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Class field theory for open curves over local fields

par TOsHIRO HIRANOUCHI

RESUME. Nous étudions la théorie des corps de classes des courbes ouvertes
sur un corps local. Apres avoir introduit 'application de réciprocité nous dé-
terminons son noyau et son conoyau. La duale de Pontrjagin de I'application
de réciprocitlé est également étudiée. Cela nous donne, sous certaines hypo-
theses, une correspondance bijective entre ’ensemble des revétements étales
abéliens et l'ensemble des sous-groupes ouverts d’indice fini du groupe des
classes d’ideles.

ABSTRACT. We study the class field theory for open curves over a local
field. After introducing the reciprocity map, we determine the kernel and the
cokernel of this map. In addition to this, the Pontrjagin dual of the reciprocity
map is also investigated. This gives the one to one correspondence between the
set of abelian étale coverings and the set of finite index open subgroups of the
idele class group as in the classical class field theory under some assumptions.

1. Introduction

In this note, we present the class field theory for open (=non proper)
curves over a local field with arbitrary characteristic. Here, a local field
means a complete discrete valuation field with finite residue field. For a local
field with characteristic 0, a large number of studies have been made even for
higher dimensional open varieties over the local field (e.g. [11, 14, 32, 33]).
Accordingly, our main interest is in the case of positive characteristic local
fields.

To state our results precisely, let k be a local field with char(k) = p > 0.
Let X be a proper, smooth and geometrically connected curve over k and
X a nonempty open subscheme in X. We often say that the pair X C
X is an open curve (cf. Definition 3.1). A topological group C(X) which
is called the idele class group, and the reciprocity map px : C(X) —
7% (X) are introduced as in [11] (Definition 3.2 and Definition 3.3). In this
note, we determine the kernel Ker(px) and the cokernel Cokeryop(px) :=

7P (X) /Im(px) of px as (Hausdorff) topological groups, where Im(py) is
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the topological closure of the image Im(px ). One of the main results in this
note is the following theorem.

Theorem 1.1 (Theorem 4.2 and Theorem 4.6). Let X C X be as above.
For the reciprocity map px : C(X) — 7¢P(X), we have

(1) Cokeriop(px) =~ 7" for somer € Z>p, and
(2) Ker(px) is the maximal l-divisible subgroup of C(X) for all prime
number [ # p.

The theorem above is known for X = X ([29]) which corresponds to the
unramified class field theory. Here, the invariant » = r(X) is called the rank
of X ([29, Chap. II, Def. 2.5]). For the special fiber .J of the Néron model of
the Jacobian variety of X, the rank r equals the dimension of the maximal
split subtorus (over the residue field of k) of J ([29, Chap. II, Thm. 6.2], see
also [34, Thm. 1.1]). For example, we have r = 0 if X has good reduction.
Theorem 1.1 is essentially followed from the arguments used in [11]. It is
known that the quotient group Cokertop(px) = miP(X)/Im(px) classifies
completely split coverings of X, that is, finite abelian étale coverings of X
in which any closed point x € X splits completely (|29, Chap. II, Def. 2.1]).
In the case of X = X, it is known that Ker(px) is the maximal divisible
subgroup of C'(X) ([34]). At the moment, we have no examples of an open
curve X with Ker(px)/p # 0.

Our main contribution is the following theorem on the Pontrjagin dual
of the reciprocity map: For a topological abelian group G, we define the
Pontrjagin dual group of G by

G := {continuous homomorphism G — Q/Z with finite order}

(cf. Notation). Using this, the reciprocity map px induces p% : 73 (X)Y —
C(X)V.

Theorem 1.2 (Theorem 5.5). Let X C X be as above. We assume 7(X) =
0. Then, the map pY : mP(X)Y — C(X)V is bijective.

Since 73P(X) is compact, the injectivity of p% in Theorem 1.2 is de-
duced from Theorem 1.1(1). However, our idéle class group C'(X) may not
be locally compact. We have to determine Ker(py) and Coker(pY) inde-
pendently. The assumption on the rank: 7(X) = 0 in this theorem is purely
technical. For the case r(X) > 0, although we have Ker(pY%) ~ (Q/Z)" from
Theorem 1.1, the author does not know if p¥ is still surjective. From this

theorem, under the assumption r(X) = 0, we have the following one to one
correspondence as in the classical class field theory:

{abelian étale covering of X} &L {finite index open subgroup of C'(X)}.
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Contents. The contents of this note is the following:

Section 2: We review some definitions and results of class field the-
ory for 2-dimensional local fields following [15] and [17].

Section 3: For an open curve X C X over a local field, the idele
class group C(X) and the reciprocity map px : C(X) — m4P(X)
are introduced (Definition 3.2 and Definition 3.3). We also define
the fundamental group 73"(X, D) as a quotient of m$*(X) which
classifies abelian étale coverings of X with bounded ramification
along a given effective Weil divisor D on X (Definition 3.4).
Section 4: After recalling the unramified class field theory (Theo-
rem 4.1), we study the structure of the tame fundamental group
7P(X) = 7P (X, Xoo), where Xoo = > .ex\x 1[z] considering as
a Weil divisor on X. Using this structure theorem, we prove Theo-
rem 1.1 (=Theorem 4.6).

Section 5: Following the proof of the class field theory for curves
over global fields ([19, Lem. 3|, [20, Thm. 9.1]) basically, we show
Theorem 1.2 (=Theorem 5.5). By using results in Section 4, the
proof is simpler than that of Kato and Saito’s.

Notation. In this note, a local field we mean a complete discrete valuation
field with finite residue field. Throughout this note, we use the following
notation:

p: a fixed prime number, and
N’: the set of m € Z>; which is prime to p.

For a field F,

char(F'): the characteristic of F,

F: a separable closure of F,

Gr := Gal(F/F): the Galois group of the extension F/F,

F?P: the maximal abelian extension of F in F,

G3 .= Gal(F*"/F): the Galois group of F*?/F,

HE, (F, M): the Galois cohomology group of G with coefficients
in a Gp-module M (cf. [16]), and

K5(F): the Milnor K-group of degree 2 which is defined by

Ky(F) = (F* @z F) /J,

where J is the subgroup generated by elements of the form a®(1—a)
(a € F*). The element in Ko(F') represented by a @ b € F* ®z F*
is denoted by {a, b} (cf. [24]).

Let A be an abelian group whose operation is written additively. The
abelian group A is said to be divisible if, for every n € Z>; and every
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x € A, there exists y € A such that ny = x. The abelian group A is I-
divisible for a prime [, if for all n € Z>; and every x € A, there exists y € A
such that {"y = x. For n € Z>1, we use the following notation on A:

e A/n := the cokernel of the map n : A — A defined by x — nx, and
e Ao the torsion part of A.

