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Linear relations with conjugates of a Salem
number

par ARTURAS DUBICKAS et JoNnAs JANKAUSKAS

RESUME. Dans cet article, nous considérons les relations linéaires entre les
conjugués d’un nombre de Salem «. Nous montrons qu’'une telle relation pro-
vient d’une relation linéaire entre les conjugués de l'entier algébrique tota-
lement réel correspondant a + 1/c. On montre également que le plus petit
degré d’un nombre de Salem satisfaisant a une relation non triviale entre ces
conjugués est 8 tandis que la longueur la plus courte d’une relation linéaire
non-triviale entre les conjugués d’un nombre de Salem est 6.

ABSTRACT. In this paper we consider linear relations with conjugates of a
Salem number a. We show that every such a relation arises from a linear
relation between conjugates of the corresponding totally real algebraic integer
a+ 1/a. Tt is also shown that the smallest degree of a Salem number with a
nontrivial relation between its conjugates is 8, whereas the smallest length of
a nontrivial linear relation between the conjugates of a Salem number is 6.

1. Introduction

Let a be an algebraic number of degree d > 2 over Q with conjugates

a1 = a, 9, ...,0q4. An additive linear relation
(1.1) kioq + koag + -+ + kgag = 0
with some ki, ko, ..., kg € Q is called nontrivial if k; # k; for some 1 <7 <

j < d. Thus, the relation
Trace(a) :=ag +ag+---+ag=0

and its rational multiples E?:l ra; = 0, where » € Q, are trivial lin-
ear relations. (These hold for conjugates of any algebraic number whose
trace is zero.) Note that if (1.1) is a nontrivial linear relation with some

Manuscrit regu le 10 mai 2019, révisé le 26 mai 2019, accepté le 13 juillet 2019.

2020 Mathematics Subject Classification. 11R06, 11R09.

Mots-clefs. linear additive relations, Salem numbers, Pisot numbers, totally real algebraic
numbers.

We thank the referee for pointing out some inaccuracies. The research of the first named
author was funded by the European Social Fund according to the activity “Improvement of
researchers” qualification by implementing world-class R&D projects of Measure No. 09.3.3-
LMT-K-712-01-0037. The post-doctoral position of the second named author is supported by the
Austrian Science Fund (FWF) project M2259 Digit Systems, Spectra and Rational Tiles under
the Lise Meitner Program.



180 Arturas DUBICKAS, Jonas JANKAUSKAS

ki,ko, ..., kg € Q then, by multiplying all the k; by their common denomi-
nator, we can assume that ki, ko, ..., kg € Z. Accordingly, we call the sum

|k1] + |ko| 4+ -+« + |kq] € N

the length of the relation (1.1).

The investigation of nontrivial linear relations (1.1) in conjugates of alge-
braic numbers has begun with the papers of Kurbatov [16, 17, 18]. In [26],
Smyth obtained some useful results and also formulated several natural
conjectures on the possibility of (1.1) which are still wide open; see also his
previous paper [25]. Further results on this subject have been obtained by
several authors in [1, 5, 6, 7, 8, 9, 15, 19, 20, 28].

Recently, in [10] it was shown that there is a unique Pisot number o =

(1+ /3 +2¢/5)/2 with minimal polynomial 2 — 223 + z — 1 satisfying the
nontrivial linear relation

a1 +oag—ag—ag =0

of length 4. Recall that an algebraic integer a > 1 is called a Pisot number
if its other conjugates over Q (if any) all lie in the open unit disc |z| < 1.
This answers two questions raised earlier in [12]. For instance, this implies
that no two conjugates of a Pisot number can have the same imaginary
part. See also a subsequent paper [11] for some further analysis of some
simple linear relations of small length.

In the present paper, we investigate additive linear relations in conjugates
of a Salem number. Recall that an algebraic integer « > 1 is called a Salem
number if its other conjugates over Q all lie in the closed unit disc |z| <1
with at least one conjugate lying on the circle |z| = 1. Of course, this implies
that 1/« is a conjugate to «, whereas all other conjugates lie on the circle
|z| = 1.

