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Lower bounds for generalized unit regulators

par JAMES SUNDSTROM

RESUME. En 1999 Friedman et Skoruppa ont introduit une mé-
thode de minoration du régulateur relatif Reg(L/K) d’une exten-
sion L/K de corps de nombres. Ce régulateur est défini en uti-
lisant le sous-groupe Ef, i des unités relatives de L/K. Puisque
Reg(L/K) apparait dans la série Op, . associé¢ a Epk, toute in-
égalité entre O, . et @’EL/K induit une minoration de ce régula-
teur. On peut appliquer la méme méthode a d’autres sous-groupes
FE du groupe des unités d’un corps de nombres L. Dans cet article
nous considérons le cas ot F = Ep,x, N Ep/k,, ou Ki et K3
sont des corps quadratiques réels; Le régulateur associé croit alors
exponentiellement en fonction du degré de L sur Q.

ABSTRACT. In 1999, Friedman and Skoruppa published a method
to derive lower bounds for the relative regulator of an extension
L/K of number fields. The relative regulator is defined using the
subgroup Eyp /g of relative units of L/K. It appears in the theta
series Op, . associated to £k, so an inequality relating GEL/K
and @'EL/K provides an inequality for Reg(L/K). This same tech-
nique can be applied to other subgroups FE of the units of a number
field L. In this paper, we consider the case £ = Ep ik, N EL/K,,
where K7 and K> are real quadratic fields; the corresponding reg-
ulator grows exponentially in [L : Q).

1. Introduction

This paper demonstrates how a technique of Friedman and Skoruppa [8]
can be generalized. Before proceeding to the generalization, we first review
their paper. Friedman and Skoruppa proved lower bounds for the relative
regulator Reg(L/K) associated to an extension L/K of number fields. A
relative regulator was defined by Bergé and Martinet [3, 4, 5]. Friedman
and Skoruppa considered a slightly different version, defined as follows.

Given a number field K, let Ok denote the algebraic integers of K,
with unit group O} and roots of unity ux C OF. Let Ag be the set of
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archimedean places of K; for each v € A, let

1 if v is real
e =
Y 2 if v is complex.

Let r1(K) and ro(K) be, respectively, the number of real and complex
places of K.

Given an extension of number fields L/K, let Ey,/x denote the group of
relative units of L/K, i.e.,

Erjx ={c€ 01 | Np/k(€) € ux}.

Note that Ep x has rank r = rp g = [AL| — |AKk]|. Let e1,...,¢ be
fundamental relative units (free generators for £y x modulo torsion). For
each w € Ay, fix some w € Ay, lying above w. Let A} denote the remaining

places of L after each @ is removed from Ayr. Then the relative regulator
of L/K is defined by

Reg(L/K) = |det(e, 1ogleslu) veu,
1<5<r

Costa and Friedman [7] proved that
1 Reg(L) < Reg(L)
[Of « 1x Ny (O7)] Reg(K) — Reg(K)

Hence a lower bound for Reg(L/K) is a lower bound for Reg(L)/ Reg(K)
as well. Furthermore, Reg(L/Q) = Reg(L); of course, this was already clear
from the definition of Reg(L/Q). Thus a lower bound for relative regulators
includes a lower bound for the classical regulator as a special case.

To any subgroup E of O7, we can associate a theta series ©. Let Eior =
E Ny denote the torsion subgroup of F. Let Egx = F ® R, and fix a Haar
measure p on Fg, so that pu(Egr/FE) is the volume of any fundamental
domain for the action of F on Fg.

There is an embedding of Fg into ]RfL given by

(1.1) T = Z € ® & = (Ty)vea, Ly = H|€j|§j :
J

J

Reg(L/K) =

For a € L and x € ER, set
laz|* = ) eolalsa?
vEA]
For any fractional ideal a of L and any t > 0, define

w(Er/E)
WER/E) + Z / eXp —cqt|lax|| ) du(z),
‘Etor aca/E
a#0

(12)  Op(ta) =
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where the sum is taken over a complete set of representatives for the non-
zero E-orbits in a, and
: —2/[L:Q]
Cq=Tr < |disc(L)] NL/@(a)> .

Friedman and Skoruppa give a proof that ©p is well-defined: it is indepen-
dent of the choice of representatives a, and the sum is absolutely conver-
gent. They also observe that t“Q/2@p(t; a) is an increasing function [8,
Proposition 2.1]. Differentiating, it follows that

2 /

(1.3) Op(t;a) + [L:@]t@E(t7“) >0.
Since the definition of ©p involves u(Egr/E) as a constant term, this in-
equality can be understood as a lower bound for pu(Er/FE). In particu-
lar, if we take ' = FEp g, then it is fairly natural to normalize u by
w(Er/E) = Reg(L/K). Thus, by estimating the integrals in the definition
of ©f, we will obtain the desired lower bound for Reg(L/K).

As a first step to understanding these integrals, Friedman and Skoruppa
use the Mellin transform to prove the following (see [8, Proposition 3.1]).

Proposition 1.1. With notation as above (including E = Ep k),

| exp(=tlaal?) dut@) = A4 [ fulau +log0),

R weEAK
where A = 27"L/K p=r2(L)/2

1 c+ioco ) 1)\ %
fult) = 5 [ el gy (s 507 ds,

T 270 Jemino 2
2
Ay = m log|NL/K(a)|w.
Here ¢ is any positive number, and p,, and q, are respectively the number
of real and complex places of L extending w € Ag.

This proposition puts the integrals into a more tractable form; instead
of estimating the original integrals, it suffices to understand f,,. More pre-
cisely, setting y = logt, inequality (1.3) becomes

Reg(L/K)
(14 #uL
>A {—1— 2 > f{”(aw+y)} II folaw+y),
ae;/E [L ’ Q] weAK Juw weAK
a#0

so we need to estimate f,, and f}, /f.,. This is accomplished by the saddle-
point method, as described in de Bruijn [6].
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Once we have estimates for f,, and f/ /f., we can substitute them into
inequality (1.4) and we are essentially done. Since inequality (1.4) holds
for any y € R, it remains only to choose a y which gives a good bound.
However, our estimates for f,, and f],/f, depend on p,, and ¢,. We would
prefer to have lower bounds for Reg(L/K) that do not require such detailed
information about the places of L. Hence we make some effort to transform
the bounds in terms of the p,, and ¢,, into bounds depending only on [L : K]
and 71(L).

In short, Friedman and Skoruppa’s method consists of four main steps:

(1) Use the Mellin transform to replace the © g integrals with complex
integrals.

(2) Use the saddle-point method to estimate the complex integrals.

(3) Replace these estimates with estimates that do not depend on the
Pw and gy

(4) Substitute these estimates into inequality (1.3) to get lower bounds
for the regulator.

In this paper, we apply these methods to a generalized regulator for a num-
ber field L containing two real quadratic fields K7 and K. Specifically, we
consider the regulator associated to F' = Ey i, N Ep k,. Section 2 defines
this regulator. Section 3 computes the necessary inverse Mellin transform;
we find that we need to study a triple integral. (This is the main difficulty in
generalizing Friedman and Skoruppa’s technique. In their paper, the corre-
sponding multiple integral splits into a product of single integrals; here, the
saddle point method must be applied directly to the three-dimensional inte-
gral. That estimate is the technical heart of this paper.) Sections 4-5 carry
out step 2. Section 4 summarizes some results in single-variable calculus
which will be needed; many of these results are quite similar (or identical)
to results from Friedman and Skoruppa’s original paper. Then Section 5
applies these results to study the relevant triple integrals. Step 3 is done
in Sections 6 and 7. Once again, Section 6 provides some simple results,
which are applied in Section 7. Finally, Section 8 completes the argument,
proving that the generalized regulator Regy, g, (L) grows exponentially in
[L: Q). For [L: Q] > 4000,

Regk, r,(L)

> (4.28 x 1079) - 1.19914Q
FHr ( )

2. The Generalized Regulator

Let K7 and K5 be distinct real quadratic fields, and L a number field
containing the compositum K := KiK. Let m = [L : K] = [L : Q]/4. Let
Ag, = {w1,w2} and Ak, = {ws, w4} be the sets of archimedean places of
K, and Ks. Let A = {wi3, w14, w23, w24} denote the set of archimedean
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places of K, labeled so that w;; extends w; € Ak, and w; € Ag,. Note
that for any 7 € {1,2} and j € {3,4},

(2.1) Z ey = Z ey = 2m, Z €y = M.

vEAS vEAL vEAY
v|w; v|w; v|w

For any w € Ak, k,, let p,, and g, denote respectively the number of
real and complex places of L extending w, so that p, + 2q, = m. Let E;
denote the relative units of L/K;, and define E = F1 N Es. Let Eo denote
the torsion subgroup of F.

We define a generalized regulator Regy, f,(L) as follows. Let €1,..., ¢,

(r = |AL| — 3) be free generators of E/Ei.. Let Ag be a set containing
any three places of K, and select one place of L above each place in Ag.
Let A} denote Ay, with these three places removed. Define

R‘egKl,Kg (L) = det(ev 10g|6] ‘U) ’UGA’L
1<5<r

Lemma 2.1. Regg, f,(L) is well-defined, i.e., it is independent of the
choice of the €; and of A’ .

Proof. Define \: O3 — RAL by
Ae) = (ey logle|v)vea,, -
Define x; € RAL by

(1)y = ey if v | wi,
Y 0 otherwise.

