URNAL

de Théorie des Nombres

e BORDEAUX

anciennement Seminaire de Theorie des Nombres de Bordeaux

Pseudorandomness of the Ostrowski sum-of-digits function
Tome 30, n° 2 (2018), p. 637-649.

<http://jtnb.cedram.org/item?id=JTNB_2018__30_2_637_0>

© Société Arithmétique de Bordeaux, 2018, tous droits réservés.

L’acces aux articles de la revue « Journal de Théorie des Nom-
bres de Bordeaux » (http://jtnb.cedram.org/), implique I’accord
avec les conditions générales d’utilisation (http://jtnb.cedram.
org/legal /). Toute reproduction en tout ou partie de cet article sous
quelque forme que ce soit pour tout usage autre que ’utilisation a
fin strictement personnelle du copiste est constitutive d’une infrac-
tion pénale. Toute copie ou impression de ce fichier doit contenir la
présente mention de copyright.

cedram

Article mis en ligne dans le cadre du
Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/


http://jtnb.cedram.org/item?id=JTNB_2018__30_2_637_0
http://jtnb.cedram.org/
http://jtnb.cedram.org/legal/
http://jtnb.cedram.org/legal/
http://www.cedram.org/
http://www.cedram.org/

Journal de Théorie des Nombres
de Bordeaux 30 (2018), 637-649

Pseudorandomness of the Ostrowski sum-of-digits

function

par Lukas SPIEGELHOFER

RESUME. Pour un nombre irrationnel « € (0, 1), nous étudions la fonction
somme des chiffres d’Ostrowski o,. Etant donné un nombre a & quotients
partiels bornés et un nombre ¢ € R\ Z, nous montrons que la fonction g :
n +— e(Joa(n)), ot e(z) = e*™® est pseudo-aléatoire dans le sens suivant :
pour tout r € N la limite

existe et on a

ABSTRACT. For an irrational a € (0,1), we investigate the Ostrowski sum-
of-digits function o,. For « having bounded partial quotients and ¥ € R\
Z, we prove that the function g : n +— e(¥o,(n)), where e(z) = 2™ is
pseudorandom in the following sense: for all r» € N the limit

s = Jim 37 glntrigln)

N—o00
0<n<N

exists and we have

. 1 2
fm g 2 Pl =0
0<r<R
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1. Introduction and main results

Let g be an arithmetical function. The set of 5 € [0, 1) satisfying

1
lim sup — Z g(n)e(—npB)| >0
N—ro0 0<n<N

is called the Fourier—Bohr spectrum of g.
The function g is called pseudorandom in the sense of Bertrandias [4] or
simply pseudorandom if the limit

exists for all » > 0 and is zero in quadratic mean, that is,

1 2

lim — Z |'yr| =0.
R—oo R 0<r<R

Pseudorandomness can be understood as a property of the spectral measure

associated to g: Assume that the correlation ~, of g exists for all » > 0. By

the Bochner representation theorem there exists a unique measure p on the

Torus T = R/Z such that

%= [ era) duta)

for all . Then g is pseudorandom if and only if the discrete component of
p vanishes. We refer to [9] for more details.

It is known that pseudorandomness of a bounded arithmetic function g
implies that the spectrum of g is empty, which can be proved using van der
Corput’s inequality. For the convenience of the reader, we give a proof of
this fact in Section 2.

The converse of this statement does not always hold. However, it is true
for g-multiplicative functions ¢ : N — T = {z € C : |z| = 1}, which
has been proved by Coquet [5, 6, 7]. Here a function g : N — C is called
g-multiplicative if f(g*n + b) = f(¢*n)f(b) for all integers k,n > 0 and
0<bx< qk.