Throughout, if a > 1 is a Salem number of degree d = 2s > 4 we label
its conjugates as in the theorem below.

Theorem 1.1. Let oy = o > 1 be a Salem number of degree d = 2s > 4
with conjugates o, . . ., oq satisfying ap = 1/ and an; = 1/anj_1 = 051
forj=2,...,s. If for some rational numbers k;, i = 1,...,d, and for some
totally real algebraic number v we have

(1.2) kiay 4 kaag + - - - + kgag = 7,
then koj_1 = kagj for each j =1,...,s.

In particular, the theorem obviously holds for v = 0. So, every linear
relation (1.1) in the conjugates «;, ¢ = 1,...,d, of a Salem number « is
induced by the linear relation

(1.3) k181 + k3fB2 + -+ + kas—18s =0
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in conjugates of the respective totally real algebraic integer 51 = § :=
a+ 1/a > 2 whose other conjugates are

Bj = agj_1+ agj = agj1 + 1/agj_1 = agj_1 + g1 = 2Ran;1 € (-2,2)

for j = 2,...,s. If f is the minimal polynomial of a Salem number « of
degree d = 2s and ¢ is the minimal polynomial of § = o + 1/« of degree s
then they are related by the identity f(z) = x°g(x + 1/x). Then, as in [4],
we call g the trace polynomial of f. Note that f is irreducible if and only if
g is irreducible. Also, Trace(a) = Z?ZI aj = > i1 Bi = Trace(B).

By [18] (or [6]), the only relation with conjugates f; = f3,..., 8 of an
irreducible polynomial of prime degree p can be of the form

T51+T62+“‘+T5p20’

where 7 € Q. Hence, the only possible linear relation with conjugates of
a Salem number a with degree 2p is r Trace(a) = 0, where r € Q. This
relation is trivial.

So, in particular Theorem 1.1 implies that

Corollary 1.2. If p is a prime number then there are no nontrivial linear
relations in conjugates of a Salem number of degree d = 2p.

By [21], it is known that there are Salem numbers of every integral trace.
The degree of a Salem number with negative trace —t is quite large if t € N
is large. Earlier, in [27] Smyth has shown that there are Salem numbers
with trace —1 of every even degree d > 8.

Here, by a similar argument, we show that

Theorem 1.3. For every even d > 6 there is a Salem number of degree d
with trace 0.

In Corollary 2.2 below, we list of all 4 possible Salem numbers of degree 6
and trace 0. Note that there are no Salem numbers of degree 4 and trace 0.
Indeed, otherwise the minimal polynomial of such a Salem number would
be z* 4 ax?+1, with a € Z, which is impossible, since —c is not a conjugate
of a Salem number a.

Our next theorem describes the minimal length of nontrivial linear rela-
tions between conjugates of a Salem number and the minimal degree of a
Salem number for which a nontrivial linear relation may occur.

Theorem 1.4. Suppose a > 1 is a Salem number with conjugates oy =
a, a9, ...,aq over Q labelled as in Theorem 1.1.

(i) If for some integers ki, ka, ..., kq, not all zero, the nontrivial linear
relation (1.1) holds then its length must be at least 6. Furthermore,
there exist Salem numbers a of degree 12 whose conjugates can be
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labelled so that they satisfy the following nontrivial linear relation

of length 6:
6 12
a1+a2+a3+a4+a5+a6221-aj+20-aj:0.
j=1 =7

(ii) The smallest degree of a Salem number with a nontrivial linear re-
lation between its conjugates is 8. Furthermore, there exist Salem
numbers a of degree 8 whose conjugates can be labelled so that they
satisfy the following nontrivial linear relation:

ar+as+as3+ag — a5 —ag—ay —ag =0.

In the next section we will give some auxiliary results. Then, in Section 3
we will prove the theorems.

2. Auxiliary results
We begin with two simple lemmas.

Lemma 2.1. The cubic polynomial 2® — ax + b € R[z] has three distinct
roots in the interval (—2,2) if and only if 0 < a < 4 and

2a+/a ) 2a+/a
(2.1) max (2@—8,—3\/§> < b < min (8—2@, 3\/§> .