Define similarly @xs with respect to wo and x3 with respect to ws. Let
M denote the matrix with columns @1, 2, x3, A(€1), ..., A(€,). Note that
|det(M)] is the covolume of the lattice generated by 1, @2, €3, and A(O7),
so it is independent of our choice of the €;. Row operations show that

|det(M)| = |det(M')| Reg, r, (L),
where M’ is the 3 x 3 matrix defined by

M = S e :
v|w; and v|w; 1<i<3

1<5<3

(The precise row operations to be used depend on Ag, but the result
is the same.) Since |det(M’)| = 4m?, this proves that Regg, x,(L) =
m%]det(M)L so Reg, k,(L) is well-defined. O
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3. Theta series

Let £ C O7F be as in the previous section. Let G = R“fr\L and let H =

A
R +K1U{w3}. Let pg denote the natural Haar measure on G, namely

duc(g) = 1 dov.

vEAYL o

Define pyg similarly. Let p be the Haar measure on Eg, normalized so that

/’L(ER/E) = R‘egKl,KQ(L) °
Define 6: G — H by 6(9) = (hw)weAx, U{ws}> Where

hw = Hgsv'

v|w

Using the embedding Ex — G from (1.1), we get an exact sequence 1 —
Er —-G— H — 1.

Let 0: H — G be a section of 4. (We will choose a particular section o
below.) Define an isomorphism ¢: Egr X H — G by ¢(z,h) = xzo(h).

Lemma 3.1. 2T2(L)MG o= X puy-

Proof. Since ug o ¢ is a Haar measure on EFr x H, we know that cugo ¢ =
i x ppr for some constant c¢. Consider Eg, GG, H, and R, as real vector
spaces. Choose any vi3,v23,v14 € Ar such that v;; extends w; and w;.
Define g13, g23, 914 € G by

(g55)0 = exp(l/e,) if v = vy,
1 otherwise.

Then 6(g13),9(g23),0(g14) is a basis for H, so we can define the section
o: H— G by 6(gi5) = gij-

As before, let €1,...,€ be a Z-basis for E/Fio. Then the z; = ¢, ® 1
form an R-basis of Er. Extend this to a basis for G by adjoining the three
vectors g;;. It follows that

cpa([x1, - 2, 013, 923, 914)) = p([21, - -, 2r]) - pE([0(913), 0(g23), 6(g14)]) 5

where [...] denotes convex hull. We have u([z1,...,7,]) = Regg, ,(L) by
the normalization of y. The convex hull of the §(g;;) is the “unit cube”,
so it has volume 1. It is easily seen that ug([z1,...,xr, 913, 923, 914]) =
2-72(L) Regk, k,(L). Hence ¢ = 2r2(L), O

For a fractional ideal a of L and t > 0, recall the theta series ©f(t; a)
defined in (1.2). We will use the Mellin transform to study this function.
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First, we define some notation. For any z € C with Re(z) > 0 and any
k €10, 1], set

1
ak(z) = klogl'(z) + (1 — k) logI‘(z + 2) .
For i € {1,2} and j € {3,4}, let
1
(3.1) kij = —(
Given s = (s1, s2,53) € C3, define

pwij + Qwij) N

(3.2) 8§13 = S1 + 83, S23 =82+ 583, S14=851, S24=52.

Let R denote the region

(3.3) R = {s € C? | all Re(s;;) > 0}.
For a given R = (K13, K14, K23, K24), we define a function az: R — C by
(3.4) az(s) = Z Qryy (Sij)'

1€{1,2}

je{3,4}
Let a denote aj, where k= (k13, k14, ko3, ko4) as in (3.1).

For g € G, set
gl = > evgi
veAL

and

¥(g) = [ exp(-lga?) ).

We want to evaluate ¥(g); since ¥(g) depends only on g modulo Eg, it
suffices to consider ¢ = W o g. Now we compute the Mellin transform of :

(M) (s) = (M) (s, 52, 50)
= [, wom)n® du(h)

— /H (/E exp(—||:na(h)||2) du(a:)) hedpug (h)
= [ exp( o W86, b)) (@ x A . )
ErxH
:27“2(L)/ eXP(_HQHQW(Q)SdMG(g)_
G
Next observe that

v|wy v|wa v|ws 1€{1,2} v|w
Je{3.4}
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It follows that

(0)() = 22@ [ exp(-lgl®) ] I 9 ducl)

1€{1,2} v|w;;
je{3,4}

1€{1,2} v|w;; g'u
je{3.4}

— -1l ] I‘(J>
2

1€{1,2}
je{3,4}

— 9~ MLl =ra(L)/ H I (5;]>Pwu+qw” r (Sij;—l)‘lwu

1€{1,2}
je{3.4}

= 27 MLIgT2(1)/2 oy (ma (13))
2 )

where we have used the identity 27°I'(s) = (2y/7) "!T'($)T'(£5).
Setting h = d(g) and taking an inverse Mellin transform

V(g) = ¢(h)

9= ALl p—r2(L)/2 1
= ///h T s P exp(ma(s)) dsq dsy dss
(2mi)3 2

93— \AL\W—W

)/2
= ///h Zsip 2‘”h 233 exp(ma(s)) dsy dsa dss,

2m

Pug,

(2754 F(Sij))qwij

where the integral with respect to s; is taken from c; — ico to ¢; + ico.
Given a € L* and t > 0, define g € G by g, = V/t|a|,. Then for any z € Eg,
thaz|?* = [lg=[|?, s

W(g) = [ exp(~tlaz]?) dux)
Er
is the integral that appears in ©g. For w € Ak,
hw = Hggv = Hte”/2|a‘2“ = tm|NL/Kl(a)|w

v|w v|w

Let A = 23~ Melgz—r2(L)/2 and let a, = %log]NL/Ki(aﬂw. For any y € R,
define

9y.a(8) = =2(aw, +y)s1 = 2(auw, +y)s2 — 2(aws +y)s3 + a(s)

and

1 c3+ioco  peg+ico  pe1+ico
fy,a) = (27”)3/ / / exp(mgy,a(s)) ds1 dsz dss.

3 — 100 > —100 1—100
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The preceding work shows that U(g) = Af(logt,a). Hence

ERr/E
Of(t;a) = N(|E;1V|) +A Z f(log(cqt), a).
tor a€a/E
a#0
Inequality (1.3) says that Op(t;a) + 5=-tO(t;a) > 0. Using the above
formula, and choosing t so that y = log(cqt), this proves that for any y € R,

W(Er/E) Lf
(3.5) TEl Aaeza/:E ( 1- 2mf(y,a)> f(y,a).
a#0

Next we want to choose y such that —fT/(y,a) > 2m for all a. Then we
can drop terms for a # 1 to conclude that

W(Er/E) Ly
(36) ez A= g h ) ).
This is done by the saddle-point method. In order to apply the saddle-
point method, we first need to know that there is a saddle point. That is,
we would like to find a point (s1, s2, s3) where

a.gy,a _ agy,a _ 8gy,a —0
681 882 883 '

This means we need to solve

1 1
Qwy +Y = 5042;13(81 + 83) + 504214(81)7
1
a’LUQ + y = 5@223 (‘92 + 83) + 50[;624 (82>7
1 1
Uy + Y = 704213(31 + s3) + *Oé;c%,(Sg + s3).

2 2
Note that for any k& € (0,1], a}: (0,00) — R is strictly increasing and
surjective.

Lemma 3.2. This system has a unique solution in R NR3. (See (3.3) for
the definition of R.)

Proof. The given system of equations is equivalent to

1 1
(3.7) 5042,24(32) = Gy + Ay — Qg + Y — 5042,14(31),
1 1
(38) ia;’u‘gg (82 + 83) = aw3 = Gy + 5()[;614 (81)7
1 1
(3.9) 504213(51 +83) = Gy, +Y — 504214(51)'

Note that equation (3.7) determines sy > 0 as a strictly decreasing function
of s1 > 0, and equation (3.8) determines sz + s3 > 0 as a strictly increasing
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function of s; > 0. Therefore these two equations determine s3 as a strictly
increasing function of s;. Under this correspondence, s3 — oo as s — 00.
On the other hand, equation (3.9) determines s3 as a strictly decreasing
function of s;. Under this correspondence, s3 — oo as s; — 0. Now we
have two functions s; — s3, and the solutions of the system correspond to
choices of s; at which these functions are equal. It follows from what we
have said that there is exactly one solution. O

4. Single-variable calculus

Before proceeding to the triple-integral estimates we need, we record
some single-variable lemmas which will be useful. Throughout this section,
we assume % <k <1,m>0,and o > 0 (sometimes adding an additional
assumption on m where helpful). Recall the formula [1, 6.4.10]: for n > 1
and Re(s) >0

v (s) ntl N 1 I
(4.1) =1 gﬂm U=

Of course, this ¥ is not the same as the ¥ in the previous section. This abuse
of notation is committed for consistency with Friedman and Skoruppa’s
paper, and should cause no confusion.

Lemma 4.1. If mk > 4, then

J/7a(7) o?all(0)
1. 25mﬁ[a]/2 \[ and 1.25m«[o]/2 <2.

If mk > 30, then
NCRC) -

($3)m/€ cr]/2

Proof. The first inequality is given in the proof of Friedman and Skoruppa’s
Lemma 5.5; as the other inequalities are proven in the same way, the proof
is repeated here. Note that

% (o) < *V (o) < 1+0,
where the last inequality follows from estimating the sum (4.1) by an in-

tegral. Thus we need to show that /1 + 0/1.25™[7/2 < /2. We see that
VI 0/1.25™101/2 is maximized as o — 17, because 1.25% > /3/2. O

Lemma 4.2. Let € be 0 or 1. Suppose u > 0 and mrk > 2. Then
ema(a)o.l—i-eus—l(l +u2)

/ ’teema(oﬂt” dt < u2 2 2 2’
uo (mk — 2)(1 4 L )mslol/2(1 + u2)ms/

where [o] denotes the greatest integer less than or equal to o.