The purpose of this paper is to prove an analogous statement for the
Ostrowski numeration system, that is, for a-multiplicative functions. As-
sume that o € (0,1) is irrational. The Ostrowski numeration system has
as its scale of numeration the sequence of denominators of the conver-
gents of the regular continued fraction expansion of a. More precisely, let
a = [0;a1,as,...] be the continued fraction expansion of « and p;/q; =
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[0;a1,...,a;] the i-th convergent to «, where i > 0. By the greedy algo-
rithm, every nonnegative integer n has a representation

(1.1) n= er

k>0
such that

Z Ekdr < 4K
0<k<K
for all K > 0. This algorithm yields the unique expansion of the form (1.1)
having the properties that 0 < ey < a1, 0 < ¢ < agy1 and € = agy1 =
ex_1 = 0 for k > 1, the Ostrowski expansion of n.
For a nonnegative integer n let (ex(n))r>0 be its Ostrowski expansion.
An arithmetic function f is a-additive resp. a-multiplicative if

f(n) =" flex(m)ar) resp. f(n) =[] fler(n)a)

k>0 k>0

for all n. Examples of a-additive functions are the functions n — Sn (for
B € R) and the a-sum of digits of n [8]:

oa(n) = Z gi(n).

120

We refer the reader to [3] for a survey on the Ostrowski numeration system.
In particular, we want to note that the Ostrowski numeration system is a
useful tool for studying the discrepancy modulo 1 of na-sequences, see for
example the references contained in the aforementioned paper.

Moreover, see [2] for a dynamical viewpoint of the Ostrowski numeration
system, see also [1, 12] for more general numeration systems.

Our main theorem establishes a connection between the Fourier—-Bohr
spectrum and pseudorandomness for a-multiplicative functions.

Theorem 1.1. Assume that g is a bounded a-multiplicative function. The
Fourier—Bohr spectrum of g is empty if and only if g is pseudorandom.

Using a theorem by Coquet, Rhin and Toffin [11, Theorem 2], we obtain
the following corollary.

Corollary 1.2. Assume that « € (0,1) is irrational and has bounded partial
quotients and ¥ € R\ Z. Then n +— e(Yo4(n)) is pseudorandom.

In particular, this holds for the Zeckendorf sum-of-digits function, which
corresponds to the case a = (v/5 —1)/2 = [0;1,1,...]. This special case
can be found in the author’s thesis [14].

We first present a series of auxiliary results, and proceed to the proof of
Theorem 1.1 in Section 3.
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2. Lemmas
We begin with the well-known inequality of van der Corput.

Lemma 2.1 (Van der Corput’s inequality). Let I be a finite interval in Z
and let a, € C forn € I. Then

2
>_an

nel

Il-1+R
AT T (1) Z aem

o<|r|<R nel
n+rel

for all integers R > 1.

In the definition of pseudorandomness for bounded arithmetic functions
g, we do not actually need the square.

Lemma 2.2. Let g be a bounded arithmetic function such that the corre-
lation ~, of g exists for all r > 0. The function g is pseudorandom if and

only if

lim — || = 0.
R—oco R OQZER
For the proof of sufficiency we note that we may without loss of generality
assume that |g| < 1. The other direction is an application of the Cauchy-
Schwarz inequality.
As we noted before, pseudorandomness of g implies that the spectrum
of g is empty.

Lemma 2.3. Let g be a bounded arithmetic function. If g is pseudorandom,
then the Fourier—Bohr spectrum of g is empty.

Proof. The proof is an application of van der Corput’s inequality (Lem-
ma 2.1). We have for all R € {1,...,N}

2
2 gm)es)

0<n<N
s% > (1-Hews T g

0<|r|<R 0<n,n+r<N
1 R
<E 2 |y 2 9lntrg )+O<N)
0<r<R O<n<N

Let € € (0,1). By hypothesis and Lemma 2.2 we may choose R so large

that
Z Iye| < €
O<7‘<R
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Moreover, we choose Ny in such a way that R/Ny < €2 and

< &2

1 _

~ 2 9(ntrgn) =y
0<n<N

for all r < R and N > Ny. Then for N > Ny we have

2

© Y gm)es)

0<n<N
1 1 — 1 R
<3 ¥ |y X stnrng-nl+ 5 X hl+0(5)
R0§r<R N0§n<N R0§r<R No

<e2 O

The following lemma is a generalization of Dini’s Theorem.

Lemma 2.4. Assume that (f;)i>0 is a sequence of nonnegative continuous
functions on [0,1] converging pointwise to the zero function. Assume that
| fi1(x)| < max{|f;(z)|,|fi—1(z)|} for z € [0,1]. Then the convergence is
uniform in x.