It has two distinct roots in (—2,2) and one root in (2,400) if and only if
3<a<12 and

2
(2.2) _ 2aya
33
Note that (2.1) implies 2a — 8 < b, whereas (2.2) yields b < 2a — 8.
Proof. Set

<b< —|2a—8|.

h(z) == 23 — azx +b.
Since h'(z) = 322 — a, the polynomial h has only one real root if a < 0.

Suppose a > 0. Set z¢ := \/a/3. Then, the polynomial h has three
distinct roots in (—2,400) iff =2 < —z¢ (i.e., 0 < a < 12),

(2.3) h(=2) = -8 +2a+b <0,
_ 2av/a

(2.4) W) = S5 +b>0
and
(2.5) h(ag) = —22Y% 1y <,

3v/3

Clearly, all three roots belong to (—2,2) if, in addition, we have h(2) =
8 —2a + b > 0. Combined with (2.3), (2.4) and (2.5) this proves (2.1).
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Evidently, (2.1) is only possible for some b when its left hand side does not
exceed its right hand side, that is, when 0 < a < 4.

Similarly, two roots of h are in (—2,2) and one root in (2,+00) when
one has (2.3), (2.4), and h(2) = 8 —2a +b < 0. (As h is increasing in
the interval (xo, 2), the inequality (2.5) automatically holds.) Evidently, all
these inequalities combine into (2.2). Here, as 0 < a < 12, it is easy to see
that the inequality

2a+/a

3v3
holds only for a in the range 3 < a < 12, so only for such a one can find
some b satisfying (2.2). O

|2a — 8| <

Observe that there are only 7 pairs of integers (a, b) satisfying the condi-
tions 3 < a < 12 and (2.2), namely, (4, —1), (4, -2), (4, —-3), (5,—3), (5, —4),
(6, —5) and (7, —7). However, the polynomials 3 — 4z — 3, 23 — 5z — 4 and
23 —6a — 5 are reducible. The other four polynomials 2® — 4z —1, 23 —4x—2,
x3 — 5z — 3 and x® — Tz — 7 are irreducible. So, Lemma 2.1 implies that

Corollary 2.2. There are exactly four Salem numbers of degree 6 with
trace 0. Their minimal polynomials are:
25—t -3 2?41, b -t —22% — 2?41,
:U6—2:E4—3:E3—2:U2+1, 28 — 4zt — 72 — 42?4 1.
Lemma 2.3. Let h(z) € Z[z] be a monic polynomial of degree k > 2 with
k — 1 roots in the interval (—2,1/4) and one root in (—6,—2). Then,

f(@) = (=DF2?h((x +1/2)(1 —x — 1/2)) € Z[z]

18 a monic reciprocal polynomial of degree 4k which defines a Salem number
of degree d = 4k in case it is irreducible over Q. Moreover, the conjugates
of this Salem number o can be labelled so that

(2.6) ar+oagtoaztog == a3+ Qg2+ Qg1+ ag = 1.

Proof. Let v1 € (—6,—2) and 72 < --- < 7 € (—2,1/4) be the roots of h.
Consider the monic polynomial g(z) := (—1)*h(x(1 — x)). Then, its roots

(2.7) Boj—1:= Irvi=ty ; il and [; = 1=Vt ;_ 4%,
where j = 1,...,k, satisfy
Br=(1+VT-4m)/2>2,
Br=(1—-1-4m)/2 € (-2,-1)

and f33,...,Par € (—1,2). So, g has 2k — 1 roots in (—2,2) and one root
greater than 2. Clearly, by (2.7), we have

(2.8) B1+ P2 == Pog_1+ Par, = L.
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Now, as the roots oy = a > 1,as = 1/ay ..., cqp—1, ap = 1/ayp—1 of
fla) = ag(a +1/2) = (=) e h((z + 1/2)(1 — 2 — 1/x))
satisfy B; = agj—1 + agj = agj_1 + 1/an;_q for each j =1,...,2k, we see
that (2.8) implies (2.6). Furthermore, « is a Salem number of degree 4k
provided that f is irreducible over Q. O

