A € O it
is Aou = wo (A xide), i.e., u induces homomorphisms of O-algebras
up: Wo(B) — Weor(B) for any O'-algebra B.

Proof. (cf. [6, Proposition 1.2]) Let B = O'[Xy,...] be the ring of global
sections of Wp x ¢ Spec @’ and let o be the endomorphism the O’-algebra
B mapping X; to Xfr. Let h = I' o (® x idpr): Spec(B) — AI(\})?. Then
by (5.3) the morphism of O’-schemes wu exists as soon as o(h*(Z,)) =
h*(Zn+1) mod "1 B. By definition of h, this condition is equivalent to
o(®nr) = P(11) mod @™ B, and the latter holds by Lemma 5.1 with
f=rand b = (Xo,X1,...) € Wor(B). Hence u exists as morphism of
schemes. Uniqueness follows by Remark 5.2 (a). Since ® x ideps and II' are
morphism of ring schemes, the same is u by the commutativity of (5.9) and
Remark 5.2(c).

Finally, since both A ow and u o (A x ider) correspond to the endomor-
phism of Ag‘} mapping Z, to AZ,, on algebras, the result is clear. Il

The morphism w is called the Drinfeld morphism. Note that the com-
mutativity of (5.9) says that for any ('-algebra B and any b € Wy (B)
it is

@, (up(b)) = nr(b).

Lemma 5.7. Let 7,7’ be the Teichmiiller maps of Weo, Wer respectively.
Then 7" =wo (T x idey).

Proof. Let A}, = Spec O[T] and Ag‘) = Spec 0[Zy, Z1,...]. Let o: A}y —
Ago be the morphism in Proposition 5.3 mapping Z,, to T9" on algebras, and
let o/: AL, — Ag? be the analogous morphism for @’ mapping Z,, to T7 "
on algebras. Then 7’ is uniquely determined by the property ® o 7/ = o’.
Since @' ouo (T xidp/) ='o(® xider) o (7 Xide) =II'o (o xider) = o/,
the conclusion follows. Il

Let B be an O'-algebra B. As a consequence of the above lemma and
O-linearity of the Drinfeld map ug, it is up(3>_j—o[bi]7") = Yizg[bi]m" and
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hence

(5.10) up (i[lﬂﬁ) = i[bi]ﬂia

=0 =0
where [b;] in the left-hand side (respectively, in the right-hand side) is the

Teichmiiller representative of b; in Wy (B) (respectively, in W/ (B)) and 7
in the right-hand side is viewed as element of O’.

Lemma 5.8. Let F', F’ be the Frobenius maps on W and W respectively.
Then wo (F" x idor) = F' o u, where F" is the r-fold composition of F'.

Proof. Let f also denote the endomorphism of Ag? = Spec(O'[Zy, Z1,...])
associated with F’ as in Proposition 5.3 (i), which maps Z, to Z,41 on
algebras, and let f” denote the r-fold composition of f. Since ®' o F/ou =
fo® ou= foll'o(® xidp) = o fTo(®xidp) = o(® xider)o (F" X
idp/) = @ ouo (F" x ider), the conclusion follows by Remark 5.2(a). O
Lemma 5.9. Let = denote the group homomorphism of Wo/ associated

with = € O as in Proposztzon 5.8 (). Then uo(V xidor) = ZoV'ouo
(FT 1 X ld@/)

Proof. We keep notation as in Proposition 5.3: v is the endomorphism of
the affine space Ago associated with V', similarly for v/, V' over O'; f is the
endomorphism associated with F and fz the one associated with g

Note that II' o (v x ide/) maps Zp to 0 and Z,, to 7Z,,—1 if n > 0. Now
<I>'ouo(V Xidol) = H/O(q) Xid@/)O(VXid@/) = H’o(vxid@/)o(é Xid@/).
On the other hand,
™

d'o—oV'ou = fz o® oV'ou = f= ov'o® ou = f= OU,OH/O(@ Xido/).
w W™ w W™

Hence

8o oV ouo (F7 ' xido) = fz ov/ oIl o (f7! xider) o (® x ider).
w w

Since both IT" o (v x idpr) and f= ov' o Il' o (f7~! x ider) induce the endo-

morphism of O'[Zy, Z1,...] mapping Zy to 0 and Z,, to 7Z,,—1 for n > 0,

they coincide and the conclusion follows by Remark 5.2 (a). O

We now discuss properties of the Drinfeld morphism.