Proof. This is Friedman and Skoruppa’s Lemma 5.3. O
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Lemma 4.3. Let D be given with 0 < D < m!'/3\/k and assume that
me > 2. Define § = D/(m!3\/a(c)). Then

/ ‘eman(a+it)
[t|>6

2 remos (o) ( 23/20\/W 23/2em1/3D2/4>

dt

mal (o) \ /m(mk — 2)1.25mnlo]/2ms/2 * VTmt/6D
and sp2)
—m 2
/ e—mt2a’,€’(a)/2 dt < 2e
[t|>d

m2/3D /(o)

where [o] denotes the greatest integer less than or equal to o.

Proof. These inequalities can be found in Friedman and Skoruppa (see their
proof of Lemma 5.4). d

Lemma 4.4. Suppose mk > 2. Then for any 0 < D < m'/3./,

oo .
/ ’ema,{(a—&—zt)
—00

_ Ve [ 2320\ /mall(0)
mall (o) VT (mk — 2)1.25mslo]/29me/2

23/26—m1/3D2/4 6D4/(4m1/3n)71 3
VTml/6D * D4/(4m1/3k) 4mrk |’

where [o] again denotes the greatest integer less than or equal to o. If m >

1000, then
/ ’eman(a+it)

Proof. The first claim essentially comes from Lemma 5.4 of Friedman and
Skoruppa, which estimates

/oo em(a,ﬁ(a—i-it)—iyt) dt

for y = o, (0). However, that lemma has two extra terms which are not
needed here. Friedman and Skoruppa bound the integral over [t| > § :=
D/(m3\/a(0)) by replacing e (@Hit)=iwh) ith |emes(@til)| o that
part of the argument works in this case without any change. That is,

/ 'emom(a—&—it)
[t|>d

ma (o)

dt

/9 ma (o)
at < Y21 1.00205.

ma!! (o)

dt

2me 2326/ma’ (o) 23/26_’"1/3[)2/4)

ma! (o) (ﬁ(mfi — 2)1.25m#lo]/29mk/2 * VTmi/6D
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Next, we have

4 .
/ ‘eman(cr—l—zt)—man(o) dt
5

1

5 5
:/ e‘%ma’é(a)tQ dt—|—/ (‘eman(o'-i-’it)—mam(a) _e—Emag(o')tQ) dt
-6 -6

1

— e bmel@)®) g,

may (o+it)—may (o)

/9 19
< VAT +/ (‘e
vma!l(o) -6
Note that

’emoz,i (o+it)—eman(o)

e—%mo/m’(a)t2 _ (emRe(p(t)) - 1) e—%mozg(cr)t2

9

where p(t) = a0 +it) — iyt + L1/ (0)t2. Therefore we can bound the last
integral in the same way that Friedman and Skoruppa bounded the integral
of (emP(t) — 1)6_%’”&%(””2, except that we do not get a term coming from
Im(p). We conclude that

o ma (o+it)—may (o)
[, (e
-0

o eféma’n’(a)tQ) dt

Vor  ePYEmtPr) g
ma!’(a) D*/(4m'/3k) 4mk’

<

Now suppose m > 1000. Then

2326\ /mal’(o) 4 vVme/2 mk  Jold! (o)

V7 (me — 2)1.25msl0l/29me/2 "y 3/2, fr 9mK/2 g — 21,25mkl0]/2

1077
(4.2) < ;

m

bounds for the first three terms are obvious, and the last term is addressed
by Lemma 4.1. Thus

oo .
/ ’ UL (o+it)
—00

2 mremos (o) 10~76 23/2€7m1/3D2/4 6D4/(2m1/3)_1 3
< m | JamlSD | Di2mi/?) 2m>

Set D = 1.76. The quantity in parentheses is decreasing in m for m > 0, so
the claimed bound follows by substituting m = 1000. O

dt

ma!l (o)

Lemma 4.5. Suppose m > 1000. Let 0 < D < ml/?’\/ﬁ be given, and again

set 6 = D/(m!/3\/a(c)). Then

o _.n1/3 N2
/ ‘emaﬁ(o+it) df < V2memes(@) 1 . (10_76 N 93/2,,5/6 o—m!/3D /4) |
[t|>6

/D

mall(o) m
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Proof. This is immediate from Lemma 4.3 and inequality (4.2). O
Lemma 4.6. Let C > 0 be given. Then
< o ~1/2 < o L
/ e~ dt = rCY2, / e~ Crdt=-C 1,
P 0 2
o0 1
/ e PP At = —C 2,
0 2

Proof. Make the substitution v = Ct2. For any n > 0, we have

o, [ —u (n+1)/2dU:1P<”+1> ~()/2. O
/0 et dt /0 e “(u/C) 50— 3 5 C .

Lemma 4.7. Let any o >0 and 0 < k <1 be given. Define p = pro: R —
C by

. . 1
p(t) = ay(o +it) — ax(o) —ial (o)t + iafé(a)tz;
i.e., p is the error in the degree-2 Taylor approzimation to ay (o +it). Then
foranyt e R,

(4)

(o) 13 ar (o) 4
If [t| < o, then
(44 0 < Re(p(t)) < 2572,

; o
if [t] < 503 then

1
0 < Re(p(t)) < 0%7(;)t2.
Furthermore, Im(a,. (0 +it)) is odd and Re(ay(o+1it)) is even as a function
of t. Thus Im(p(t)) is an odd function and Re(p(t)) is an even function.

Proof. The odd/even statement is proven by Friedman and Skoruppa, as
well as the fact that Re(p(t)) > 0 for |t/ < o. See the proof of their
Lemma 5.1.

From (4.1), we know that \a,(gg)(a + it)| and ]ag)(a + it)| (considered
as functions of t) are both maximized at t = 0, with a® (¢) < 0 and

a,(.f)(a) > 0. Now apply the Taylor remainder theorem to Im(p(t)): since

d3
— Im(ax(o 4 it)) = —Im(a® (o + it)),

de3
we see that for any ¢ € R, there exists 6; between 0 and ¢ such that
—Im 04,(.@3) o +10 a,(f’) o
in(p()] = |l (0B o) 0% ()

3! - 3!
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This proves (4.3) for the imaginary part; the proof for the real part is
identical.
For any o > 0, (4.1) shows that

2y 1 o? 13 1 v’
: 4,(U)=4Z( ik)4<iz( TR? ia)
‘ k=0 \7 k=0 \7

It follows that o2a)” (0)/4! < o/l (o) /4. Thus for |t| < o,
2 (4) "
Re(p(t))] < an4‘(0)t4 < g QZ' (U)tQ < ania)tz_

The same argument works for |t| < -Z-. O

3v2

Lemma 4.8. Let R > 0 be given. Then for any 0 < u < R and any v € R,
we have

R—l 2

u+iv € 1
‘Re(e 1)‘ <u 7 + 5 -
Proof. This is inequality (5.11) from Friedman and Skoruppa. U

Lemma 4.9. For m > 1000,

0.0002557g¢max(0)
dt <

/ ‘temaﬂ(aqLit)
1> 5% m3/2\/all (o)

Proof. By Lemma 4.2, since k > 1/2,

19 2 _mag(o)
tema,@(a-l—it) dt<2- 189 €
/|t>cf ‘ (mfi _ 2)(%)mn[o]/2(%)mn/2

3v2
B 19 vm Vo2dl (o) geman ()
- D) @ @l )

We have /m/(19/18)™%/2 < /m/(19/18)™/* < 1/1000/(19/18)1000/4 <
0.0000853. Combining this with Lemma 4.1, we conclude that

/ 19
[t

may (o)

[temen@i0) 4t < - 0.0000853 - V2 — -

9(5 ~ 1o00) m?/2./all(o)
0.00025570 ¢ ()
Lemma 4.10. For m > 1000,

/ ‘emcxg(cr—l—it)
(e
t>375

g
|>3\/§

0.00003429¢™x ()

dt <
m/al(@)
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Proof. The argument is the same as the proof of Lemma 4.9; by Lemma 4.2,

(it 19v2
(Zmoz,.c o+t dt S 2. 6
/|t>33§ ‘ (mr — 2)(Z5)melol/2(33)me/2
_ 192 1 /o%a(o) 1
= 2) (G2 B R mao)
192 1 1
1 2\ (19y1000/4 V2 77
3(2 ~ woo)  (1%) my/ajl(o)
0.00003429
D O
my/a!! (o)
Lemma 4.11. For any m > 0,
g _ 7 K
/ W2 | pementotit)] gy < s (a).
-3 mall (o)
Proof. Lemma 4.7 shows that, for |t| < o/(3v/2),
‘emaﬁ(a+it) < emaﬁ(O')—TTLO&Z(O’)IQ/2+m0/,{/((7)t2/72 _ emaﬁ(a)—(35/72)mag(0)t2.
Hence
307\/5 . o0 " 2 Qeman(a)
/ tema,i(o'-l—zt) dt < 2/ temoc,.;(a)—(35/72)mocm(0)t dt = 35 O
—5= 0 mall (o)

Lemma 4.12. For any o >0, 0/1’/2(0/\/§) > aff (o) = V(o).

Proof. The duplication formula for ¥ [1, 6.3.8] says that

1 1 1
a&/z(”) = 5‘1’(‘7) + 2‘I’<0 + 2) =¥(20) —log2.