We made some calculations related to Lemma 2.3. It turns out that
there exactly 15 quadratic polynomials h satisfying the conditions of the
lemma and thus producing 15 Salem numbers of degree 8 satisfying (2.6)
with k = 2. For instance, 2% + 4z + 1 is such a quadratic polynomial h.
Also, there are exactly 30 cubic, 20 quartic and 4 quintic polynomials h
producing 30 Salem numbers of degree 12 (satisfying (2.6) with k£ = 3),
20 Salem numbers of degree 16 (satisfying (2.6) with £ = 4) and 4 Salem
numbers of degree 20 (satisfying (2.6) with k& = 5), respectively. In the case
k = 5, the example of h is

20 + 9zt 4+ 2223 + 1622 — 2 — 1.
This gives a Salem number a of degree 20 with minimal polynomial
22 — 521 4 112" — 19217 + 26216 — 29215 + 2721 — 19213 + 8212 + £!!
— 5210 4+ 2% + 82® — 1927 + 2725 — 292° + 262 — 192 + 1122 — 52 + 1

whose conjugates satisfy (2.6) with k& = 5.

The first part of the next lemma was inspired by Lemma 1 of Beukers
and Smyth in [2]. Essentially, it is a version of their algorithm [2] to lo-
cate cyclotomic points on curves, specialized to the case of sequences of
polynomials that produce Salem numbers from Pisot numbers. Also, the
second part of Lemma 2.4 is loosely related to the work on irreducibility of
polynomials of the type 2" f(z)+ g(x) € Z[z] and on the sequences and cov-
ering systems of integers by Schinzel [24], Filaseta et al. [13, 14], although
these irreducibility results are not of direct relevance here. Throughout,
f*(z) = xz9°8/ f(1/x) stands for the reciprocal polynomial of f(z).

Lemma 2.4. For n € N, consider the sequence of polynomials

gn(z) == 2" f(x) + ef*(x),
where € € {—1,1} and f(x) € Z[x] satisfies f*(x) # £ f(x). Suppose that a
root of unity ¢ € C is also a root of some polynomial g, (x). Then, { must
appear among the zeros of at least one of the following polynomials:

F@)f (@) +ef(2)f (2®),  f@)*f*(=2®) £ f(=a®) f*(2)?,
f(@)f*(—x) £ f(=2) f* (2).

In particular, if none of these polynomials is identically zero, then the set
of all such possible roots of unity ¢ is finite.
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In addition, if f(C) # 0 then the root of unity ¢ is a zero of gn(z) if
and only if n belongs to the arithmetic progression k +r, k =0,1,2,...,
where r is a fized integer in the range 0 < r < ¢ and ¢ = ord(¢) denotes the
multiplicative order of C.

Proof. As ( is the root of unity, by Lemma 1 of [2] (or Lemma 2.1 of [27]), at
least one of the three numbers (?, —¢2, —¢ must be an algebraic conjugate
of ¢ over Q. Multiplying g, (z) = 2" f(x) + ef*(x) by z"f(x) — ef*(x) we
see that the polynomial h(x) = 22" f(x)? — f*(x)? has a zero at = = (.
If ¢ is conjugate of ¢, then one also has g,,(¢?) = 0. Combining this with
h(¢) = 0 yields
{CQ”JC(C)2 - [*(¢)* =0,
I +efr (¢ =o.
Hence,
f(C)2 _f*(C)2 2 px (2 2\ px 2
N =c + =0.
T ] =@ s
Thus, ¢ is the root of
F@) f*(x)? + e f(2)* f*(2?).
Suppose next that —(? is a conjugate to ¢. Then, using g,(—¢?) = 0 and
h(¢) = 0, one concludes that ¢ is the root of the polynomial

F@)?f(=2®) +e(=1)" f(=2®) f* ().

In the case when —( is conjugate to ¢, from g,(()

obtains (" f(¢) +ef*(¢) = 0 and (—¢)"f(—¢) + 5f*(_C)_
that ( is a root of

gn(—C) = 0 one
= 0, which yields

fla) f (=) + (=1)" T f (=) f* (2).