When A is a topological abelian group, define
e AY: the set of all continuous homomorphisms A — Q/Z of finite
order, where Q/Z is given the discrete topology.
A curve over a field F' means an integral separated scheme of dimension 1

over Spec(F). For a connected Noetherian scheme X, we denote by

e mP(X): the abelianlization of the étale fundamental group of X

([10]) omitting the base point,

o H"(X,.#): the étale cohomology group of an étale sheaf .# on X,
and

e H7(X,.7): the étale cohomology group of an étale sheaf .# on X
with support in Z.

An étale covering Y of a scheme X means a finite étale morphism ¥ — X

2. Local class field theory
For a field F' with char(F) = p, n € Z>o and r € Z>1, we define

Heo (B, Z/p"(n)) i= HE, (B, W Q% L),

where WTQ% log is the Galois module defined by the étale sheaf of the
logarithmic part of the de Rham-Witt complex ([13]). Recall that N is

the set of m € Z>; which is prime to p (cf. Notation). For m € N', define
Z/m(0) := Z/m with the trivial action of Gp, and Z/m(n) := p,,(F)®"

for n > 1, where p,,(F) is the Galois module of m-th roots of unity in F.
We define (following [17, §3.2, Def. 1])

HO(F) = hﬂ Hgal(Faz/m(_]‘))a
meN/
where Z/m(—1) := Hom(um,(F),Q/Z) on which G acts by f + foo™?
for o € Gp, f € Z/m(—1) (cf. [17, §1.2]). For n € Z>1,
H'(F) i= ling Heu(FZ/m(n— 1)) & Iy Hu(FZ/p" (0 — 1)),
meN/ r€L>1

Using these, it is known that we have
(2.1) H'(F) ~ (Gp)" = (Gp)"

(cf. [17, §3.2]; see also [28, Chap. 2|). From this isomorphism, we identify
H(F) and (G%)Y in the following.
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2-dimensional local class field theory. We recall the 2-dimensional
local class field theory following [15] and [17]. For detailed expositions on
this section, we also recommend [28, Chap. 2.

Definition 2.1. A 2-dimensional local field is a complete discrete valuation
field whose residue field is a local field.

Throughout this section, we fix such a field and use the following nota-
tion:

K : a 2-dimensional local field of char(K) = p,

vi : K™ — Z: the valuation of K,

Ok :={f € K|vk(f) > 0} : the valuation ring of K,
mg = {f € K|vk(f) > 0} : the maximal ideal of O,
k := Ok /mg : the residue field of K,

Uk := O} : the group of units in O, and

Ok : Ko(K) — k* : the boundary map defined by

22)  Ok({fg)) = (-1 prr@ g mod m,

for {f, g} € Ka2(K).

The class field theory of K describes the abelian Galois group G =
Gal(K®/K) by a canonical homomorphism py : Ko(K) — G2 called the
reciprocity map (defined in [17, §3.2]).

Proposition 2.2 ([17, §3.2, Exp. 1 and 2]; see also [28, §2.1]).

(1) We have the following commutative diagram

Ky(K) 5> gab

o

X Pk b
k G2°,

where py is the reciprocity map of k, and the right vertical map is
the restriction.
(2) For a finite extension L/K, the following diagram is commutative:

Ko (K) > Gi
NL/KT TRGSL/K
Ko(L) =GP,

where Np, i is the norm map (defined in [17, §1.7]), and the right
vertical map Resy e is the restriction.
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(3) For a finite extension L/K, the following diagram is commutative:

Ky(K) s gab
iL/K iVeI“L/K
Fy(L) = G5,

where iy, /i is the map induced from the inclusion K — L, and the
right vertical map Veryr is the transfer map ([27, §1.5]).

The multiplicative group K* and the Milnor K-group Ks(K) have good
topologies (introduced in [15, §7], see also [28, §2.3]). We omit the de-
tailed exposition on the definitions of these topologies. However, under the
topologies, the following properties hold:

e The reciprocity map pg is continuous.

e The unit group Ux = O is open in K*.

e The topology on Ko(K) is given by the strongest topology for the so
called symbol map K* x K* — Ko(K); f®g — {f, g} is continuous.

e For a finite extension L/K, the norm map ([17, §1.7]) Nk :
Ks(L) — Ky(K) is continuous.

Note also that any continuous homomorphism Ks(K) — Q/Z is automati-
cally of finite order with respect to this topology ([17, §3.5, Rem. 4]). Recall
that an element y € H'(K) = (G32)V (cf. (2.1)) is said to be unramified if
the corresponding cyclic extension of K is unramified.

Theorem 2.3 ([17, §3.1, 3.5], [29, Chap. I, Thm. 3.1]). The reciprocity
map px satisfies the following:

(1) The map px induces an isomorphism p}, : H'(K) = Ka(K)V.
(2) An element x € HY(K) is unramified if and only if p}(x) annihi-
lates UKo (K) := Ker(dk).

We denote by Ik the ineria subgroup of G2 which is defined by the
kernel of the restriction G“}}’ — sz. For any m € Z>1, the reciprocity map
px induces pg ., : Kao(K)/m — G3/m. Theorem 2.3 (1) implies that the
dual of this homomorphism

(2.3) Pl (GiE[m) = HY (K, Z[m) = (K2(K)/m)"

is bijective. The following theorem says that pg ,, is injective for each m €
ZZl-

Theorem 2.4 ([6, Thm. 4.5], see also [5, Thm. 2]). Ker(pg) is divisible.
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Ramification theory. For m € Z>1, let U = 1+ m% be the higher unit
groups of K. Denote by U™ K3(K) the subgroup of K5(K) generated by the
image of U} x K* in K(K) by the symbol map. We also have an increas-
ing filtration {fil,,, H4(K)}mez., on HI(K) ([18, Def. 2.1]) with HY(K) =
Umezs, filim HI(K). In particular, we have fily HY(K) ~ H'(k) & H°(k)
and this subgroup corresponding to tamely ramified abelian extensions of
K ([17, Thm. 3], [18, Prop. 6.1]). This filtration on H!(K) induces the
ramification filtration {/g}mez., on G22, which is defined by I?( = Ig
and
I = {0 € G| x(0) =0 for all x € fil,,_; H(K)}

for m > 1. The description of fily H'(K) implies that I} C Ix = I for
m > 1 and I} is the wild inertia subgroup of G32, that is, the maximal
pro-p subgroup of the inertia subgroup [x.

Proposition 2.5 ([18, Prop. 6.5, see also Rem. 6.6]). For x € H'(K), x
is in fil,, H'(K) if and only if p}.(x) € K2(K)Y annihilates U™ Ky (K).

From Proposition 2.5, px induces U™ Ky(K) — I} for m € Z>g. In our
case of char(K) = p, it is known I?H = G‘?’ﬁ? for any m € Zx>¢, where
the right is the induced group from Abbes-Saito’s logarithmic version of
ramification subgroups on the absolute Galois group G = Gal(K/K) ([1],

see also [2, Cor. 9.12]).