Differentiating, 0/1//2(‘7) = 20/(20). Thus we must prove that 2¥'(v/20) >
U’(0). Estimating the sum (4.1) by integrals, we find that

1 1 1 1 1

=+ ——< V(o)< = .
02+(U+1) (0) 02+(0+1)2+0+1

Hence

2@’(¢§a)—\p’(a)>2<1+1>_<1+ LI 1>

202 ' (V20 + 1) o2 (0412 o+1
(2—-v2)o? + (3 —2V2)0

T 0+12(V2o+1)
> 0. ]
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5. Estimation of f and f'/f

Let m > 0 be given. (We will primarily be interested in m > 1000, but
we will note which lemmas hold for all m > 0 and which require m > 1000.)
Let 5 < kij < 1 be given for i € {1,2} and j € {3,4}, and let a = o as
n (3.4). Also let 4 = (y1,%2,y3) € R3 be given. For s = (s1,52,53) € R,

where R was defined in (3.3), define

g(s) =~y s+als)
and

G(s) = exp(my(s)).

—

For a given a € L* and y € R, if we take § = (2(aw, + v),2(aw, + v),
2(aw; +y)), then g = gy 4. Let & = (01,02,03) be the unique point in
R NR? at which
99 _ 99 _ 99 _
681 N 882 B 853 N
& exists by Lemma 3.2. We are interested in
o1-+100

o9+1i00 03—1—100

d83 d82 d81

N (27”) o1—ioco Jog—ioco Joz—ioco
1 0o poo poo R

To simplify notation, define
(5.1) Aij = o, (045)

and II;; = Ai13A23A14424/Ai;. (Recall from (3.2) the definition of oy;.)
Let Amin = mln(AU) and let Hrnax = max( ) = A13A23A14A24/Amm
(Without loss of generality, we will assume that A23 = Apin and Aoy < Ags
wherever this helps.!) Define

P =113+ Ilog + IT14 + Iloy4;

i.e., P = P3(Ais, A14, Aa3, Aag), where Ps is the degree-3 elementary sym-
metric polynomial.

INote that the only relation among t13, t14, to3, and to4 is t13 + tag = t14 + t23. Since this is
symmetric, we are free to choose any A;; as Amin. After choosing A2z = Amin, we are still free
to swap A3 and Agg if necessary.
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Define

H(f) :=exp| m| g(&) — Z Aijt?j/2
1€{1,2}
je{3,4}

=G(F)exp| —m Z Aijt?j/2

i€{1,2}

Je{3.4}
The idea is that H(7) is a good approximation to G(& + it); we obtain
H(%) from G(s) = exp(mg(s)) by replacing each g, (si) ing(s) = —¢ -
s+ >y, (sij) with its degree-two Taylor approximation (as a function of
tij). The fact that & is a critical point ensures that the linear terms cancel.
The main term in our estimate for f comes from integrating H:

Lemma 5.1. We have

o foo oo (2m)3/2G(5)
H =
L @ andnin ==

Proof. 1t is well-known (see, e.g., [6], page 71) that if A = (a;;) isann xn
positive-definite symmetric matrix, then

/ exp( 1 > aijTiTj) dT = (2m)™/2 det(A)~1/2.
TeRn 2

In this case,

Az + A 0 Az
det(A) = m?> det 0 Aoz + Aoy Ags =mP. O
Aqs A Az + Ags

As a simple consequence of this lemma, we can evaluate some other
integrals which will be useful later:

Lemma 5.2. Let any i € {1,2} and j € {3,4} be given. Then

oo oo oo o (27T)3/2G(0_") 3
L L O arsataan < S5 2

ij

and

% roo oo 21)32G(5) 15
H(f)t, ( .
L s anan < ST
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Proof. First observe that

/ / / H(T)t3; dts dty dty
H t) dts dto dty
maAlj/ / /

2 0 (27)*2G(5)
mﬁAZ] m3/2/P
_ (2n)*%G(5) oP
N m5/2P3/2 8AU '
Note that 0P/0A;; does not depend on A;j; for example, OP/0Ai3 =
A4 Ag3 + A1 A2 + Az Aoy. Hence

/ / / H(?)tfjdtgdtzdtl
/ H (D)2, dty dts dty

m 814@] —00 00 J —00
2 0 ((2n)*2G(5) oP
- m GAU m5/2P3/2 8Aij

_,@0)*2G(@) (P ?
~ e \ a4y )

so the first claim will follow once we check that

OP/0A; _ 1

(5.2) 5 e

This is obvious; for example,

oP
0A13

The second claim is proven identically. O

Az = A13A14A23 + A13A14A24 + A13A23A24 < P.

Asin Lemma 4.5, choose D such that 0 < D < 10001/3/\@. (This ensures
D < m1/3\/k‘ij for all 4, 7 when m > 1000.) Define

D

i A,

5ij =

Let A C R3 denote the set

{(t1,t23t3) €R? ‘ [t14] < 614, [t2a| < 24, |t13] < 513}-
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Recall that we want to prove that the integrals of G and H have the same
asymptotic behavior. We will do so by showing that H is a good approxi-
mation to G inside of A, and that the contributions to the integrals outside
of A are (asymptotically) negligible.

Lemma 5.3. Suppose m > 1000. Then

/// |G (G + it)| dt3 dt2 dty
R3\A

- —mt/
(27‘(‘)3/2G(0') i 3013 10776 N 23/2m5/66 1/3p2 /4
m3/2 H23 m ’ ﬁD ’

Proof. Recall that
(5.3) IT'(c +it)] <TI'(o) for any 0 > 0 and ¢t € R.

Hence for any s € R with Re(s23) = 023, we have

(5.4) |G(s)] < €™ *2(72) |exp(m(—§-s+ukyq (513) gy (514)F ks (524)))]-

We can bound the triple integral of the right-hand side by splitting it into
three single integrals. (We will use this strategy several more times in this
section.) In order to do so, we will need to change variables from (¢1, 2, t3)
to (t14,t24,t13), so that the right-hand side of (5.4) becomes a product of
three single-variable functions. The change-of-variable matrix

100
010
1 01

has determinant 1, so the substitution does not introduce a Jacobian factor.
Using Lemmas 4.4 and 4.5 to bound the resulting single integrals, we find
that

/ / / (7 + Zt |dt3 dto dtq
[t14]>6014 J—
- (271')3/2G(0')l 23/2m5/6 exp(—m!/3D? /4)
m3/2\/ﬂ23 m \/77'D ’
We get the same bound for [% [i1,,156,, J oo and for [Z0 [70 Jitrs|> 605+
Note that 3 - 1.00205% < 3.013. O

- 1.002052 (1076 +

Lemma 5.4. We have

3/20( = 5/6 ,—ml/3D2/2
// H(f)dtgdtzdt1<(27;)(;(a)1-3\/§m ¢ .
R3\A m /2\/ H23 m D
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Proof. Arguing as in the proof of Lemma 5.3, Lemmas 4.3 and 4.6 show
that

/ / / H(T) dts dto dty

|t14|>§14 —o0 J—o0
< G(5) 2e—m'/*D?/2 2w 2
=59 m2/3D\/A1 mAay \| mAi3

(27r 3/2G \/7m5/6 fm1/3D2/2
B m3/2\/H23 m

We get the same bound for [0 Jitaa|>624 [0, and for [0 [%0 Jitra|>615-
The result follows.

Define p13(t) as in Lemma 4.7, i.e.,

1
50, (013)t%;

p13(t) = oy (013 + it) — a5 (013) — dag, (o13)t + 5

define po3, p14, and poy similarly. Then define

> pig(tiy),
i€{1,2}
Je{3,4}
so that
G(& +if) — H(F) = HE)(emD —1).

Lemma 5.5. For any t € R3,
3/2
(5.5) @) < 5 X Al

1€{1,2}
je{3,4}

(5.6) IRe(p Z AZit
16{1 2}
je{3,4}
Furthermore, if t € A and Asz = Apin, then |Re(p(f))| < 42D*m=4/3.

Proof. By Lemma 4.7,

(@)l < —= 3. ol (04) Ity

23
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Friedman and Skoruppa proved [8, Lemma 5.2] that for any integer n > 2,
any 0 < k <1, and any o > 0,

ol (@) _ (n—1)

(ef(o)m/2 = ket

thus the previous inequalities and k;; > % imply inequalities (5.5) and (5.6).
When 7 € A,

D 4 pt
Alstls < Aoty = A, ( >

miB3/AL)  mAB’

and similarly for A2,t}, and A3,t3,. By Jensen’s inequality, we know that
for any n > 1 and any z,y, 2z € R,

& +y + 2" <3| + [y|" + 2]
In particular,
ths = (13 — t1a + taa)* < 27(t13 + iy + t54) -
For Ags = Amin and £ € A, it follows that
ABat3s < 2T[Afztly + Alytly + A3yt3,) < 81D m~*/3,
Then inequality (5.6) says that |[Re(p(%))| < 42D*m~4/3. O

It follows from Lemma 4.7 that Re(p) is an even function and Im(p) is
an odd function, in the sense that

Re(p(tl, tQ, tg)) = Re(p(—tl, —tQ, —t3)) .

Thus H (%) Im(em*® — 1) = H(F)emBe(e®) gin(m Im(p(%))) is odd, so
/ / /A (G(G +iT) — H(T)) dts At dty — / / /A H(E) (€D — 1) dty dts dty
= / / /A H(@) Re(e™D — 1) dts dts dt; .

Now we use this fact to bound the integral.