Finally, if a root of unity ¢ of order ¢ satisfies ¢,,({) = 0, then g,,1¢(¢) = 0.
Furthermore, if ¢ is a common root of z" f(x) + ef*(z) and =™ f(z) +
ef*(x), then (¢"2 — (™) f(¢) = ("™ = 1)¢" f(¢) = 0. By f(¢) # 0, it
follows that ("2~™ = 1. Thus, ¢ | (n2 — n1) and so all such n form an
arithmetic progression with difference ¢, as claimed. O

3. Proofs of the theorems

Proof of Theorem 1.1. Assume that ko; # ko;—1 for some ¢ in the range
1 < i < s. Let G be the Galois group of the normal extension of Q(a, )
over Q, and let o be an automorphism of G which maps a9;_1 to a1 = a.
Then, o(ag;) = 0(1/agi—1) = 1/a, so that (1.2) maps into

(3.1) 0(7) = in_1a+k2i/a+t3a3+ s Ftgag,

where t3,...,tq € Q is a permutation of the list obtained from the initial
list k1,..., kg by excluding the elements ko;—1 and ko;.
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Consider the following equality which is complex conjugate to (3.1):
(3.2) 0('}/) = ko1 + kigi/a + taag + - - + tq0q.

Since o(y) = o(v) and ag; = @gj—1 for j = 2,...,s, by adding (3.1)
and (3.2), we obtain

20’(7) = 2koi_1a0 + ngi/(l + w2(a3 + Ct4) + -+ ws(ad,l + Ozd),

where w;j = toj_1 + to; for j = 2,3,...,s. Adding 2(ka; — k2;—1)c to both
sides we deduce that

20(7) 4+ 2(kai — kai—1)ae = w1 (a1 + a2) + wa(as +aq) + - - -+ ws(g—1 + aq),

where w1 = 2ko;.

As we already observed above, the number 51 = =a+1/a = a3 + as
is totally real with conjugates B2 = as + ag, ..., Bs = ag_1 + a4. Hence,
the number

2(koi — koi—1)a = w181 + wafa + -+ - + wsfs — 20(7y)

is a linear form (with rational coefficients wy, ..., ws, —2) in totally real al-
gebraic numbers (1, ..., 8s,0(). Thus, it must be totally real itself. How-
ever, the number 2(kg; — ko;—1)a # 0 is not totally real, since it has a non-
real conjugate 2(ko; — k2;—1)as. This is a contradiction which completes the
proof of the theorem. O

Proof of Theorem 1.3. Assume that there exists a smallest even degree d
(where d > 8 by Corollary 1.3), such that there are no Salem numbers of
that degree d with trace 0. We will track down and ultimately eliminate all
such possible d by considering 3 sequences of polynomials, given explicitly
by Salem’s original construction [22, 23].

We start with a Salem sequence

gn(z) =2 (a3 -z —1) + (2> =2 +1), n>2.

Then g, (z) either posseses cyclotomic factors or it is a minimal polynomial
of a Salem number of trace 0; see [3, 22, 23]. Since we have assumed that
no Salem number of degree d and trace 0 exists, the polynomial g,(x) of
degree d = deg g, = n + 3 must be reducible, that is, it must be divisible
by a cyclotomic polynomial ®(z), where ¢ € N.

To find cyclotomic factors of g,(x), we apply Lemma 2.4 with f(z) =
22—z —1 and € = 1. The following candidates appear as factors of auxiliary

polynomials described in Lemma 2.4 (with e = 1):
di(x)=x—1, Dy(z)=a+1, Dg(x)=a'+1
Dio(x) = 2t — 22 + 1, Pig(x) = 2% — 23 +1,

Bag(z) =2 +2" —ab —at — 3 x4 1.
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Since none of the five auxiliary polynomials is zero identically, this list is
complete.