Lemma 5.10. Let B be a reduced k'-algebra. Then Drinfeld morphism
induces an injective map up: Wo(B) — Weor(B) on B-sections.
Proof. Let BPf denote the perfect closure of B, i.e., BPf = hﬂieNo B; with

B; = B and Frobenius b — bP as transition maps. Since B is reduced, the
canonical map ¢: B = By — BP' is injective and thus the same is Wo (o).
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Hence, it suffices to consider the case where B is perfect. By Lemma 5.5, any
element b of W (B) is of the form 22 [b;]7%, b; € B, and hence ug(b) =
S22 [bi] 7 by (5.10). Injectivity of up is then clear since 7¢ € (V5)“Wer (B)
and Wer(B) has no m-torsion. O

Note that if @' # O and B is a non-reduced «’-algebra, then ug is not
injective. Indeed let 0 # b € B such that b = 0. Then by (5.6) and (5.7)
with @' in place of O and Lemmas 5.7 and 5.9 we have

up(Vs[b]) = aw* ' Va([b]) = a(Vp)*(Fp) ' ([b) = a(VE)(0) = 0

if r=1and e > 1, and ug(Vg[b]) = aw® V5 (up(0)) =0 if r > 1.
More precise statements can be given in the unramified or totally ramified
cases.

5.2.1. The unramified case.

Lemma 5.11. Let O'/O be an unramified extension and let B be a K'-
algebra. Then up: Wo(B) — Weor(B) is injective (respectively, surjective,
bijective) if B is reduced (respectively, semiperfect, perfect).

Proof. Let Wp = Spec O[Xy, X1,...], Wor = Spec O'[Yp, Y1, ...] and set
u; = u*(Y;) € O/[Xo, . ,], so that @;n(uo,ul, o) = @ (X0, X1,...) by
commutativity of (5.9). We claim that

m(r—1)

up = Xo, U, = XL mod (m)  for m > 0.

Since ug = X is clear by construction, only the second equivalence has to
be proved. We proceed by induction on m. First note that for any m > 0

(I)(erl)r(XO, . )

(m+1)r (m4+1)r—m
q +"'+7Tqu _|_7rm+1Xq

(m+1)r—m-—1

mod (7™"?2)

and
q(m+1)r

@, 1(Yo,...) = Y5 D Y LS T

i(r—1) .
Assume that u; = X mod (7) for 0 < i < m, then
(m+1—1)r (m4+1)r—i

i, q
T'u,; ,

= ﬂ_iXZg mod (ﬂ_iJrlJr(erlfi)r)

where i+ 14+ (m+1—i)r=m+r+1+4(r—1)(m—1i) > m+ 2. Hence

0= @)y (u0, - ) = Dmsye(Xos - )

m—+1 m+1Xq(m+l)'r7'mfl

=77 Uy — 1 mod (7*?)

)

thus the claim.
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Now, if B is any O-algebra, b = (bg,...) € Wo(B) and up(b) = ¢ =
m(r—1

(co,c1,...) it is ¢g = by and ¢, = b,
k'-algebra, it is

mod 7 B. In particular, if B is a

m(r—1)

(5.11) cm = bl , Vm>0.

This implies that up is injective if B is reduced (as already seen in Lem-
ma 5.10), surjective if B is semiperfect and bijective if B is perfect. O

The above lemma has the following geometric interpretation.

Proposition 5.12. Assume that the extension O'/O is unramified. Then
Drinfeld’s morphism w restricted to special fibers is a universal homeomor-
phism with pro-infinitesimal kernel isomorphic to

i(r—1)

Spec(x'[Xo, X1, ...]/(Xo, ..., X] o)

where q" is the cardinality of k.