Lemma 5.6. Assume Ass = A,in. Then

(2m)3/2G(7) 1 (663— 1 80)

< R
m3/2\/p m R 3

‘ﬂ%@w+®—MMawmm

where R = 42D*m~1/3,
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Proof. By Lemmas 5.5 and 4.8,

’ ///A(G(‘? +il) — H(%)) dts dty dty
‘/// H(?) Re(e™") — 1) dts dt dt
/// H() ( () R_l +v(?2> dts dte dty,

where
7 1 A2 th, + A2atd, + A2, + A2t
u(t) = -m(Afsts + Adstos + Aty + Aytsy),
V2
o(f) = *=m(A 3/2|t13!3 + AP |tas P 4+ AXP[t14]® + AP Jt04)?) .

It follows from Lemma 5.2 that

[ e

By Jensen’s inequality,

-1 (2n)32G(5) 6 eff—1
dtg dto dty < m3/2\/]3 . E R

v(t)2
2

m?(AfstSs + Aty + AdqtSs + A3,15,).

Hence Lemma 5.2 shows that

[f o

Lemma 5.7. Suppose m > 1000. Then

(27)3/2G(5) 80/3
m3/2\/ﬁ . m ’

RS S Aty Ea B G(5)
f a (27T)3 /—oo /—oo /—oo G(U + Zt) dt3 dt2 dtl o (277)3/27713/2\/?(1 + So)a

where

378.1
ol < ——
m

Proof. Without loss of generality, assume Aoz = Apmin. We split up the
integral as

///G:///HJF///RS\AG—///RS\AH+///A(G—H).
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Then Lemma 5.1 gives the main term in the estimate, and Lemmas 5.3,
5.4, and 5.6 provide the error terms. We get

| P _ag - 282mP/0 exp(—m!'/3D?/4) )

D) m5/66—m1/3D2/2 642D4m*1/3 -1 80
B )

42D4m~1/3 3

Since P/Ila3 = P/ hax < 4, we have

23/2mb/6 exp(—m1/3D?/4) >
/7D

\/§m5/66—m1/302/2 A2D'm=3 g
TN D }*64zp4m—1/3+3’

(5.7) mp| < 2{3.013(10—76 -

Set D = 1.01; note that D < 10001/3/\/§, so this choice is valid. A simple
derivative check shows that the right-hand side of (5.7) is decreasing for
m > 1000. Setting m = 1000 yields |¢| < 378.1/m. O

Next we need to estimate f'/f, where f' = df /0y is given by
(5.8)

1 oo 00 o0
/"= (2m)3 /_Oo /_OO /_OO —2m(s1 + 59 + 53)G/(s) dt3 dty dt;

2i )
= —2m(oy + 02+ 03) f — # ///RS(tl F by + t3)G(G + iT) dts dts dty.

We want to show that

LS — (o1 + 02 + 03) —
s or+os+o0 as m — oo
om f 1 2 3 )
so we need to find an upper bound for the error term
1 /
(5.9) - 2mj; — (01 + 02 + 03)

N W ///Ra‘ (t1 +t2 +13)G(F + it) dtz dta dty .

Before attempting to bound the integral, we will need a few more lemmas.
Recall that A;; was defined in (5.1), and o0;; was defined in (3.2).

Lemma 5.8. Let ig,i1 € {1,2} and jo,j1 € {3,4} be given such that
Aigjo < Airjy- Then oigjy > 01, [V/2
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Proof. Recall that /(o) is increasing in x and decreasing in . We have
" NS A < A < oo " \/5
041/2(01030> < Aigjo < Aiji < a(04y5,) < a1/2(011jl/ )y

where we have used Lemma 4.12 for the last inequality. It follows that
Tinjo > Tirir/ V2, as claimed. O
Corollary 5.9. For any i € {1,2} and j € {3,4},

L < 1.
01+ 02+ 03

If Ags < Ay, then

014
— <22,
o1+ 02+ 03

Similarly, if Aoy < Aqs, then

B 9 3.
o1+ 02+ 03

Proof. The first claim follows from o1 +09+03 = 013+024 = 014+ 023. The
last two claims are proven identically; we prove the first using Lemma 5.8:

014 014 1 1
= == < =2-V2. O
o1+ o9+ 03 0923 + 014 Ufi-f—l ﬁ—i-l

Corollary 5.10. Assume Aoz < A4 and Asy < Aiz. Then for any i €
{1,2} and j € {3,4},

1 <{(2\/§—2)(01+02+03) ifi=1,

VAi; V201 + 09 + 03) ifi=2

Proof. It follows from (4.1) that for any ¢ > 0 and any % < k <1,
o%all(0) > ko?V' (o) > k > £. Thus
1 1 _ 1 Oij < ﬁ 044 .
1/A¢j0'1—1—0'2—|—0'3 G?ja%..(m]’)gl"’@"'gi" o1+ 09+ 03
ij

Now use the previous corollary. O
Define

¥ = {t€R3 Iti3] <

T el < T el < ;;a}

We will split the integral (5.9) into an integral over ¥ and an integral over
R3\ X.
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Lemma 5.11. Assume that Asz = Apin and Asy < Ays. Then, for m >
1000,

‘/// (ty + to + t3)G(3 + it ) dtg dtp dty
R3\Z
< (2m)*2G(5)
m3/2y/P

Proof. Note that t1 + to + t3 = t13 + t24, SO we consider separately the
integrals

/// tlgG(E + ’LZ) dt3dtodty and /// tQ4G(5 + 2?) dts dtg diq,
R3\S R3\S

starting with the ¢13 integral. As in the proof of Lemma 5.3, we can bound
this integral by splitting it into a product of three single integrals. By
Lemmas 4.9 and 4.4,

0.0008
(61 4+ 02+ 03) ——.

0.00025570136mak13 (013)

ty3e™ s (718 H918) | qpy g < ;
/?513>§\1/3§ m3/2 VA3
o0 : 1.00205+/2m e k24 (724)
€mak24 (0'24+Zt24) dt < ’
/—oo ‘ 2= VvV mA24
/oo ’emakM (0'14+it14) dt14 < 1.00205 Qﬂemakm ((714) .
0 - VmAiy

Combining these inequalities, we see that

L 0.002013G(5)
t13G(0 +it) dtz dta dty < .
///|t13|>§,r\1/3§ 1l ) s dta dis mb/2\/A13A24 A1y

Similarly, Lemmas 4.11, 4.10, and 4.4 show that

/ / / t13G(G + it ) dtg dta dty
ltr3]<FIE, [ta]> 2L

G(9)

m5/2\ / A%3A24A14

< (;z -0.00003429 - 1.00205)

0.0002G(&)

<
m5/2\ / A%3A24A14
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and that the same bound applies for the integral over |¢t13] < ;—%, [tog| <

%a |t14] > %. Therefore

(5.10) ‘/// t13G(¢ + it ) dtg dto dty
R3\X
G(5) 0.0004>

< 0.002 _—
mb/2\/A13A24A14 < 18t VA3

Corollary 5.9 says that
0.002013 < 0.002(2 — V2)(01 4 02 + 03) < 0.002(01 + 02 + 03).

Corollary 5.10 shows that
0.0004
< 0.0004(2v2 — 2)(01 + 02 + 03) < 0.0004(01 + 09 + 03).

VAiz

Since A3 = Amin, we have A13A424A414 = pax > P/4. Thus
G(0)(01+ 02 + 03)

t13G (8 4 it ) dtz dto dty| < (0.002 + 0.0004
’///H§3\E 13G(& + i) dis dbp dh | < " ) m>/2\/A13A24A14
G(&)(Ul—l-ag—i-dg) 0.0048

<
B m3/2y/P m
(27)3/2G (&) (01 + 09 + 03)  0.0004
m3/2\/P m

Now we use the same method to bound the 94 integral. The argument
used to prove (5.10) works equally well in this case; that is, the to4 integral

is bounded above by

G(3) (00020 +0.0004>
mb/2\/A13A24A14 \ 24 VAwu )

Corollaries 5.9 and 5.10 show that
0.002024 < 0.002(01 + 09 + 03),

0.0004
< 0.0004v2(01 + 09 + 03) < 0.0006(01 + 09 + 03).

VA

Since (27)~3/2 - 2(0.002 4 0.0006) < 0.0004, this proves that
L (2m)3/2G(7) (01 + 02 + 03)  0.0004
toaG(G + if) dtz dty dty| < - .

‘///R?’\E uG(d ) dtz dta dity 32D -

g

It remains to consider the integral over 3. The following lemma describes

the behavior of the integrand for £ € X.
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Lemma 5.12. Assume Aoz = Apin. Let T € ¥ be given. Then

g, (023)
[Re(pas(t23))] < =213y,

and for (i,7) # (2,3), we have

Ok, (73)

[Re(pij(tiz))] < mylij

Proof. Tt follows from Lemma 5.8 that |to3| < o2s:

1 /0 o o
[tas] = [t13 + toa — t1a| < |t13] + [t2a] + [t14] < 3 (13 + 2y 14) < 093.

V2 V2 V2

Now use Lemma 4.7. O

Recall that Re(p) is an even function and Im(p) is an odd function, so

///E(tl +to + tg)G(E + Z?) dt3 dtz dtl
= / / / (t1 + to + t3)H(E)e™D dty dt, dt

—/// t1—|—t2+t3 (f) mRe(p) ,

[cos(m(Im(p))) + i sin(m Im(p))] dts dta dt;
(5'11) = Z/// t1 + 12+ t3 ( ) mRe(p )Sin(mlm(p)) dts dto dty .