Proof. For ¢ > 0 and nonnegative N we set
An(e) ={z €[0,1]: fn(x) <eand fynii(z) <e}.

Note that this is an open set. By induction, using the property |fi+1(z)| <
max{|fi(x)|,|fi—1(x)|}, we obtain

An(e) ={x €[0,1] : fu(x) <eforallm > N}.
Trivially, we have Anx(e) € Ans4i(e). For each x € [0,1] there is an
N(z) such that f,(r) < e for all n > N(z). Then z € Ap(y)(e), there-
fore (An(q) (5))%[0 ;) Is an open cover of the compact set [0,1]. Choose
T1,..., 7 such that Ay )(€) U U An,(e) 2 [0,1] and set N =

max{N(x1),...,N(zx)}. By monotonicity of the sets An(e), we obtain
An(g) 2[0,1], in other words, f,(z) < eforallz € [0,1]andalln > N. O

Lemma 2.5. Assume that A > 1 and let (w;); be the increasing enumera-
tion of the integers n such that eg(n) = --- = ex_1(n) = 0. The intervals
[wi, wit1) constitute a partition of the set N into intervals of length gy and
qr—1, where wit1 — w; = qa—1 if and only if ex(w;) = axt1.

Proof. Assume first that ey(w;) = ax41. We want to show that w;y; =
w; + gr—1. Assume that A > 2 and let w; < n < w; + gx—1. Then the
Ostrowski expansion of n is obtained by superposition of the expansions of
w; and of n — w;. In particular, for w; < n < w; + gx—1 we have ¢j(n) # 0
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for some j < A — 1. (Trivially, this also holds for A = 1.) Moreover, in the
addition w; + ¢x—1 a carry occurs, producing ¢;(w; + grn—1) = 0 for j < A,
therefore w;t1 = w; + gr—1. The case £)(w;) < ay41 is similar, in which
case Wiyl = W; + Q.- O

For an a-multiplicative function g and an integer A > 0 we define a func-
tion gy by truncating the digital expansion: we define ¥ (n) = >,y €i(n)g
and

gr(n) = g(a(n)).
We will need the following carry propagation lemma for the Ostrowski
numeration system.

Lemma 2.6. Let A > 1 be an integer and N,r > 0. Assume that o € (0,1)
1s 1rrational and let g be an a-multiplicative function. Then

(1) [{n<N:g+r)gn) # ga(n+rgam)}| <

q,\1

Proof. The statement we want to prove is trivial for » > ¢)_1, we assume
therefore that r < ¢y_1. Let w be the family from Lemma 2.5. For w; <
n < wiy1 —r, we have €;(n + 1) = ¢;(n) for j > A. It follows that

’{nE {wiv"'vwi-i-l - 1}19(”+T)M7&9A(n+T)M}‘ <.

By concatenating blocks, the statement follows therefore for the case that
N = w; for some i. It remains to treat the case that w; < N < w;y1 for
some 4. To this end, we denote by L(NN) resp. R(N) the left hand side resp.
the right hand side of (2.1). For w; < N < w;41 we have

L(wz>7 N S Wiyl — T
L(w;) + N — (wip1 —7), N > wipq — 7.

L(N) = {

Note that L is a polygonal line that lies below R(N) for N € {w;, wj+1 —
r,wi+1} and therefore for all N € [w;, w;;+1]. By concatenating blocks, the
full statement follows. O

We define Fourier coefficients for g:

W) =~ 3 gluye(—hugs?).

N g<u<qy

Lemma 2.7. Assume that i is such that wi+1 —w; = q) and let r > 0. We
have

22 Slamfelrg) = Y aw+n@ o)

h<qA q>\ w¢§v<wi+1
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Proof.

S |Ga)| e(hray )

0<h<qgx

h

=" > awanal D e(

0<u,v<qx 0<h<qx ax

(U—I—r—u))

= — Z [v+ 7 =wumod g\] gr(u)gr(v)
9N o<wv<qgy

_ 1 > [v+r=umod gx] gr(u)gr(v)

w; <u,v<wi4+1

_ qiwzw o Inl nw+0(~)
-~ Y awemm+o(L). O

w; <u<wi+1

Lemma 2.8. Let H > 1 be an integer and R a real number. For all real
numbers t we have

>

h<H

2

SH+R_1.