3. Curves over local fields

Let k be a local field of char(k) = p (cf. Notation).
Definition 3.1. We call the pair X C X of

e X: asmooth, proper and geometrically connected curve over k, and
e X: a nonempty open subscheme of X

an open curve over k.

Since the smooth compactification X of a smooth curve X is unique if it
exists by the valuative criterion of properness, we often omit X and write
X solely as an open curve in the above sense.

For an open curve X over k, we also define

o X =X\X,
e Xy: the set of closed points in X, and
e k(X): the function field of X.

For a closed point = € X, we denote by

e k(x) : the residue field at x which is a finite extension of k, and
e k(X)y : the completion of k(X) at  which is a 2-dimensional local
field (Definition 2.1) with residue field k(z).
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Idéle class groups. We fix an open curve X over k and introduce the
idele class group and the reciprocity map for X.

Definition 3.2. The idéle class group C(X) is defined to be the cokernel of

0: Ka(k(X)) — P k(z)*® P Ka(k(X)s)

xeXo r€X oo

which is given by the direct sum of the following homomorphisms:
e the boundary map 9, := Oy(x), : K2(k(X)z) — k(z)* (cf. (2.2))
for x € Xy, and
o Ky(k(X)) — K3(k(X);) induced by the inclusion i, : k(X) —
k(X)y for x € Xoo.

The restricted product J], 5, K2(k(X)s) with respect to the closed sub-
group UYK5(k(X),) = ker(d,) has a structure of a topological group in-
duced from the topology on Ka(k(X),) (cf. Section 2) as in the classical
class field theory (cf. [29, Chap. I, §3]). The idele class group C(X) is a
quotient of [] % K2(k(X),) and is endowed with the quotient topology.

The abelian fundamental group wf{‘b(X ) has a description as a Galois
group: we have 7P (X) ~ Gal(k(X)"™/k(X)), where k(X)" is generated
by all finite separable extensions F of k(X) contained in k(X )" satisfying
that the normalization X¥ — X of X in E is unramified (cf. [10, Exp. V,
8.2]). In particular, we have k(X)" C k(X)* so that the restriction gives
GZ?X) = Gal(k(X)**/k(X)) — m3>(X). The 2-dimensional local class field
theory pp(x), @ K2(k(X)z) — GZE’X)I and the restriction GZI(DX)z — GZ‘EX)
induce a continuous homomorphism

I K2(k(X)s) — Gixy — 71°(X).
$EY()

By the reciprocity law of k(X) = k(X) ([29, Chap. II, Prop. 1.2]) and the
2-dimensional local class field theory (Theorem 2.3), this factors through
C(X).

Definition 3.3. The induced continuous homomorphism px : C(X) —
7P (X) is called the reciprocity map of X.

We denote by
(3.1) Cokeryop (px) = mP(X) /Im(px),

where Im(px) is the topological closure of Im(px).
The norm map Ny(y) /i : k() — k* for z € Xo and the composition
Ni@yk © Or + Ka(k(X)z) — k™ for z € X induce a homomorphism
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Nx : C(X) — k*. They make the following diagram commutative:

00— (X)) = O(X) X >

h |

0 — 7 (X)" —= 7P (X) == G —0,

where ¢ is the induced homomorphism from the structure morphism X —
Spec(k) ([9, §3.3]) and the groups C(X)° and m3P(X)" are defined by the
exactness of the horizontal rows.

Restricted ramification. For the open curve X, let D = Y7 . mg[z]
be an effective Weil divisor on X with support |D| C X = X \ X.

Definition 3.4. By putting m, = 0 if z ¢ |D|, we define the abelian
fundamental group m4P(X, D) with bounded ramification by

7P (X, D) = Coker ( P I, < P Gitx), — w;ib(X)) ,
wEXoo ZBGXOO

where I;?;Qx is the ramification subgroup of GZ?X)w = Gal(k(X)2P/k(X).)
(Section 2).

By Proposition 2.5, the composition C(X) 2% 7#>(X) — 7%P(X, D) fac-
tors through

C(X, D) := Coker ( P U™ Ky (k(X).) — C(X))

T€X o

and the induced homomorphism is denoted by px p : C(X, D) —mi?(X, D).
Furthermore, the norm maps Ny, /i, : k(7)™ — £ define Nx p : C(X, D) —
k* and the following diagram is commutative as in (3.2):

Nx.p

0——C(X,D) ——-C(X,D) kX
(3.3) J/pg(’D le,D lpk
0 —— (X, D) ——= 7% (X, D) Geb 0.

Here, the groups C(X, D)? and 73P(X, D)° are defined by the exactness of
the horizontal rows.

Consider Xoo = >,y 1[z] as a Weil divisor. Recalling that I ;( X), 1
the wild inertia subgroup, the groups

34)  7P(X):=7P(X, X)), and 7P(X)0 = 3P (X, Xoo)°
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classify tame coverings of X, that is, finite étale coverings over X and ramify
at most tamely along the boundary X.,. We also employ the following
notation:

P = Pxxe : C1(X) 1= C(X, Xoo) — T (X),

(3.5) t0._ 0 e e LU 0 t.ab 10
and py = px x, C(X)" == C(X, Xoo)” —> 1 (X)7.

Functorial properties. We define the pullback and the norm homomor-
phism on the ideéle class groups with respect to étale coverings of open
curves in the following sense.

Definition 3.5. An étale covering f : Y — X of open curves is defined to
be the commutative diagram

YO Y <Y

(3.6) R

X— X —X,

where the horizontal maps are the inclusions, f is a morphism of schemes
over Spec(k) and, f is an étale covering (that is, a finite étale morphism of
schemes, cf. Notation in Section 1) over Spec(k). The right commutative
square in (3.6) means f(Ya) C Xoo-

In the following, we fix an étale covering f : Y — X of open curves in
the above sense.

Definition 3.6. We define a canonical homomorphism iy x := f*: C(X)—
C(Y) as follows:
e For z € Xy and y € Yy with f(y) = =, the inclusion k(x) — k(y)
gives 1k(y)/k(:p) : k(w)x — k(y)X B
e For x € X, and y € Y, with f(y) = =z, the inclusion map
k‘(X)m — ]{J(Y)y gives ik(Y)y/k(X)z : KQ(I{;(X):B) — KQ(k(Y)y)
These maps give a canonical homomorphism
P k@) e P Kok(X)) — P k) & P Kao(k(Y)y).
z€Xo € Xoo NS YE€Yoo

Since the homomorphism Ks(k(X)) — Ka(k(Y)) induced from k(X) —
k(Y') is compatible with above homomorphisms, we obtain iy x.

Definition 3.7. We define the norm map Ny,x = f. : C(Y) = C(X) as
follows:

e For y € Yy with z = f(y), we have the norm homomorphism
Niy) k(@) + k(y)™ = k().

e For y € Yy with z = f(y), we have the norm map Nyy), /k(x), *
Ka(k(Y)y) = Kz (k(X)q).
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These maps give a canonical homomorphism

P k) e P Kok(Y)y) — P k@) & P Kak(X)a).