By Lemma 5.5,

. - V2

jsin(m Im(p())] < [m Im(p(E)] < Fom 3 A el
1€{1,2}
Jje{3,4}

Lemma 5.12 shows that for 7 € %,

iR 1
[Re(p(t))] < 7(A13t13 + Avatiy + Aoat3y) + A14t14

Hence H(f)e™Re() < H (), where we define

- o 35 35 1
H(t) = G(O’) exp (— (72 A13t + 5A14t%4 + ﬁAg4t34 + 4A23t%3>> .
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Substituting these inequalities into (5.11), we find that

(5.12) |/// (t1 +ta + t3)G(G + it ) dts dto dty
X

<7m///‘tl+t2+t3’ Z A3/2|tzj|3 H() dts dta dty .

1€{1,2}
j€{3,4}

Note that H (%) is obtained from H () by replacing Aoz with $As3 and the
other A;;’s with %AU, so our previous lemmas about H also apply to H.
In particular, P is replaced by

- 35 35 35
P =P Az, — A1y, —
3(36 13; 35 4114: 3¢

We will need to know how P compares to P.

Lemma 5.13. Assume Aoz = Apin. Then P > 0.5841P.

1
Ay, 2A23)-

Proof. The assumption that Ass = Ay ensures that Ilog = A13A14 424 >
P/4. Thus

p

35 35\3
) (3 + Iy + 11 =) 1
(36) (I3 + Iy + 24)+<36> 23
1 /35\2 35\% 1 /35\2
=— (=) P =) -2 (=) o
2 (36) " ((36) 2 (36) > %
1/35\% 1/(/35 35
> (= (= () == P > 0.5841P. O
= (2 (36) i <<36> (36) )) > 058
Now we can bound the relevant integrals.

Lemma 5.14. Assume Aoz = A, and Agq < Aq13. Then

2m)32G(& 22.2
3/2/// thH(T dtgdtzdt1<M(01+Ug+U3)-7206,

m32/P =
3/2 /// HsH (f) iz dtz dty < %(01 + 02 +03) - 3;4;211 7

_ 2m)3/2G (& 3.441
AT 22 /// 18, H (@) dty dty dty < M(m o2t 0m) - o
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Proof. We prove the first claim; the rest are proven similarly. Lemma 5.2
shows that

3/2
A / / /Rg t33H (F) dtg dta Aty < A3y’ (QZZ/Q\C}( 5) _— ;4 5
< 4302 (21)3/2G(5) $3-22/1/0.5841
B m3/2y/P m2A3,
(27)%/2G(5)  15.7014
m3/2y/P  m2y/Ayz

Now Corollary 5.10 shows that

A3 (2m)**G(3) 15.7014+/2
/// t23H dt3dt2dtl<m<al+g2+o—3)T

Note that 15.70141/2 < 22.206. O
Lemma 5.15. We have

. 21m)32G (5 6.690
AL/12A23 ///R3 tiﬂf%gH(t) dt3 dtg dtl < (771)3/2\/]&3)(01 + 09 + 0'3) . W,

- 21)32G(G 3.441
Al Agy ///R3 tists H (F) Atz dta dty < W(m +oz+03) —g.

Proof. Recall from the proof of Lemma 5.2 that

0 _ (2n)*%G(5) opP
///RB t23H(t> dt3 dtQ dtl —_ m5/2P3/2 aAQS .

It follows that

///R3 2,42 H(F) dt3 dty dty

_ m8A14 / / /R B H(D) dts dtz diy

2 9 [(2n)*2G(5) OP
m8A14< mb/2 p3/2 8A23>
(2m)3/2G(5) OP OP 2 (2m)3/2G(7)
m7/2P5/2 9A14 0Aszs m md/2P3/2
(2m)%/2G(d) OP 0P
m7/2P5/2 3A14 81423.
Now inequality (5.2) shows that

. 21)3/2G (&) 3
2 42 H ( . )
///]1%3 HatasH (1) dts dz by < m3/2/ P m2A14Ao3

(A13 + Aog)
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We conclude that

A2 Ay, // / 12,42, F (F) dts dto dty

- Al/QA 3(27)3/2G(5) 3

m32 B m2(3A1)(LAz)
(27)3/2G(5)  8.075
WP mi Az
because 3 - 2/ v/0.5841 < 8.075. Corollary 5.10 completes the proof of

the first clalm because 8.075(2v/2 —2) < 6.690. The second claim is proven
identically. O

Lemma 5.16. If Aoz = A, then

2m)3/2G (& 9.849
3/2// ‘t14t§3‘H( )dtgdtgdtl < ( m)g/z\/é)((fl—i-dg—l—ag)- - .
If furthermore Asy < A3, then
2m)3/2G (& 3.441
A3 // |tistsy | H(T) dts dta dty < (7733/2\/]13)(01 +toztos) —a.

Proof. Using “arithmetic mean > geometric mean”, the claims follow
from the previous two lemmaS' for the first claim,

A332’t14t23| < (A1/2A23t24t23 + A 1/2A23t23) |:|
Lemma 5.17. Assume Asz = A,n. Then

402 (27)3/2G(5) 3.975
/// ‘t24t 4‘H dtgdtzdtl < W(Ul+02+a3)' m2 )

432 3 (2m)3/2G () 3.975
// ‘t24t13‘H dtgdtgdtl < W(01+02+03) : m2

(2m)3/2G() 2.329
W(Ul+02+a3)' m2 .

Proof. We prove the first claim; the rest are proven similarly. Note that
/ / / |toaty| H (F) dts dta dty
— G(a_»)/ |t24‘6 35m/72)A24t24 dt24 / |t ’6 35m/72)A14t14 dt14
—0o0

i o (35m/T2) A5t
/ e~ (35m/T2) Arstis gy, o
— o0

3/2 // ‘tlgtiﬂH dtg dts dty <
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We can use Lemma 4.6 to evaluate these integrals:

00 35m 0 35m
/ |t24| exp <—A24t34> dt24 =2 / t24 exp<—A24t%4> dt24
oo 72 0 72

72/35

’I’)’LA24 ’

0 35m 0 35m
/ |t:f4‘ exp (—A14t%4> dt14 = 2/ t:f4 exp(—A14t%4> dt14
— o0 72 0 72

(72/35)?
m2A2, "’

/oo oxo <_35m Apat? > Gt — NePIES
72 13 \/mAlg ’

—0o
Thus

22.131G(3) 1
m35y/ Aoy A14A13 /Aoy

Using A24A14A13 > P/4 and Corollary 5.10,

A2 / / R31t24t§’4yﬁf () dts dto dt; <

G(o) 62.596
(01+02+03)‘W

m3/2\/P
(27)32G(&) 3.975
T p 1ot es) T
The second claim is proven identically. The third claim is proven similarly,

except that Corollary 5.10 contributes a factor of (21/2 — 2) instead of /2.
Note that 3.975(2v/2 — 2)/v/2 < 2.329. O

Ai/lz // RS |t24t?4‘ﬁ(f) dtg dtg dtl <

Now we can use inequality (5.12) to estimate f’/f; recall the formula for
f/:=0f/0y in (5.8). Since t1 + to + t3 = t13 + tog = t14 + to3, we have

3/2 3/2 3/2 3/2

[t1 + o+t (AT [tas* + A tas]® + AT [taa® + A3 t2u])
3/2 3/2
< AP (th + Itaatds]) + AN (ftaatds] + ths)
3/2 3/2
+ AV (tistda] + lt2atta)) + 457 (153l + 13,).

Now we can split the integral in (5.12) into eight separate integrals, which
we bound using Lemmas 5.14, 5.16, and 5.17 (still assuming that Ags =
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L (27)%2G(7)
‘/// (t1 + to + 3)G(G + iT) dtz db» Aty /(W(m + o2+ 03)
12
< f—(3441+3975+9849+22 206+2329+3975+3441+5874)

25.9697
< .
m

Combining this with Lemma 5.11, we conclude that, for m > 1000,

5T (27)3/2G(5) 25.971
‘///Rg(tl‘i‘t2+t3>G(U+’Lt> dt3 dt2 dtl < W(Ul_‘_@—i_@)'i .
Now equation (5.9) and Lemma 5.7 show that, for m > 1000,

1 1 f
citostos| amyg 1To2ton)
1 1 -
B f t1 + to 4 t3)G(G + if) dts dty dt
o1+ 02+ 03 (277)5f///R3( 1+ 12 +13)G(0 +it) diz iy dty
1 GO 25.971
~|fl (2n)3/2m3/2/P m
1 25.971
= 1_ 381

This proves the following lemma;:
Lemma 5.18. For m > 1000,

1 of/dy
2mf

= (o1 +o2+03)(1+8),

where |B| < m2§3977811

6. Properties of ¥

In this section, we prove some properties of the digamma function ¥
which will be needed when we study the saddle point ¢ in the next section.
Recall the Maclaurin series [1, 23.1.1-2]:

_Z —1——+Z

where B,, denotes the n'® Bernoulli number.
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Lemma 6.1. For any real t # 0, the function etil -1+ % is strictly
enveloped by its Maclaurin series. That is,

N 2n

i { {
B -
et — 1 2 2; " (2n)!
n=1

is positive when N is even and negative when N is odd.

= L coth(}) — %, and z coth z is

known to be enveloped by its Maclaurin series; see [9, Part I, #154]. (]

Recall the asymptotic series [1, 6.3.18, 6.4.11]:

U(z) ~lo x———i Bon
5 2na2n’

@“@%%—U“1<

As these series are directly related to the Maclaurin series for ¢/(ef — 1),
the previous lemma lets us turn these series into inequalities.