To see which of these candidates actually show up, one can apply the
periodicity property stated in the second part of Lemma 2.4. After compu-
tation of ged(gn(x), @e(z)), 0 <n <€ —1, for £ =1,2,8,12,18,30 it turns
out that g,(z) has cyclotomic factors precisely for the degrees d = n+ 3 in
one of the following arithmetic progressions

de {2k +1,8k +2,12k + 1,18k + 17, 30k + 24},

where £k = 0,1,2,.... As d must be even, we restrict all such possible d to
two arithmetic progressions: d € {8k + 2,30k + 24}.
Next, we take the second sequence

(@2 —z—1)— (-2 -2 +1)

)

Although now f(z) = 22 — 2 — 1 contributes the coefficient —1 of 2"*! to

gn(x), one regains trace 0 after division by « — 1. Let us apply Lemma 2.4
to the polynomial g,(x) = (z — 1)h,(x) with this new choice of f(z) and
e = —1. The candidate cyclotomic factors are:

Oi(x) =2 -1, Oo(z) =2+ 1, P3(z) =2+ +1,
Og(z) =2 -z +1, Prp(z) =2t —2® 4+ 1.

As above, the computation of gcd’s with first 12 polynomials of the sequence
yields the list of possible bad degrees d =n + 1:
d e {2k + 1,3k + 2,6k + 3,12k + 4}.

This list also accounts for the single occurrence of the multiple factors,
namely, (z — 1)? in g4(x). Bad degrees must be even, so we are left with
d € {6k + 2,12k + 4}.

Let us combine this with the arithmetic progressions obtained from the
first sequence:

d € {8k + 2,30k + 24} N {6k + 2, 12k + 4}.

Notice that all integers 30k 4 24 are divisible by 6, while none of 6k 4 2 or
12k +4 are. Therefore, d ¢ {30k+24}, and hence d € {8k +2}. Next, notice
that 12k+4 is divisible by 4 while 8&k+2 is not. Consequently, d ¢ {12k+4}.
It follows that
d e {8k + 2} N {6k + 2} = {24k + 2}.

To eliminate this possibility, let us consider the third sequence, con-
structed with f(z) =23 — 22 —1land e = —1:
(@3 — 22— 1) — (23— +1)

z—1

hn(z) = n > 2.

I
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This time, by Lemma 2.4, the candidates for cyclotomic divisors are
Pi(x)=x—1, P(x)=x+1, ®3(x)=2+a+1, &4z)=2"+1,
bo(z) =22 —x+1, Ppz) =2 —a3+22—x+1, ®(z)=2—2>+1.
Now, bad degrees d = n + 2 for this sequence h,(z) are

de {2k +1,3k+ 1,4k + 3,6k + 4,10k + 5,18k + 6}.

This last list accounts for the factor (x — 1)? of gs(z) for a single value
n = 5. Since d is even, d ¢ {2k + 1,4k + 3,10k + 5}. Since d € {24k + 2}
has remainder 2 (mod 3), we deduce that d ¢ {3k + 1,6k + 4}. Finally,
d ¢ {18k + 6}, since 24k + 2 is not divisible by 6. This exhausts the list of
possibilities, so no such bad degrees can exist. Hence, for each even d > 6,
we can find a Salem number of degree d and trace 0 in one of the three
Salem sequences that were considered above. O

Proof of Theorem 1.4. Suppose that the relation (1.1) holds with some k; €
Z, not all zero, and conjugates «; of a Salem number « labelled as in
Theorem 1.1. Then, by Theorem 1.1, we must have ky; = kgj_1 for j =
1,...,s. Setting B; = agj—1 + 1/agj_1 for j =1,...,s we find that (1.3)
holds, namely, kip1 + k3Bo + -+ + kos_18s = 0.

In order to prove the first part of the theorem we need to show that
\k1| + |k3| + - - - + |k2s—1] > 3. For a contradiction, assume that

|k1| + |ks| + - - + |kas—1] < 2.