NS YE€Yoo z€Xp € Xoo
Since the norm Nyy)/px) @ Ka(k(Y)) — Ka(k(X)) is compatible with
above norms, we obtain Ny x.
Lemma 3.8. We have Ny x oiy/x = [k(Y) : k(X)]-id¢(x), where ido(x)
is the identity map of C(X).
Proof. The projection formula of the Milnor K-groups (e.g. [25, §14]) gives

Ni(¥)y /k(X)a © t(¥)y /k(X)e = K )y 2 R(X)a] - 1y (r(x).) -
The assertion follows from the equality
k(YY) : k(X)) = > [k(Y)y: k(X)a]
vel (@)

for a closed point z € X ([31, Chap. I, §4, Prop. 10]). O

From the construction of px and the properties of pk, for each x € X
given in Proposition 2.2, we obtain the following commutative diagrams:

C(X) —2% pab(X) C(X) 25 pab(X)
(3.7) Ny/XT TSD and iY/X\L lw
C(Y) —2 mab(y) C(Y) —2 rab(y)

where ¢ is the induced homomorphism of the fundamental groups from f
and 1) is given by the transfer map.

4. Proof of Theorem 1.1

In this section, we prove Theorem 1.1 using the following notation:

e k: alocal field of char(k) = p > 0, and
e X C X: an open curve over k in the sense of Definition 3.1.

Unramified class field theory. We recall the class field theory for the
projective smooth curve X following [29] and [34]. Note that the idéle class
groups C(X) and C(X)? are denoted by SK;(X) and V(X) respectively
in op. cit.
Theorem 4.1 ([29, Chap. II, Thm. 2.6, 5.1, Prop. 3.5, and Thm. 4.1], [34,
Thm. 5.1]). For the reciprocity map px : C(X) — niP(X), we have:
(1) Cokeryop(py) =~ 77X where r(X) is the rank of X (cf. Section 1),
(2) Ker(pfland Ker(p%) are the mazximal divisible subgroups of C(X)
and C(X)Y respectively,
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(3) #Im(p%) < oo, and Coker(p) ~ Z'X).

Theorem 4.1 gives the structure of the fundamental group m4?(X)? as in
the following short exact sequence:
(4.1) 0 — m(X)%, = Im(p%) — mP(X)° — 2" — 0,
where 8P (X)9 is the torsion part of 73P(X)? which is finite.

Tame fundamental groups. The goal of this paragraph is to deter-
mine the structure of the abelian tame fundamental group ﬂ Eij(X ) =

73X, Xoo) (cf. (3.4)) as in (4.1).

Theorem 4.2. Cokeryop(px) 77X where r(X X) is the rank of X.

Proof. For any z € Xoo = X \ X, put Y := Spec(ﬁA ), Where 0% is the
completion of the local ring &% . The localization sequence of the étale
cohomology groups on i : x < Y ([9 Prop. 5.6.12]) gives an exact sequence

0 — H'(Y,Q/Z) — H'(Spec(k(X)s), Q/Z)
— H;(Y,Q/Z) — H*(Y,Q/Z).
In terms of the Galois cohomology groups ([9, Prop. 5.7.8]), we have
H™(Y,Q/Z) — H"(,Q/Z) ~ Ha(k(z),Q/Z)
(here, the first isomorphism follows from [12, Thm. 0.1]) and
H"(Spec(k(X)z), Q/Z) =~ Héu (k(X)z, Q/Z).
By the Tate duality theorem for local fields ([27, Thm. 7.2.6]) for prime to

the p-part and the dimension reason ([27, Prop. 6.5.10]) for the p-part, we
have

(4.2) Ho(k(z),Q/Z) = 0.

The excision theorem induces an isomorphism H2(Y,Q/Z) ~ 3( Q/z)

(cf. [9, Prop. 5.6.12]). We also have H},,(k(X)., Q/Z) ~ HY(k ( )z)
(cf. (2.1)). Thus, we obtain the commutative diagram below:

00— H'(k(x) — H'(k(X),) — HX(X,Q/Z) —0
(4-3) ’llpZ(z) :lplmz v¢z
00— (b(@)*)" —2m Ka(k(X)2)" —= U Ka(k(X)a)",

where py(,) and py(x), are the reciprocity maps of k(z) and k(X), respec-
tively (Theorem 2.3). Here, the bottom sequence is exact.
Recall that there exist a canonical isomorphism

(4.4) HY(X,Z/m) = (n*(X)/m)"
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for each m € Z>1, and
(4.5) H'(X,Q/Z) ~ m*(X)"

([4, Exp. 1, §2.2.1], or [9, Prop. 5.7.20]). Consider the following commutative
diagram:

0— HY(X,Q/Z) — H'(X,Q/Z) — P HI(X,Q/Z)

Y r€X oo
(4.6) l pr , j@o
0—C(X)V C(X) —— P U Ka(k(X)a),
r€Xoo

where the map 7 is induced from the composition
UKo (k(X)s) — Ko(k(X):) — C(X)

for each z € Xo. Here, the upper horizontal sequence is the localization
sequence associated to Xoo < X. The diagram (4.6) gives Ker(pvy) ™
Ker(pY ). By Theorem 4.1 (1), we obtain

2" ~ Cokertop (o) =~ Ker(p¥)" ~ Ker(p)" =~ Cokergop (px)-

The assertion follows from this. O

For any effective Weil divisor D on X whose support |D| C X, we have
canonical surjective homomorphisms

TiP(X) —» 1 (X, D) —» 7i>(X)

from the very definition of 73"(X, D) (Definition 3.4). The above Theo-
rem 4.2 and Theorem 4.1 (1) imply also

(4.7) Cokeriop(px.p) := 1iP(X, D)/Tm(px.p) ~ Z").

Lemma 4.3. For the map p%° : C*(X)? = 77°°(X)° (defined in (3.5)), we
have #Im(p}o) < 00.