R

1
=3 elr(t+ b/ H))

r<R

This lemma is an immediate consequence of the analytic form of the
large sieve, see [13, Theorem 3|. This form of the theorem, featuring the
optimal constant N — 1 + 61, is due to Selberg.

Lemma 2.9 (Selberg). Let N > 1,R > 1, M be integers, aq,...,ag € R

and apri1,-- -, apn € C. Assume that ||, — asl| > 6 for r £ s. Then
R | M+N 2 MeN
Z Z ane(nay)| < (N -1 +5_1) Z lan|”.
r=1|n=M+1 n=M+1

As an important first step in the proof of Theorem 1.1, we show that for
the functions in question we have the following uniformity property.

Proposition 2.10. Let g be a bounded a-multiplicative function. Assume
that the Fourier—Bohr spectrum of g is empty, that is,

> g(n)e(-np)

0<n<N
as N — oo for all 8 € R. Then

=o(N)

sup

BER |o<n<N

> gln )‘ o(N).
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Proof of Proposition 2.10. Without loss of generality we may assume that
lg| < 1, since the full statement follows by scaling. We first prove the special
case

1—00 BER qi 0<n<qi
We set h(n) = g(n)e(—np) and

Si=5(8) =~ 3 hn).

lim sup L Z g(n) e(—nﬂ)| =0.

Y g<n<q
For all © > 1 we have
1 1
S¢+1 = — Z Z h(u + bQi) + 4 h(u + ai-l—lQi)
T+l g<h<a; s 0<u<qi Ti+1 g<u<g;_,
qi qi—1
— 'Z Z h(bg;) | - S; + Z h(a;i+1G;)Si-1.
q2+1 O§b<ai+1 CIz+1

Using the recurrence for ¢;, it follows that [S;+1| < max{|S;|,|Si—1|}. By
Lemma 2.4 we obtain the statement.

We proceed to the general case. We consider partial sums of g(n)e(nf)
up to N. Assume that w; < N < w;y1. We have
2

<

2
+¢3 +2Ng).

> g(n)e(np)

0<n<N

> gln)e(np)

0<n<w;

We apply the inequality of van der Corput (Lemma 2.1) to obtain
2

<HEEEL S (- e X gt nigto

[r|<R 0<n,n+r<w;

> g(n)e(np)

0<n<w;

We adjust the summation range by omitting the condition 0 < n +r < w;.
This introduces an error term O (N R). Moreover, a-multiplicative functions
satisfy Lemma 2.6, therefore we may replace g by gy for the price of another
error term, O(N2Rgy ',). Using (2.2) we get

2

0<n<w;

< NR+2;2R+‘ZW RO ( —g) e(r<5+ h))

aqx
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Note that the sum over r is a nonnegative real number. This follows from

the identity
2

> (RB—Irl)e(rz) =

[r|<R

Y

Z e(rz)

0<r<R

which can be proved by an elementary combinatorial argument. We use
this equation and collect the error terms to get
2

R R

a3 o

CCN)

2

23) | X gln)enp)

0<n<N

2

+ Y [Gah))?

0<h<gx

Next, using Lemma 2.8 we get

R CC)

+R-1
< sup [GumPREEL
0<h<qgy

24) Y G

0<h<qgx

Using the special case proved before and choosing R and A\ appropriately,
we obtain the statement. [

In order to establish the existence of the correlation ~, of g for all r >
0, we use the following theorem [10, Théoreme 4]. (Note that we defined

Ya(n) = Zogi<,\ €i(n)gi.)

Lemma 2.11 (Coquet-Rhin-Toffin). Let A > 1 and a < qx. The set
EN,a) = {n € N : (n) = a} possesses an asymptotic density given
by

§= (g + o 1[0;ars1,...]) 7" if a > qx_1;
6/:5(1+[0;CL}\+1,...]) if a < qr_1.

Lemma 2.12. Let g be a bounded a-multiplicative function. Then for every
r > 0 the limit
. 1 —
Jim = > g(n+r)g(n)
n<N

exrists.