(k— 1) 2n +k—1)!
ok Zxk“ + Z BQ” n)lz2ntk |0

Lemma 6.2. For any z > 0, U(z) — log(z) + 5= s strictly enveloped by
the above asymptotic series; that is,

1 X By,
\I/(a?)—loga:—i-f—i-z 2

2z — 2na2n

1s positive when N is odd and negative when N is even. A similar result
holds for each U (z).

Proof. Recall (from [2, p. 18]) that

1 o0 1 1 1
v logz — — — o) ettt
(x) =logx 5 /0 (et—l t+2)e dt

It follows that

N
BQn

1
U(z) — logx + o + Z Srp2n
n=1

2mc2” e
1
t

1 1
_t+> 6’_mdt

1
t—1 2

1

0o 1 N $2n—1 .
1 = - — 4 Bop— | et dt,
(6.1) A; <et—1 *y Z; 2 (%ﬂ!)e

and the result follows from the previous lemma. Differentiating (6.1) proves
the claim for W), O
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Recall (from [1, 6.3.5]) that ¥(z) = —1 + U(z + 1); taking derivatives,
we get recurrence formulas for the derivatives of ¥ as well. Combining
these formulas with the previous lemma, we obtain bounds for ¥ and its
derivatives: for any = > 0,

| 1 1 1

6.2) W(r)< - +1 1) — -

(62) W) <=2 Hlogle+1) = 5=~ Ba sz T 0@ L 1

JRE SRS N S
s+ BT T3 T 20w+ 2
11 1 1

4 V() < —

(6-4) 0< (x)<x2+x+1+2(x+1)2+6(x+1)3’

(6.5) \D’<x+1>> ! + = + ! + ! !

' 2)7 (@432 243 2@+3)? 6(x+3)3 30(x+5)5
2 1 1 L “0
2 (x+1)2 (x+1)2 2@+1* 6(x+1)5 ’

6 2 3 2
@) () < 5
67 0<¥W@) < G+ St o T G T

Lemma 6.3. For any x > 0,

1

2

(6.3) W (m + 2

(6.6) W"(z) < —

1 1
Io2@+3) 12(x+3)2
1 n 1 1 1
xr x+1 24(x+1)%2 120(z+1)*

1
x +

> 0.

Proof. Note that A(t) := log(1 +t) — ¢ + 3t> > 0 for all ¢ > 0; this follows
from A(0) = 0 and N (t) = t2/(t + 1) > 0 for all ¢ > 0. Therefore

1 1

1
> — .
2(x + 1)) T 2x+1) 8(x+1)?
Now the first inequality follows immediately from inequalities (6.2) and
(6.3). To prove the second inequality, combine terms; we get a rational
function with positive coefficients. O

log (x + ;) —log(z + 1) =log (1 +

Lemma 6.4. For any x > 0,

g\p”(;p)? < W ()0 ().

Proof. Let ¢ denote the Hurwitz zeta function. Recall from equation (4.1)
that

M (z) = (=) nlC(n+1,2).

Thus the inequality is equivalent to ((3,z)? < ¢(2,7)¢(4, ), which follows
from Cauchy—Schwarz. O
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Lemma 6.5. For a given x > 0, the function Kk — |a,(.;3)(ac)\/ag(x) is
increasing for k € [0, 1].
Proof. Observe that

d o’ (@)] _ d —a(@)

de o/(z)  de of(x

)
(@) (V" (z + 3) — V() +

af{
V() (x4 3) -V (z+ 3
B aj(z)? ’

so we want to prove that W' (2)0"(z + 1) — ¥'(z + 3)¥”(2) > 0. We do so
by showing that U” /¥’ is an increasing function: by Lemma 6.4,

d v"(z) U(z)¥O)(z) - 0 (x)?

dz '(z) V' (2)2 > 0. =

Lemma 6.6. For any x >0 and any r € [%,1],

o (@) | ¥'(x) = V(x+3)
ol(x) T (et g) - a)

Proof. Thanks to Lemma 6.5, we may assume k = % Recall the duplication
formula for ¥, which says that 0/1/2(:1:) = U(2z) — log 2. Thus we want to
show that
o 2)| W) -+
U/ (2z) U(z+1)— U(2)
for x > 0. By Lemma 6.3 and inequalities (6.4), (6.5), and (6.6), this func-
tion is bounded below by a rational function with positive coefficients. [

7. Properties of the Saddle Point

Now we are prepared to consider the saddle point & = (o1, 09,03). If
i € {1,2}, let i’ denote the other element of {1,2}; define j' similarly for
j € {3,4}. Thus

oij + oy =01+ 02+ 03 for any 7 € {1,2} and j € {3,4}.

Recall from Lemma 3.2 that, for a nonzero a € O and y € R, the
corresponding saddle point is the unique & € R? with all o;; > 0 which
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satisfies
1, 1,

(7.1) wy Y = 50%13(013) + §Oék14(014)a
1 1

(7.2) Ay +Y = 504223(023) + 504@24(0'24);
1 1

(73) Ay + Y = 50&;913 (013) + 50&223 (023) :

In order for our estimates to be useful, we need to choose a y which gives
a good lower bound on o1 + 09 4 03, independent of a and k.

Lemma 7.1. Let yg € R be given. For any y > yo, ke [%, 1)* anda € L,
the corresponding saddle point & satisfies

o1+ 09+ 03 > 2(a5) " (o)
In particular, if y > —1.18, then o1 4+ 02 + o3 > 1.0572.

Proof. Using the fact that a is an algebraic integer, we add equations (7.1)
and (7.2) to obtain

1

4
2y < Gy + awy +2y =5 Y (Oéklj(fflj) + ajy, (Uzj'))-
i=3

Thus we can choose j € {3,4} such that
2y < o, (1)) + Ay, (0257) < a0 jo(015) + 0 jp(0257).

Since 0/1/2 is a concave function, it follows that y < a’l/Q((alj + 0951)/2).
Thus

g1+ 09+ 03 = 015 + 95 > 2(a 1) () = 20 9) " (%0)- O

Recall that, once we choose y such that —fT/(y, a) > 2m for all a, we can
ignore all terms in inequality (3.5) except for the a = 1 term. It remains
to understand the saddle point corresponding to ¢ = 1. When a = 1,
equations (7.1)-(7.3) say that the saddle point & satisfies
2y = ap,, (013) + o, (014) = @y, (023) + 0y, (024) = Oy, (013) + Oy (023),

or equivalently,

(7.4) Wy, (024) + Ay, (014) = 2y,
(7.5) 04;613 (013) — 04;624 (024) = 0,
(7.6) 04;614 (0’14) — 04;623 (0'23) =0.

Now we regard ¢ = 1 and y € R as fixed, and consider properties of
oi; as a function of k, defined by equations (7.4), (7.5), and (7.6). For any
k € [0,1]* and any s;; > 0, define

Pp(s13, s14, 523, 524) = Pa(ay,, (s13), a,, (514), Oy, (523), Oy, (524))
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where Ps is the degree-3 elementary symmetric polynomial in four variables.
Then we wish to find an upper bound for

P=P(k) = PE(013(E), o14(k), 023 (k), 024 (k)),

for k € [2,1]%. 1 claim that P(k) is maximized when k = (3,1,1.1). Essen-
tially, we will prove this by showing that 0P/0k;; < 0. To simplify notation,

define

Ajj = o/k'ij (i) >0,

Ag.’) = a,(ci:_’])_(aij) <0,
A = V(o5 + %) — ¥(0y5) >0,
Al = V(o) ~ V(o + 5) > 0.

Note that A;; = —804%, (0ij)/0ki; if we take the derivative with o;; fixed
(not a function of k;;).

Finally, let @ denote the degree-2 elementary symmetric polynomial in
3 variables. For i € {1,2} and j € {3,4}, define

Qij = Q(Aij, Airj, Airjr);
e.g., Q13 = A14A23 + A14A24 + AzzAsa.

Lemma 7.2. For any i € {1,2} and j € {3,4},

aO'ij Ai]’ 80’@‘/ Aij

— Z.A) = Ai, AZ‘/ 3
Ok P Qi Ok, P R
80"/]' A'j Qo it JAVE
20— Y AL Ag M) Y A A
Oky; — P TED Ok p

Proof. Applying the implicit function theorem to equations (7.4)-(7.6),

-1

0o1/0kis Aia Agy 0 0
0oy /0kis | =— | Aiz —Aa A SASE]
Jos/0k13 Ay —Asz —As 0

Asz A

~ A13< 123 /las )

—? —4114423 .
Aq4(Agz + Agq)

This proves the lemma for derivatives with respect to ki3; the rest follow
by symmetry. O
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Lemma 7.3. For any i,j € {1,2},

Dk P <A” PQij — [A;5i|AinAiaQijr — |Ajr7 | Arjr Aoy Qurj

- |A£?)|Q7,2j + |A§'?;')/’Aij’Ai’jQi/j’>~

Proof. By symmetry, it suffices to prove the case (i,7) = (1,4). Recall that
we defined II;; = A13A14A23A24/Aij, so that P = Ilgy + Ilog + 1174 + Ily3.
Lemma 7.2 shows that

o1l A
81;: (MA§3)A23A24> A14A23 + Axs 71414 Q14 + A14) Ass

A
+ A13A14 _%Agg A13A24)

A
Agg)A23A24> A14A24 + Ar3 (141414 Q14 + A14) Aoy

0lla3 (A14
Ok14 P
AN
+ A13A14 71424 Aq13A93
OI1 A
8]{11;1 (MA&,) A23A24) Az Ags + Ar3 A23 A13A24> Agy
A
+ A543 (MA§4)A13A23> ,
oIl A A
1 ( i) 14 Q14 + A14> A3 Aoy + Ay (—1414&3)14131424> Aoy
0k14 P
A
+ A14Az3 (1§4A§4)A13A23>
Summing these equalities and simplifying yields the desired result. O

We now have formulas for 0P/0k;;. If we could prove that these deriva-
tives are always negative, that would complete the proof that P is max-
imized when k = (%, %, %, %) But we are not able to prove that, so we
proceed in two steps. First, the next lemma narrows down the possibilities
for where the maximum could occur. Then it is feasible to check by brute

force that the necessary derivatives are negative.