Proof. For each z € Xoo, let Ijx), = IO( X). be the inertia subgroup of

G%‘E’ X)a that is, the kernel of the restriction Gk(X) — Gk(m) Theorem 2.3
and Proposition 2.5 imply that py(x), induces

UKo (k(X)z) /U Ka(k(X)2) = Ilix), / Tix)
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This gives the following commutative diagram with exact rows:

D U Ka(k(X)a) /U Ka(k(X)) — CH(X)? —= C(X)" —=0

r€Xoo
¢ Py’ %

,ab bl ab Ty
@ [lg(X)x/Ili(X) (X)) == 1P (X)° —0,
(EGXoo

where ¢ is the induced homomorphism from the open immersion X < X.
For each x € X, we have
0 0,y 1 Ko(k(X),) /UKy (k(X),) = k(x)* (by UKy(k(X),) =
Ker(9,)), and
o Ko(k(X),)/U Ky (k(X),) ~ Ka(k(z)) @ k(z)* (cf. [7, Chap. IX,
Prop. 2.2]).
These isomorphisms give UKy (k(X).)/U Ko (k(X),) ~ Kao(k(x)). Tt is
known that Ko(k(x)) is the sum of a finite group and a divisible subgroup
([7, Chap. IX, Thm. 4.3]). By Theorem 2.3, pX(X)I induces an injective ho-
momorphism (IIS(X)I/I%(X)Z)V — (UK (k(X),)/U'Ko(k(X),))Y. There-
fore, the quotient I,S( X,/ ,i( x), is finite and so is Ker(p). The assertion
#TIm(p%’) < oo follows from #Im(pS) < oo (Theorem 4.1(3)). O

From Lemma 4.3 and (4.7), we have a short exact sequence

(4.8) 00— (X0 =TIm(p}0) — 7P (X)0 — 27D 0.

tor —
Open curves. The rest of this section is devoted to show Theorem 1.1(2)
(=Theorem 4.6 below). Recall N' = {m € Zx>; |m is prime to p} and the
reciprocity map py induces px ., : C(X)/m — 7#*(X)/m for each m €
ZZI-
Lemma 4.4. For anym € N, px.m : C(X)/m — 7i(X)/m is injective.

Proof. For any m € N/, we have H3(X, Z/m( ) = H3(X, 7#Z/m(2)) ([9,
§7.4]), where Z/m(n) = pS" and j : X — X is the open immersion. We

m
define a commutative diagram:

)/m = P k()< /me P Ka(k(X)s)/m —=C(X)/m—=0

x€Xp r€X oo
h

HE(k(X),Z/m(2)) —= D HI(X,jiZ/m(2)) —= H*(X, Z/m(2)).
LIZEYO
Here, the horizontal sequences are exact, and the left vertical map h is

bijective by the Merkurjev—Suslin theorem [21]. The middle vertical map is
also bijective from the following facts:
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e For z € Xy, the Kummer theory gives
Ki(k(z))/m = Hga(k(x), Z/m(1)) ~ HJ(X, hZ/m(2)),
where the latter isomorphism follows from the excision theorem
([9, Prop. 5.6.12]): H2(X,#Z/m(2)) ~ H3(X,Z/m(2)), the purity
theorem ([9, Cor. 8.5.6]) for the closed immersion i : x < X:
0 if ¢ # 2
RY4'Z/m(2) = { ift#2,
*Z/m(1) ift =2,

and the Leray spectral sequence ([9, Prop. 5.6.11]):
Eyt = H(z, R%'Z/m(2)) = HYY(X, Z/m(2)).
e For x € X, the Merkurjev—Suslin theorem again gives
Ko(k(X)z)/m — HEa(k(X)e, Z/m(2)) =~ HZ(X, HiZ/m(2)).
Here, the latter isomorphism is given by the excision theorem (see [22,
Chap. III, Cor. 1.28]):
H(X, jiZ/m(2)) =~ Hy(Spec(0% ), iZ/m(2)),
and [23, Chap. II, Prop. 1.1]:
HY(Spec(6% ), 7Z/m(2)) = He (k(X), Z/m(2))
~ H(K(X)z, Z/m(2)),

where 0% h X is the henselization of the local ring O _, and k(X)? is its frac-

tion field. Thus, the induced homomorphism C(X) / m — H3(X,Z/m(2)) is
injective from the above diagram. By the duality theorem ([30])
through (72°(X)/m)V ~ HYX,Z/m) (cf. (4.4)), we have 7P (X)/m ~
H3(X,Z/m(2)) so that pxm : C(X)/m — wab( )/m is injective. O

Before proving Theorem 1.1(2) (=Theorem 4.6 below), we prepare some
notation (following [8, §3]) and quote a lemma from [14]. For a set of primes
L with p ¢ L, define

e N(L) := {m € N | the prime divisors of m are in L} as a sub
monoid of N
For an abelian group G, the natural surjective homomorphisms G — G/m
for m € N(L) induces a homomorphism

(4.9) QbG’,]L G — G]L = m G/m
meN(L)

Lemma 4.5 ([14, Lem. 7.7]). Let A be an abelian group, { By }men(L) @ pro-
jective system of abelian groups, and a morphism {py, : A/m — B }menw)

of the projective systems. Put By, := L eN(L) B,,.. If we assume that
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(1) @m is injective for all m € N(L), and
(2) there exists N € N(L) such that N - (BL)tor = 0,

then Ker(¢pay, : A — Ay) is I-divisible for any primel € L.

Theorem 4.6. Let k be a local field of char(k) = p, and X C X an open
curve over k. Then Ker(px) is the mazimal -divisible subgroup of C(X)
for all prime number | # p.

Proof. Since any profinite group does not contain non-trivial divisible el-
ements, it is enough to show that, for any set of primes L with p & L,
Ker(px) is [-divisible for all [ € L. From Lemma 4.4, we have an injec-
tive homomorphism px 1, := hﬁmewm pxm @ C(X), — 72 (X)L which
commutes with px as in the following commutative diagram:

O(X) —> m3b(X)

‘| |+

C(X = 7P (X,
where the vertical maps are the natural one ¢ = ¢¢o(x) 1 and ¢ = qbﬁ?b( X)L
(defined in (4.9)). This diagram gives an exact sequence

(4.10) 0 — Ker(py) — Ker(y) 25 Ker(¢).

Claim. For any prime number [ € L., we have
(1) Ker(v) is I-divisible, and
(2) Ker(¢) is [-torsion free, that is, if we have lz = 0 with x € Ker(¢)
then z = 0.

Proof. (1) Put A := O(X), By, := m#*(X)/m and ¢y, = pxm : A/m —
By,. Using Lemma 4.5, we show that Ker(¢)) = Ker(¢41,) is (-divisible for
any [ € L. By Lemma 4.4, ¢, = px,m is injective for all m € N(L): the
condition (1) in Lemma 4.5 holds.

The tame fundamental group ﬂi’ab(X ) is defined by the wild inertia
subgroups I,i(X)z for x € X in Definition 3.4 and (3.4). This group I,%(X)z
is pro-p so that we have B,,, = 73*(X)/m = ﬂ’ab(X)/m for each m € N(L).
Taking the inverse limit,

(4.11) Br = mP (X)L > 7t (X)L

By local class field theory (of k) and the structure of the base field &
(e.g. [26, Prop. 5.7(ii)]), (G#)L is (topologically) finitely generated. For
(W;’ab(X)O)L is finitely generated (4.8), so is By, by (4.11). Using the finite-
ness of the torsion part (BL)tor, there exists N € N(L) such that N -
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(BL)tor = 0: the condition (2) in Lemma 4.5 holds. The claim (1) follows
from Lemma 4.5.
(2) Putting ¢* = Qbﬂt,ab(x) 1, (cf. (4.9)), the commutative diagram
1 )

(X) ——= )" (X)
y K

induces a short exact sequence

D Iix), — Ker(p) — Ker(¢') — 0.
2€EX oo

Recall that the wild inertia subgroup [ ,%( X)a is pro-p, in particular, it has

no [-torsion quotient. It is enough to show that Ker(¢') is I-torsion free.
We further consider the commutative diagram below with exact rows:

0 ——— ™ (X)° P (X) Gy 0

e ek

0 —— (7™ (X)) —— 7p*"(X), —— (GZP)1,

where ¢%0 := QZSﬂ_;,ab(X)O’L and ¢ := @gavy, (cf. (4.9)). Since 7P (X)0 s

finitely generated (4.8), Ker(¢"?) is I-torsion free. By local class field theory,
Ker(¢y) is also I-torsion free. Therefore, the same holds on Ker(¢"). O

By the exact sequence (4.10) and the claim above, Ker(px) is I-divisible
for any prime [ € IL as required. O

Restricted Ramification. In closing this section, we derive the class field
theory with modulus from Theorem 4.6 above.