The case when |koj—1| = 2 for some j (and so other ky;—; are all zeros)
is clearly impossible, since £23; # 0. Therefore, we must have |ko;—1| =
|kgi—1| = 1, where ¢ < [, and koj—1 = 0 for each j # 4,l. Dividing both
sides of the relation ko;_18; + koy_18; = 0 by ko;—1, we find that 8; =
—koy_1B1/k2i—1 = £f;. Since B; # B, the only possibility is 5; = —f;.
Applying to it any automorphism o that maps §; to 81 > 2 one obtains
f1 = —o(f;). Here, the left hand side is a real number greater than 2,
whereas the right hand side belongs to the interval (—2,2), which is a
contradiction.

In order to prove the existence of a Salem number of degree 12 with
required linear relation among its conjugates we can take, for instance, the
following two pairs of real numbers (a, b):

((Il,bl) = (5 - \@, -3+ 2\/5) and (ag,bg) = (5 + \/i, -3 — 2\/5)

Here, the first pair (a;,b;) satisfies 0 < a; < 4 and (2.1), since by =
—0.171572 ... and the left and right hand sides of (2.1) are —0.828427...
and 0.828427 ..., respectively. Thus, by Lemma 2.1, 23 —a;z +b; has three
roots in (—2,2).

The second pair (ag, b2) satisfies 3 < az < 12 and (2.2), because by =
—5.828427 ... and the left and right hand sides of (2.2) are —6.252637 ...
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and —4.8284427 ..., respectively. Hence, by Lemma 2.1, 23 — agx + by has
two roots in (—2,2) and one greater than 2.
Consequently, their product

g(x) : = (23 — a1z + b)) (2 — agz + by)

= (2% =52 — 3+ V2(x +2))(z® — 5x — 3 — V2(z +2))
= 2% — 102" — 62° + 2327 + 22z + 1
has 5 roots in (—2,2) and one greater than 2. Now,
£(z) = 2%9(z + 1/2)
equals to
2'? — 4210 — 62° — 228 + 427 + 720 + 42 — 227 — 62 — 42 + 1.

This polynomial defines a Salem number o = 2.502568. .., since f is irre-
ducible over Q.

We remark than none of the choices with v/2 replaced by V3 or v/5 works.
The pairs (a1,b1) = (5 — /3, -3+ 2v/3) and (az,b2) = (5+ /3, =3 — 21/3)
satisfy the requirements of Lemma 2.1. However, the polynomial g (and so
f) is reducible:

g(x) = (2% =5z — 3+ V3(z + 2))(2® — 5z — 3 — V3(z +2))
=25 — 102" — 623 + 222 + 18z — 3
= (2% = 3)(z" — 72® — 62+ 1).
Similarly, with the pairs (aj,b;) = (5 — v/5, -3 + 2v/5) and (ag,b2) =

(5 + /5, -3 — 2¢/5) one also obtains g with 5 roots in (—2,2) and one in
(2,400), but g (and so f) is reducible:

glz): = (2® —5x—3+f(x+2))(x3—5x—3—JB(HQ))
= 2% — 102* — 622 4+ 202 + 10z — 11
=@+ —1)(a" — 2% — 8% +x +11).

By Corollary 1.2, there no Salem numbers of degree 4 or 6 with a non-
trivial linear relation among its conjugates. To give the example of a Salem
number of degree 8 with nontrivial linear relation among its conjugates we
can take, for instance, h(x) := 22 + 4z + 1 with roots 71 = —2 — /3 and
2 = —2 + /3 satisfying the conditions of Lemma 2.3. Then,

f(@):=2*h((z +1/2)(1 -z —1/z))
=8 -2 "+ a8 -2+t -2+ 2 -2+ 1

is irreducible. Hence, by Lemma 2.3, f defines a Salem number a =
1.994004 . .. of degree 8 whose conjugates satisfy (2.6) with k = 2.
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As above, not every choice of an irreducible h produces the irreducible
polynomial f. For example, selecting h(z) := x? + 42 + 2 whose roots
v = —2— /2 and v, = —2 + /2 satisfy the conditions of Lemma 2.3, we
get the polynomial

f(@):=2*h((z+1/z)(1 — 2 —1/2))
=2 — 2" 4% — 25 2t — 2+ -2 41
=(z* +1)(z* —22° + 22 — 22+ 1),

which is reducible. O
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