Proof. The first assertion follows from Lemmas 4.1 and 5.11. By the very
explicit description of u, in (5.11) one gets the assertion on the kernel. [J

5.2.2. The totally ramified case. Let O'/O be a totally ramified ex-
tension of degree e > 1. Then +' = x, O’ = @¢; Ow' as O-module, and
7 = aw® with a a unit in O'. Let B be a O’-algebra. We can not expect
up: Wo(B) — Wer(B) to be surjective, even if B is a perfect k-algebra;
indeed (5.10) shows that w is not in the image of up. Note that up is
a morphism of O-algebras and hence we can extend it to a morphism of
('-algebras

uf =up @id: Wo(B) ®0 0" — Wor(B),

5.12 e—1 ) e—1 )
( ) Zbi®w’r—>ZuB(bi)wz,
i= =0

with b; € Wp(B). Since for any O-algebra A it is

e—1 e—1
(5.13) Wo(A4) @0 O = Wo(A) @0 @ Ow' = @Wo(A)wi,
=0 =0
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forgetting about the multiplication on W (B) ®p O’, v}§ is the group ho-
momorphism making the following diagram commute
(5.14)

ra
Up

[TiZ6 Wo(B) Wor(B)

(bi)i 3, up(b;) @
ITes | | ¥,
(®p(bi) =3 Pp(bi)w' =3, P3(up(bi))=’

Hf:_é BNo BNo

We deduce from (5.13) that the product group scheme Hf;& Wo, whose
group of A-sections is @f;& Wo(A), for any O-algebra A, can be endowed
with a ring scheme structure that depends on the Eisenstein polynomial of
w and mixes components. We denote by [[* We the resulting ring scheme
over O. In particular the functoriality of the maps u3 says the existence of
a morphism of ring schemes over O’

u'™: HW@ X o Spec(0') = Wer

which induces u} on B-sections. More precisely, u™

schemes of (O'-algebras. Let

is a morphism of

w
(5.15) u,rf: I_IV\VQ,i — W@/’K.

be the restriction of u™ to special fibers.
We can not expect that results in Lemma 5.11 and Proposition 5.12 hold
in the totally ramified case, but they hold for 4™ in place of w.

Lemma 5.13. Let O'/O be a totally ramified extension of degree e and let
B be a k-algebra. If B is reduced (respectively, semiperfect, perfect) then the
homomorphism uy = up ®id in (5.12) is injective (respectively, surjective,
bijective).

Proof. For the injectivity, as in the proof of Lemma 5.10, we may assume
that B is perfect. Let ® = Y52 b; ® w’ with b; = 22 olbijlm! € Wo(B)
by Lemma 5.5. Then by (5.10) it is w3 (z) = Y7, ?‘;O[bi,j]ﬂjwi =

D P aj (V59T b; ] with a = 7/w® a unit in @', b;; the ¢%*ith
power of b; ; and V}; the Verschiebung on W/ (B). Hence injectivity fol-
lows.
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Now we prove surjectivity in the case where B is semiperfect. By Lem-
ma 5.5 any element of Wy (B) can be written in the form

o] ) e—1 oo )
Z[aj]w] = Z Z[ahe+i]whwl/ah.
=0 i=0 h=0

It suffices to check that Y-p° [apesi]m™™a~" is in the image of u% for all 4.
Note that the series Y.7° ([aperi] @ Ta™" is in Wp(B) ®e O’ since

W@(B) R0 O ~ (%iLnW@(B)/ﬂ'mWo(B)) Ko o'
~ lim (Wo(B) /7" Wo(B)) ®0 O
=lim Wo(B) ®0 O'/7™ (Wo(B) @0 O'),

where the first isomorphism follows by Lemma 5.5 and the second by the
fact that O’ is a finite free O-module. Now by O'-linearity of w3 and
Lemma 5.7

oo o
ug <Z[ahe+i] ® TFhOéh> = Z[aheﬂ]ﬂhofh,

h=0 h=0
and we are done. O

We now study morphisms v and u'

Proposition 5.14. Let O'/O be a totally ramified extension of degree e.
Then the morphism w2 in (5.15) is a universal homeomorphism with pro-
infinitesimal kernel isomorphic to

Spec(/f[Xm-;n €Np,0<i< e}/(Xq"(e Uﬂ)).

Proof. The first assertion follows from Lemmas 4.1 and 5.13.
We now describe the kernel of the morphism of @’-group schemes

HW@/ = Spec O'[X,,i,n € Np, 0 < i < €] N Weor = Spec O'[Yp, . ..].