Lemma 7.4. There exist 11, k2 € [3,1] such that

- 11 1 1
Hmlale (k) <’€17272>’12) P(Qa"q‘l?ﬁ:%z)
Feld 1]

Proof. First observe that P(kq, %, %, Ko) = P(%,Fﬂl,/ﬁz, %) is automatic, by
symmetry. Now we prove that if P is maximized at E, then k has the form



Lower bounds for generalized unit requlators 169
(K1, %, %, Kg) or (%, K1, K2, %) This is immediate from the following claim:
for every k € [%, 1]4,
oP 0P oP 0P
— < or o
Ok13" Okoy Ok14’ Oko3
Lemma 6.6 says that Al,/A14 < ]A@\/AM. Thus
3 A 3 P
—|A§4)|Q%4 + TMPQM < |A§4)| (A -
14 14
Substituting this into the previous lemma,

oP  Au
Ok =P

(7.7) <0.

A13A23A24

i, Q14

Q14) Q4 = |Aﬁ)|

( — !A%)\A23A24Q13 - |A§Z)IA13A23Q24

A13A23A24

3
+ ’Agél)’ A14

Qua + A%)\A13A24Q23>-
Consequently,
P 0P _ AR Qs A Qu
A4 A14113, Ok1g A2y AygAssAsy A3, A13AisAag
|A$1)| Q14 n ]A%)] Q23
A2, AigAgzAgy - A3, AizAisAog

_ARIQu 1A Qas | AR Qu 1A Qxs
Al Ths A3y Ty Af, The  Af, Il

_l’_

Hence 0P/0k14 is negative if
A Qua , 145 Qas _ AT Qua , 1453)] Qs
Aty Thy A3y Thog = ARy Thy o Af g
Similarly, OP/0ksys is negative if this inequality holds; if this inequality

holds in the reverse direction, then 0P/0ki3 and 0P/0kgos are negative.
This proves claim (7.7). O

Now we need only check that OP/0k;s and OP/0kay are negative when
k lies in the square

o= ]« {2) -3} <)

By symmetry, it suffices to check 0P/0k13 < 0. If k lies in a subset of S of
the form

min j,max 1 1 min j,max
S" = (K", ki3 ]X{Q}X{Q}X[km s kpa™]
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we need an upper bound for 9P/0ki3 as a function of kJ", k¥ kIin and

ES2x. Then we partition the interval [3,1] into N equal subintervals of
length 5 N’ thereby partitioning S into N? equal subsquares. By choosing
N sufficiently large, we will see that P/0ki3 < 0.

In order to bound OP/dki3 on S’, we will need upper/lower bounds for
the O0jj-

Lemma 7.5. Lety € R be fized. Let 1 < kin < gmer <1 cmd < kin <
k5 <1 be given. Deﬁne

O_{’I&L}ZTL — 0_13 <k]7?':)7;l , mal‘) — 0_13 (k,]?j’éaf’ 5 5 k,mln),
mln m(ll‘ mZn ’n 1 1 ma$
094 = 13:22 Y=o0nu k13,22k: )
Let k = (kis, 3. 3. koa) for kiz € (K75, k5] and ko € [k53™, k53°%]. Then
oa" < alg(E) < o15",
in 0_24(E) < o_gzlamv
- - o13(k) + o k
1a(B) = () = 2ELE 7D

Proof. The inequalities are immediate from Lemma 7.2: doi3/0kis and
0094 /0kay are positive, while do13/0kes and doay/0k13 are negative. Also,
014 = 093 follows from a’1/2(014) = 0/1/2(023), and then the last claim

follows from o135 + 094 = 014 + 023. O
The lemma implies that, for k € S’ as above,
A13(k) < Oékmax (O‘:{%ln) .

(Recall that «of/(x) is strictly decreasing as a function of x, and strictly
increasing as a function of «.) Similarly, the A;;, the ]A ] the A;;, and
the Agj are clearly all monotone in the o;; and k;;, so thls technique gives
us upper/lower bounds for every term in Lemma 7.3.

Lemma 7.6. Suppose y = —1.18 and k € [2,1]%. Then

. 1111
<P(Z,2,=,= 78,
P(k)_P(2,2,2,2)<11178

Proof. Use the upper bound described in the previous paragraph, parti-
tioning S into 302 subsquares. O

For k € [0,1]*, recall that the function aj; is defined by

oz,;(sl, S92, 83) = Q3 (81 + 83) + oy (82 + 83) + OékM(Sl) + Oék24(82).
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Define

where ¢ = (2y, 2y, 2y).
Lemma 7.7. The function g is concave on [0,1]%.

Proof. First observe that dg/0k;3 is

1 ’ 80’1‘]‘ 8(01+02+03)
<10gr(013)—10gF(013+2>>+ Z Oékij(ffz‘j)aklg —2y 01 :
i€{1,2}
je{3,4}

Recall that 013+ 094 = 01+ 02+03 = 093+ 014. Along with equations (7.4)—
(7.6), this yields

, J0ij
Z Qy (Z])8k3

ie{1,2}
je{3.4}
Jo 0024 do14 do
Oék13 (013) 8k13 + a;g24 (0-24) akj + ak‘14 (014) aki + 2323 (023) 8ki§)
D013 Hos doy 003

:ak13(013)8k1 + aj, (0 13)8k:1 + gy, (0 14)(%1 + ap,, (o 14)8713

8(01 + o9 + 03)
= [ag,, (013) + A, (014)] s

8(0'1 + o9 + 0'3)
Ok13 '

Thus we have dg/0k13 = logT'(o13) — log (13 + 3). Identical arguments
show that
Jg

1
D, =logI'(0;) — logI’(aij + 2)
for all i € {1,2} and j € {3,4}. It follows that, for any ip,i; € {1,2} and
jOvjl S {374}7

0 89 AL 801-()]-0
akiljl akz'()]'() 1090 814‘11'1]'1 .

Recall that A;,;, > 0. Hence, to prove that g is convex, we must prove that

the matrix

do13 Ooi1z  Odoi13  Jdois
Ok1z  Okisa  0Okaz  Okos
OFis  OFis  Okss  Ofs
M =1 953 Ooss 0Ooss Ooss
Ok ok ok Ok
Oogs  Jozy Oozy  Don
Ok13  Okia  Okoz  Okas
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is positive semidefinite. We do so by checking that the principal minors
of M are nonnegative. Since 013 + 024 = 014 + 023, we have det(M) = 0.
Lemma 7.2 shows that the 1 x 1 principal minors are all positive.

Now we consider the 2 x 2 principal minors. By symmetry, it suffices to

consider
doi3 dois 0013 0013
ok ok ok ok
det 80’13 80’11 and det 80’;3 80’31 .

Ok13  Okis Ok13  Okoy

Lemma 7.2 shows that both determinants are positive.

It remains to consider the 3 x 3 principal minors; by symmetry, we need
only consider the leading 3 x 3 minor. Once again, it is trivial to check that
the determinant is positive using Lemma 7.2. O

Lemma 7.8. Let y = —1.18. Then the minimum value of g(E) for ke
[%, 1]* occurs when k = (%, %, %, %)
Proof. By concavity of g, it suffices to check the vertices of [%, 1]*. By
symmetry, we need only consider

(1 L1 1)’\*349963
g 2a27272 ~ 9. )
111
1,-, -, =) =~ 3.72
9(727272) )
11
1,1, -, - ) = 3.92
g(? 7272> )
11
1,—-,-,1) ~3.97
9(72’27) )
(1111>~415
g a772 ~ x. )
g(l,l,l,l>%435 O

8. Conclusion

Lemmas 5.18 and 7.1 show that, whenever m > 1000 and y > —1.18, we

have —ﬁfTI(y, a) > 1. Hence inequality (3.6) holds:

Regre, 16, (L) _ s jan) —ra(1)/2 1 f
#7/%22 ™ <_1_2Tnf(y’1)> f(y,l).

We also have, in the notation of the previous section,

-

f,1) > exp(mg(k)) (1 B 378.1) ’

(2m)3/2m3/2,/ P(K) m
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1 f 25.971
——(y,1) > i
s 1) 2 (o1 ozt o) (1= )
Thus Lemmas 7.1, 7.6, and 7.8 show that, for m > 1000,
63.49962m 378.1
—1.18,1) > 1— ") > (1.866 x 10~ 8)e349%5m
A ) (2m)3/2m3/24/111.78 ( m > ( )
1 f 25.971
—1—-—=(-1.18,1) > -1+4+1.0572 (1 — ———— 0.0287.
me( 1) = + ( m—378.1)>

Hence for m > 1000,

Regk, k,(L)
#uL
Note that |Agz| + r2(L) = [L : Q] = 4m. Thus,
2~ Melp=ra(L)/2 — g—dmara(L) p—r2(L)/2 > 16=m

> (4.28 x 1079)34995m o= ALl p=r2(L)/2,

as 2-*m+r2r—2/2 is minimized (as a function of rp) when 75 = 0. We
conclude that, for [L : K] > 1000,

Regk, ,(L)

4 > (4.28 x 1079)34995m 167 > (4,28 x 107Y) - 2.0686™.
22
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