Theorem 4.7. Let D > 0 be an effective Weil divisor on X with support
|D| C Xeo. For px.p: C(X,D) — (X, D), we have:
(1) Ker(px,p) is the mazimal l-divisible subgroup of C(X, D) for any
prime | # p, and -
(2) Cokeryop(px,p) =~ Zr.

Proof. The assertion (2) is already given in (4.7). Furthermore, the surjec-
tive homomorphism C(X) — C(X, D) gives a homomorphism Ker(px) —
Ker(px,p) which is also surjective. From Theorem 4.6, Ker(px p) is I-
divisible for a prime [ # p. Since profinite groups contain no non-trivial
divisible elements, the assertion (1) follows. O
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5. Proof of Theorem 1.2
We keep the notation of Section 4.

Unramified class field theory.

Corollary 5.1. The induced homomorphism pVY : HY(X,Q/Z) — C(X)V
from the reciprocity map px satisfies the following:

(1) Ker( ¥) =~ (Q/2)"™), and

(2) ,0— is surjective.
Proof. The assertion (1) follows from Theorem 4.1(1). By Theorem 4.1(2),
poY defined in (3.2) induces an injection pY :O(X)%/m — 7(X)0/m.

Since the quotient C'(X)°/m is finite (Theorem 4.1(3)), we obtain the sur-
jective homomorphism

(5.1) (05, (@P(X)°/m)Y —» (C(X)° /m)"
on the dual groups for any m € Z>1. Now, we show that
()" = (1P (X)°)Y — (C(X)°)

is surjective. Take a character » € (C(X)%)V. By the very definition of
(C(X)®)V, the character ¢ has finite order (cf. Notation). Hence, there ex-
ists m € Z>1 and ¢, € (C(X)%/m)V such that ¢ is the image of ¢, by the
natural map (C(X)?/m)¥ — (C(X)°)V. Since (p%m)v is surjective (5.1),
there exists x,, € (m3?(X)°/m)Y such that (pozm)v(xm) = ©m. From the
commutative diagram

(P )" i i(z&)v
(C(X)°/m)" —— (C(X)")Y,
the image X of xm by (r§*(X)°/m)" — (7§*(X)%)" gives ¢ = (p%)"(x)-
Hence, (p%)" is surjective.

On the other hand, the commutative diagram (3.2) and the Hochschild-
Serre spectral sequence H¢,(k, H (X3, Q/Z)) = H*T'(X,Q/Z) associated
with the projection X7 — X (cf. [3, Exp. VIIL, Cor. 8.5]) give the following
commutative diagram with exact rows:

Hy(k,Q/2)~ HY(X,Q/Z) = H' (X, Q/Z)% ~ HE(k, Q/Z)

(5.2) :lpz P% l
NL
(k)Y C(X)Y (C(x)")Y
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Here, for a Gj-module M, we denote by MS* the Gj-invariant submodule
of M and HZ, (k,Q/Z) = 0 as in (4.2). By local class field theory, the left
vertical map p) in (5.2) is bijective. Because of Hg,,(k,Q/Z) ~ (G#P)Y,
and H'(X,Q/Z) ~ m*(X)V, we obtain H'(X7,Q/Z)% ~ (x*(X))V.
The right vertical map in the diagram (5.2) coincides with (pOY)V and is

surjective by (5.1). Therefore, p\/Y is surjective. O

Corollary 5.2. We assume that we have r(X) = 0. Then p%m
HY(X,Z/m) — (C(X)/m)Y is bijective for any m € Z>.

Proof. For each m € Z>1, we have the following commutative diagram:

H'(X,Z/m) "~ H'(X,Q/Z)

v \%
J{px,m ~ i Px

(C(X) m)V—L— C(X)",

where the horizontal maps q’ are induced from the quotient maps ¢ :
(X)) = (X)) /m and ¢ : C(X) - C(X)/m. From Corollary 5.1, p%m
is injective. To show that py  is surjective, take any ¢ € (C(X)/m)". We
denote by @ := ¢*(p) its image in C'(X)V. As p\/Y is surjective, there exists
X € H'(X,Q/Z) such that p%(X) = @. Since p¥% is injective, p¥(myx) =
m@ = 0 implies my = 0. The character X : 7P (X) — Q/Z factors through
q : mP(X) — mP(X)/m and this induces y € H'(X,Z/m). By diagram
chasing, we obtain py. (x) = ¢ and the assertion follows. O

Open curves. Recall that X C X is a non-empty open subscheme and py
induces p% : HY(X,Q/Z) — C(X)V and PXm HY(X,Z/m) — (C(X)/m)Y
for each m € Z>;.

Proposition 5.3. Assume r(X) = 0. Then
Pxm + HY (X, Z/m) — (C(X)/m)"

is bijective for any m € Z>1.

Proof. From the assumption 7(X) = 0 and Theorem 4.2, px and hence
px,m has dense image. On the dual groups, p¥ and pY,, for any m € Z>;
are injective. In the following, we show that p}m is surjective.

Prime to p-part. For m € N/, we have an isomorphism 7°(X)/m =~
wi’ab (X)/m of finite groups as noted in the proof of Theorem 4.6 (cf. (4.11)).
Since px m, is an injective homomorphism of finite groups (Lemma 4.4), the
dual p¥. ,, becomes surjective.
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p-part. Instead of using Z/p™ with Q/Z in (4.3), for each x € X, we have
the following commutative diagram with exact rows:

0= Hiyy(k(2),Z/p") = Hiyo (K(X)a, Z/p") — HZ(X,Z/p") —=0
I

Vv \Y,
:lpk(z),p" :lpk(xy_,,pn | ¢, pr
\

0 — (k(2)*/p")" —— (FKa(k(X)z)/p")" — (U°Ka(k(X)a) /p")",

where the middle vertical map is bijective by (2.3). As in (4.6), the local-
ization sequence and (2.3) give the following diagram with exact rows:

HY(X, Z/p")~ H\(X,Z/p") — P H2(X,Z/p") ——=H*(X,Z/p")
l l v .TGXOO
~ | P P Px pn \ﬁ\
¢

(C(X)/p) = (C(X)/p")Y = D (U K2 (k(X).) /p")"
T€Xo

=<

where ¢ := ®¢, pn. From Corollary 5.2, p% o 18 bijective.