Set w2 = u?*(Y,,) € O'[Xpi,n € Ny,0 < i < e] where u™* is the ho-
momorphism induced by u™ on global sections. The kernel of u™ is the

closed subscheme of [[” Wo whose ideal [ is generated by the polynomials
,m > 0. Let J be the ideal generated by the monomials X n(ﬁ_l)ﬂ. We

Want to prove that I coincides with J mod w. Both ideals admlt a filtration

by subideals Iy C I, J; C J where I; is generated by those w5 with m <'s
and J, is generated by monomials X/ ]e R such that me 4+ j < s. It is

sufficient to check that Iy coincides with J; mod w for any s. We prove it
by induction on s.
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Clearly Iy = (u{*) = (Xo,0) = Jo. Assume s > 0, write it as s = ne + ¢
with 0 < ¢ < e and assume (w, I;,) = (w, Jp) for all m < s. Note that

Is = (Is—1,u?) and Js = (Js— 1,an<e 1)H) Hence it is sufficient to prove
that
(5.16) w2 = u® =X mod (@, J,1)
since o := 7/w® is a unit in O'.
Note that
(5.17) Zw9<1> =L (ufr,...) =D ((u)9,...) + = u®,

where the first equality follows by the commutativity of diagram (5.14)
and the second one by definition of the polynomials ®/ . The left hand side
of (5.17) is sum of monomials of the form

s—m s—m

wirm X4 = wme+]aqu g

m,j

withm<s=ne+iand 0 <j<e.
If m > n, the w-order of the coefficient is bigger than s; similarly if
m =n and j > i. Hence

nyq " me+j myq®T ™" s+1
Zw b5y =" X, + Z w o™Xy, mod (@),
me+7<s

and one concludes that

—n

o
(5.18) ijfb&j = wsa"XZ; mod (@, J,_1).

since Xf;;m = qu)ﬂ "is a power of Xm(e D+ € Js_1 when me + j <
ne+1t=s.

We now discuss the right hand side in (5.17).
(5.19) @ ((uf)?,...) + @ u?

- Zml(ufa)q%l + @ u® = w*u™ mod (=, J,_1),
where the last equivalence follows from the fact that u;* = 0 mod (w, Js_1)
by inductive hypothesis. We conclude then by (5.17), (5.18) and (5.19) that

wiu = Sa"X;,f;n mod (™, J,_1),

whence claim (5.16) is true and the proof is finished. O
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5.2.3. The general case. Let O"" be the maximal unramified extension
of O in O'. Then by (3.3) up = w(,0),p is the composition

un Ucopun o/
(5.20) Wo(B) 25" Woum(B) 28" Wo(B)
and results on up are usually deduced by a dévissage argument. We see
here below an example.

Lemma 5.15. Set Op = W (k) and let B be a reduced (respectively semiper-
fect, perfect) k-algebra. Then the homomorphism

rp: W(B) @0, O — Wo(B)

induced by the Drinfeld functor is an injective (respectively, surjective, bi-
jective). In particular the natural map O — Wo (k) is an isomorphism.

Proof. Recall that Oy/Z, is unramified, W (B) = Wz, (B) and the extension
0O/0Oy is totally ramified. The homomorphism in the lemma is then the
composition

(5.21) W(B) ®0, 0“5 W, (B) ®0, O “ Wo(B),

where u"": u(z, 0y),5: W(B) = Wo,(B) and u™ = u(, 0),p ® ido. Since
O is a free Oyp-module, it suffices to check the indicated properties for u"*
and u'®. These follow by Lemmas 5.11 and 5.13. O

5.2.4. The case w = €. The description of up is particularly nice
under the assumption that @ = w®. Note that if O’/O is tamely ramified
the hypothesis is satisfied up to enlarging O'.

Lemma 5.16. Let B be a «'-algebra and assume m = w®. Then the map
up: Wo(B) = Wor(B) factors through the subset Wor oy, (B) consisting of
vectors b = (by,...) such that b; =0 if et j. If B is semiperfect its image
is Wor eno (B), thus in this hypothesis, Wy (N, (B) is a subring of Wor (B).
If B is perfect then Wo(B) is isomorphic to Wer ey, (B).

Proof. By Lemma 5.11 the case e = 1 is clear. Since up = u,o, p 18
the composition of the maps in (5.20) we may assume that O'/O is totally

ramified. Let Wp = Spec O[Xy, ...], Wor = Spec O'[Yp, ...] and set u; =
u*(Y;). It is
b, (X0, X1,...)=Pp1(X{,...) +7" X, forn>1,
o (Yo, Y1,...) =, _(Y,...)+@"Y, forn > 1,
! (ug,u1,-..) = (X, X1,...) for m > 0.