We note that the existence of the correlation was established in [10] for
the special case that g(n) = e(yo,(n)), where e(z) = e*™® and y € R.
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Proof. Let A, N > 0 and r > 1 and set kK = max{j : w; < N}. Moreover,

let a = a(N) be the number of indices j < k such that w;1 —w; = ¢y and

b = b(N) be the number of indices j < k such that w41 — w; = gr—1. By

Lemma 2.11 a(N)/N and b(N)/N converge, say to A and B respectively.

Let A be so large that r/q\—1 < e. Moreover, choose Ny so large that

|A—a(N)/N| <eqy', |[B=b(N)/N| < eqy', and g\/N < e for all N > N,
Then by Lemma 2.6 we get

Z g(n Z ga(n+71)gr(n )+O(qu§}1)
0<n<N 0<n<N
> gan+r)ga(n) +O(qr + Nrgyty),
0§n<wk
therefore

v 2 94ngn) =AY ga(n+r)ga(n) =B Y ga(n+r)gam)

0<n<N 0<n<gx 0<n<g*—1

Z gn+r)g )—% Z ax(n +1)gr(n)

0<n<N 0<n<gx

—% Z ax(n +7)gr(n)

0<n<gr-1

+ 2¢

Z gn+r)g )—% Z ax(n+r)gr(n)| + 2

0<n<N 0<n<wy

r
<< -~ —|— — + 2.
N g
By the triangle inequality it follows that the values % Yoneng(n+r)g(n)
form a Cauchy sequence and therefore a convergent sequence, which proves
the existence of the correlation of g. O

3. Proof of the theorem

Now we are prepared to prove Theorem 1.1. If g is pseudorandom, then
by Lemma 2.3 its spectrum is empty. We are therefore concerned with
the converse. Let ¢ > 0. We denote by a the number of i < ¢ such that
w41 — w; = g and by b the number of ¢ < £ such that w;+1 — w; = ¢)_1.

Choose ¢, such that |e,| = 1 and

e Y [Gam)| e(hrgy)

0<h<gx
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is a nonnegative real number. Similarly choose €/ for A — 1. We have

1

LS @t rmm

We o<p<w,

0<r<R

a(b\1 Z Z G (h) e(hT>

0<r<R O<h<q>\ ax

L P 4 S G o )

0<r<R  0<h<gr_i Ir-1

1

il a2 NS a@(q)

R\ we (4= 0<r<R A

+bQA71 Z |G>\—1(h)’2 Z 526( hr)

We g<h<gr y 0<r<R r-1

+O<r>
gr-1

<3| XG0P 3 ee(E)

0<h<qy 0<r<R A

LY leam? Y ( hr )‘+0( r )

+ _
0<h<gr—1 0<r<r NP1 -1

1
R

By Cauchy-Schwarz we obtain

2
1 2 hr
| X 1GmP X ()
0<h<qx 0<r<R ax
2
1 hr
S o2 lamlt Y| Y 6*()
0<h<qy 0<h<gy [0<r<R A
1 _
<@ S lam! XY eame(nt 2
0<h<qx 0<h<qy 0<ri,ra<R A
= % ‘G)\ | Z 57"1@67"1,7"2
0<h<qgx 0<ri,ro<R

=% > leml

0<h<gx
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similarly for A — 1. Using Lemma 2.6, we get

1
= 2 |wl
ROST<R
I S E S LR RSy
= Im —= — gn—+r)gn
HOOROSKR We g<n<w,
1 1 _— R
—lm 2 3 Y g a0+ 0 )
koo B S p | We 0 52, qr-1
1/2 1/2 12 "
< Tieamrt) | Semlt) [(%) o(=5).
0<h<gxr-1 0<h<gx -1

Using the hypothesis and Proposition 2.10, we get sup,cz|Ga(h)| = o(1) as
A — o0o. By Parseval’s identity this implies

> 1GAR)[* = o(1).

h<gx
By a straightforward argument we conclude that

= 3 bl =o(1)

0<r<R

as R — o0. Since g is bounded, an application of Lemma 2.2 completes the
proof of Theorem 1.1.
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