Claim. Im(i) C Im(¢).

Proof. The map i can be written as the composition
(CX)/p")Y — @ Ea(k(X))/p") =5 @ U Ka(k(X)a)/p")",
Z‘GXoo CEEXOO

where the first map is given by the natural map Ks(k(X),;) — C(X) for
each x € X, and the latter which is denoted by @i, is induced from the
inclusion U’ K5 (k(X),) — K2(k(X),) for each 2 € Xo. For each z € X,
as in (4.3), there exists a commutative diagram

Hsgy (K(X)a, Z/p")

PR (XY p i: l%,pn
(Ka(k(X)s)/p")Y —> (U Ka(k(X)z)/p")".

HX(X,Z/p")

Here, the left vertical map is bijective from (2.3) and the claim follows. [

To show that pY . is surjective, take ¢ € (C(X)/p")". From the above
Claim, there exists v € @, H2(X,Z/p") such that i(¢) = ¢(y). From
H*(X @ k,Z/p") = 0 ([3, Exp. X, Cor. 5.2]), there exists a finite Galois
extension k' of k such that the image of j(y) by the homomorphism 7
H2(X,Z/p") — H%(X',Z/p") becomes zero, where f : X := X @pk' — X
is the projection. Put also X’ := X ®, k' and let f : X’ — X be the induced
morphism. In this setting, we have the norm homomorphism N := Nx/,y :
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C(X') = C(X) defined in Definition 3.7. By (3.7), this makes the following
diagram commutative:

HY(X,Z/p") — H' (X', Z/p")
PX pn l ipg(,,pn
NY,
p
(C(X)/p")Y —= (C(X")/p")",
where NZYn is the induced homomorphism by N = N, x. Thus, there exists
X € H'(X', Z/p") such that ¢' := Nyu(¢) = % (X') in (C(X')/p™)" by
the diagram chase. It is left to show that ¢ comes from H'(X,Z/p").

Let H be the p-Sylow subgroup of G := Gal(k'/k) and kg the fixed field
of H in k. Putting Xy := X ®;, kg, the diagram

HI(XHvz/pn) HHl(X’ Z/pn)

P}/(H,pn J{m{w
NY -
(C(X)/pm)Y 250 C(Xy) /o) S (O(X) /p)Y

W

is commutative by (3.7). From Lemma 3.8, we have Ny, /x oix, /x = [ku :
k]id¢(x). Since the order of ¢ is a power of p, using the above diagram,
we may assume ky = k and G = Gal(k'/k) is a p-group. Take a field
extensions k = kg C ky C -+ C ks = k' such that k;11/k; is a cyclic
extension of degree p. By induction on i, we may assume that the Galois
group G is a cyclic group of the order p. We denote by ¢ € C(X)Y and
c;’ € C(X')Y the characters induced from ¢ and ¢’ respectively. We also
denote by x’ € H'(X',Q/Z) the lift of x'. From the equality ¢ = Npn() =
Pxr pn(X'), we have ¢ = NY(@) = p¥% (x) in C(X')”. We consider the
following commutative diagram:

0 GV H'(X,0/7) > BH\(X",Q/2)¢ — 0
(5.3) iw fpgf gp;,
0 — Ker(NY) —— C(X)Y —Y— (0(X"))C,

The upper horizontal sequence is exact which comes from the Hochschild—
Serre spectral sequence HE,(G, H'(X',Q/Z)) = H**'(X,Q/Z) associated
with f: X’ — X (cf. [3, Exp. VIII, Cor. 8.5]) and HZ,,(G,Q/Z) = 0 ([31,
Chap. VIII, §5]). Since ¢/ = NV (@) is fixed by G and pY%, is injective, X/ is
also fixed by G. The left vertical map 9 in (5.3) is injective. Note that from

the assumption 7(X) = 0, there are no completely split coverings of X (cf.
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Section 1). The lemma below (Lemma 5.4) implies that v is bijective. From
the diagram chase, one can find ¥ € H'(X,Z/p") such that p%(X) = @.
For p% (p"X) = p"¢ = 0 and pY is injective, we obtain p™x = 0. Therefore,
X induces x € HY(X,Z/p"™). This satisfies pX pn(X) = ¢ and thus p¥ . is
surjective. O

Lemma 5.4. Let k'/k be a Galois extension with [k’ : k] = p. We assume
that the base change X' := X @ k' — X is not a completely split covering.
Then, the following sequence is exact:

0—GY—C(X)" LM C(X")Y,

where G = Gal(k'/k) and N = Nx//x .

Proof. A character ¢ € Ker(NV) induces an element ¢, of Ko(k(X),)" for
each x € X. Since ¢, is in the kernel of Nl;/’k(X)w/k(X)x Ko (k(X))Y —
Ky (kK'k(X),)V, the corresponding character x, := (PX(X)Z)’I(%) €
H'(k(X);) (Theorem 2.3(1)) is annihilated by the unramified extension
K'E(X)y/k(X),. In particular, y, is unramified so that ¢, annihilates
U°K5(k(X),) (Theorem 2.3(2)). Thus, the assertion is reduced to the case
of X = X, that is, the exactness of

NY, _
0— G — OoX) 25 oY,
where X' = X ®, k’. This follows from Corollary 5.1. |

Theorem 5.5. Suppose that we have rv(X) = 0. Then, the dual of the
reciprocity homomorphism p% : 7 (X)V — C(X)V is bijective.

Proof. We use 73*(X)V ~ H'(X,Q/Z) given in (4.5). The injectivity of
px follows from Theorem 4.2. To show that pY% is surjective, take any ¢ €

C(X)V. Since ¢ has finite order (cf. Notation), ¢ defines ¢, € (C(X)/m)V
for some m € Z>1. Consider the commutative diagram

HY(X,Z/m)— H'(X,Q/Z)

p&,mi~ lﬂ&
(C(X)/m)¥—— C(X)",
where the horizontal maps are injective (as in the proof of Corollary 5.2)

and the left vertical map is bijective (Proposition 5.3). There exists x €
HY(X,Q/Z) such that p¥(x) = ¢ and hence p¥ is surjective. O

References

[1] A. ABBES & T. SaITO, “Ramification of local fields with imperfect residue fields”, Am. J.
Math. 124 (2002), no. 5, p. 879-920.



(2]

(3]

(4]

(5]

(6]
[7]
(8]
(9]

(10]

(11]
(12]
(13]
14]
(15]

(16]

(17]

(18]

(19]

20]

(21]
(22]

23]
(24]

25]

Class field theory for open curves over local fields 523

, “Analyse micro-locale l-adique en caractéristique p > 0: le cas d’un trait”, Publ.
Res. Inst. Math. Sci. 45 (2009), no. 1, p. 25-74.