One checks recursively that uy = Xo, u; = 0 mod (w) if e { i and upe =
Xgn(eil) mod (). Hence, if B is any O’-algebra and b = (by, ...) € Wo(B),

e(n—1)

then up(b) = ¢ = (co,c1,...) with ¢g = b, che = b2 mod wB and
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¢j € wB otherwise. In particular, if B is a x-algebra, it is ¢pe = b%e<n Y for
any n > 0 and zero otherwise. This implies that ugp(Wo(B)) € Wor e, (B)
with equality if B is semiperfect. O

If k = k' we have a better understanding of u'®

Lemma 5.17. Let O'/O be a totally ramified extension of degree e. Assume
m = w® and let B be a k'-algebra. Then the homomorphism

ug: Wo(B) @0 O = @WO wi — Wor(B),

e—1
Z biwi — Z uB(bZ)w’
1=0 =0

b, € Wo(B), maps the module Wo(B)w' into Wor i yen, (B) and it is injec-
tive (respectively, surjective, bijective) if B is reduced (respectively, semiper-
fect, perfect).

Proof. We have seen in Lemma 5.16 that for any b € Wp(B) it is
up(b) € Woren,(B); hence by (5.6) and (5.5) ugp(b)w = VFup(b) €
VWoren, (B) = Woriten, (B) and recursively up(b)w' € Wor iten, (B).
Note further that the subsets eNg, 1+ ¢eNp,...,e— 1+ eNy form a partition
of Ny so that the sum Zf;é up(b;)w’ is simply obtained by “glueing” the
components of each vector up(b;)w® = ViFlup(b;) (see Remark 5.4). As
a consequence the injectivity (respectively, surjectivity) statement follows
from Lemma 5.10. O

6. The comparison result

Let O be a complete discrete valuation ring with residue field x of car-
dinality ¢ = p”, and absolute ramification e. Set Qg = W (k). As seen in
Lemma 5.15 we may consider the Drinfeld map u: W(A) — Wp(A) for
any k-algebra A and hence we extend it to a natural homomorphism of
O-algebras

rqa=u®ido: W(A) QW (k) O — Wo(A).
In other words, due to the description of A-sections of Ry in (2.1), there
exists a morphism of k-ring schemes

(6.1) r:Ro = Wp . :=Wo xp Spec(k)

that coincides with r4 on A-sections. Then Lemma 5.15 can be rewritten
as follows.

Lemma 6.1. If A is a reduced (respectively, semiperfect, perfect) k-algebra
then ra: Ro(A) = Wp(A) is injective (respectively, surjective, bijective).

We can now prove the comparison result announced in the introduction.
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Theorem 6.2. The morphism r: Ro — W, defined in (6.1) induces
an isomorphism rPt: ]R%f — Wgn on perfections. Hence T is a universal
homeomorphism, thus surjective, and it has pro-infinitesimal kernel.

Proof. By Lemma 6.1 and 4.1 the morphism P! is invertible and 7 is a uni-
versal homeomorphism. Further, 7 is a morphism of affine x-group schemes
and

ker(r)(k) = ker (Rp(k) = Wo(R)) ~ ker(R%f(R) — W%f(/%))
= ker(rP) (k) = {0},

where k denotes an algebraic closure of x and the bijection in the
middle follows by (4.1). Hence ker(r) is pro-infinitesimal by [5, V §3 Lem-
me 1.4]. O

We can say something more on the kernel of r.

Lemma 6.3.
(a) If O = W(k) then r = uz, w(x))x and

ket ~ Spec (K[ Xo, X1, 1/(Xo, XV xP L )).

(b) If K =F), then r = u;? and

n(e—1)+1i

ker r ~ Spec(Fp[Xm;n € No,0 <i <e]/(X]; ;n € Np,0<1i< e)).

(¢) In general, ker(r) is extension of a pro-infinitesimal group scheme
as in Proposition 5.14 by the product of e pro-infinitesimal group
schemes as in (a).

Proof. Consider the extension O/Z,. Statements (a) and (b) follow from
Propositions 5.12 and 5.14. For the general case, note that (5.21) implies
that r, as morphism of k-group schemes, is the composition

e—1 H wn e—1 ure
[TWe == T[] Woor — Wox

i=0 i=0
where uy; on the first arrow stays for w(z, 0,) «, whose kernel was described
in a), and 4} is the morphism in Proposition 5.14 for the ramified extension
O/Op. Hence the conclusion follows. O
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