M. ARTIN, A. GROTHENDIECK & J.-L. VERDIER, Theorie de topos et cohomologie etale des
schemas I, II, IIT (SGA 4), Lecture Notes in Mathematics, vol. 269, 370, 305, Springer,
1972-1973.

P. DELIGNE, Cohomologie étale (SGA 4%), Lecture Notes in Mathematics, vol. 569, Springer,
1977, iv4+-312 pages.

I. B. FESENKO, “Topological Milnor K-groups of higher local fields”, in Invitation to higher
local fields (Miinster, 1999), Geometry and Topology Monographs, vol. 3, Geometry and
Topology Publications, 2000, p. 61-74.

, “Sequential topologies and quotients of Milnor K-groups of higher local fields”,
Algebra Anal. 13 (2001), no. 3, p. 198-221.

I. B. FESENKO & S. V. VOSTOKOV, Local fields and their extensions, 2nd ed., Translations
of Mathematical Monographs, vol. 121, American Mathematical Society, 2002.

P. FORRE, “The kernel of the reciprocity map of varieties over local fields”, J. Reine Angew.
Math. 698 (2015), p. 55-69.

L. Fu, Etale cohomology theory, Nankai Tracts in Mathematics, vol. 13, World Scientific,
2011, ix+611 pages.

A. GROTHENDIECK (ed.), Revétements étales et groupe fondamental, Séminaire de géométrie
algébrique du Bois Marie 1960/61 (SGA 1), Lecture Notes in Mathematics, vol. 224,
Springer, 1971, xxii+447 pages.

T. HiraNOUCHI, “Class field theory for open curves over p-adic fields”, Math. Z. 266 (2010),
no. 1, p. 107-113.

R. HUBER, “étale cohomology of Henselian rings and cohomology of abstract Riemann sur-
faces of fields”, Math. Ann. 295 (1993), no. 4, p. 703-708.

L. ILLusie, “Complexe de de Rham-Witt”, Astérisque, vol. 63, Société Mathématique de
France, 1978, p. 83-112.

U. JANNSEN & S. SAITO, “Kato homology of arithmetic schemes and higher class field theory
over local fields”, Doc. Math. (2003), p. 479-538.

K. KATO, “A generalization of local class field theory by using K-groups. 1”7, J. Fac. Sci.,
Univ. Tokyo, Sect. I A 26 (1979), no. 2, p. 303-376.

, “Galois cohomology of complete discrete valuation fields”, in Algebraic K-theory,
Part II (Oberwolfach, 1980), Lecture Notes in Mathematics, vol. 967, Springer, 1980, p. 215-
238.

, “A generalization of local class field theory by using K-groups. II”, J. Fac. Sci.,
Univ. Tokyo, Sect. I A 27 (1980), no. 3, p. 603-683.

, “Swan conductors for characters of degree one in the imperfect residue field case”,
in Algebraic K-theory and algebraic number theory (Honolulu, 1987), Contemporary Math-
ematics, vol. 83, American Mathematical Society, 1987, p. 101-131.

K. Kato & S. SAITO, “Two-dimensional class field theory”, in Galois groups and their
representations (Nagoya, 1981), Advanced Studies in Pure Mathematics, vol. 2, North-
Holland, 1981, p. 103-152.

, “Global class field theory of arithmetic schemes”, in Applications of algebraic K-
theory to algebraic geometry and number theory (Boulder, 1983), Contemporary Mathe-
matics, vol. 55, American Mathematical Society, 1983, p. 255-331.

A. S. MERKUR'EV & A. A. SUSLIN, “K-cohomology of Severi-Brauer varieties and the norm
residue homomorphism”, Izv. Akad. Nauk SSSR Ser. Mat. 46 (1982), no. 5, p. 1011-1046.

J. S. MILNE, Etale cohomology, Princeton Mathematical Series, vol. 33, Princeton University
Press, 1980, xiii4+323 pages.

, Arithmetic duality theorems, 2nd ed., BookSurge, 2006, viii+339 pages.

J. W. MILNOR, “Algebraic K-theory and quadratic forms”, Invent. Math. 9 (1970), p. 318-
344.

, Introduction to algebraic K-theory, Annals of Mathematics Studies, vol. 72, Prince-
ton University Press, 1971, xiii4+184 pages.



524

[26]
27]

(28]

(29]

(30]

(31]
(32]
(33]

(34]

Toshiro HIRANOUCHI

J. NEUKIRCH, Algebraic number theory, Grundlehren der Mathematischen Wissenschaften,
vol. 322, Springer, 1999, xvii+571 pages.

J. NEUKIRCH, A. ScHMIDT & K. WINGBERG, Cohomology of number fields, 2nd ed.,
Grundlehren der Mathematischen Wissenschaften, vol. 323, Springer, 2008, xv+825 pages.
W. RASKIND, “Abelian class field theory of arithmetic schemes”, in K-theory and algebraic
geometry: connections with quadratic forms and division algebras (Santa Barbara, 1992),
Proceedings of Symposia in Pure Mathematics, vol. 58, American Mathematical Society,
1992, p. 85-187.

S. SaITo, “Class field theory for curves over local fields”, J. Number Theory 21 (1985),
no. 1, p. 44-80.

, “A global duality theorem for varieties over global fields”, in Algebraic K-theory:
connections with geometry and topology (Lake Louise, 1987), NATO ASI Series, Series C:
Mathematical and Physical Sciences, vol. 279, Kluwer Academic Publishers, 1987, p. 425-
444.

J.-P. SERRE, Corps locauz, 3rd ed., Publications de 1’Université de Nancago, vol. VIII,
Hermann, 1980.

T. YaMAZAKI, “Class field theory for a product of curves over a local field”, Math. Z. 261
(2009), no. 1, p. 109-121.

, “The Brauer-Manin pairing, class field theory, and motivic homology”, Nagoya
Math. J. 210 (2013), p. 29-58.

T. YosHIDA, “Finiteness theorems in the class field theory of varieties over local fields”, J.
Number Theory 101 (2003), no. 1, p. 138-150.

Toshiro HIRANOUCHI

Department of Basic Sciences,

Graduate School of Engineering,

Kyushu Institute of Technology

1-1 Sensui-cho, Tobata-ku, Kitakyushu-shi,
Fukuoka, 804-8550, Japan

E-masl: hira@mns.kyutech.ac. jp


mailto:hira@mns.kyutech.ac.jp

	1. Introduction
	Contents
	Notation

	2. Local class field theory
	2-dimensional local class field theory
	Ramification theory

	3. Curves over local fields
	Idèle class groups
	Restricted ramification
	Functorial properties

	4. Proof of Theorem 1.1
	Unramified class field theory
	Tame fundamental groups
	Open curves
	Restricted Ramification

	5. Proof of Theorem 1.2
	Unramified class field theory
	Open curves

	References

