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cusp eigenforms of genus 3”

par Anh Tuan DO et Kirill VANKOV

1. Explicit values for L(s + 11, ∆ ⊗ ∆)

The following are the values of L(s+ 11,∆⊗∆) presented in the form

L(s+ 11,∆⊗∆) = R(∆)
s π(∆)

s 〈∆,∆〉

s R
(∆)
s π

(∆)
s s R

(∆)
s π

(∆)
s s R

(∆)
s π

(∆)
s

−8 220 · 9
35 π3 0 214

14175 π11 7 235

15 · 18! π25

−6 −216

9 π5 1 223

11! π13 9 241

245 · 20! π29

−4 213

45 π7 3 228

14! π17

−2 −214

2205 π9 5 231

3 · 16! π21

2. Explicit values of C, A and K coefficients

First we compute the Fourier coefficients of the Holomorphic projection
using the formula [2, Proposition (5.1)]

Am(s) = (4πm)k−1

(k − 2)!

∫ ∞
0

Ãm(s, y) e−4πmy yk−2 dy

= 1
(k − 2)!

∫ ∞
0

Ãm(s, y) e−4πmy (4πmy)k−2 d(4πmy) .
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A1 = C′0
(k − 2)!

∫ +∞

0
(4πy)2−se−4πy(4πy)k−2d(4πy)

+ C′′0
(k − 2)!

∫ +∞

0
(4πy)s+1−ke−4πy(4πy)k−2d(4πy)

+ C1

24(k − 2)!

∫ +∞

0

W (4πy, s−1, s+1−k)
Γ(s−1) (4πy)s+1−ke−4πy(4πy)k−2d(4πy)

= Γ(k + 1 − s)
(k − 2)! C′0 + Γ(s)

(k − 2)!C
′′
0

+ C1

24(k − 2)!

∫ +∞

0

k−s−1∑
i=0

(−1)i
(
k−s−1

i

)
(4πy)k−2−i

Γ(s− 1 − i) e−4πyd(4πy)

= Γ(k + 1 − s)
(k − 2)! C′0 + Γ(s)

(k − 2)!C
′′
0 + C1

24(k − 2)!

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
Γ(k − 1 − i)

Γ(s− 1 − i)

A2 = C′0
(k − 2)!

∫ +∞

0
(4πy)2−se−8πy(8πy)k−2d(8πy)

+ C′′0
(k − 2)!

∫ +∞

0
(4πy)s+1−ke−8πy(8πy)k−2d(8πy)

+ C1

(k − 2)!

∫ +∞

0

W (4πy, s− 1, s+ 1 − k)
Γ(s− 1) (4πy)s+1−ke−8πy(8πy)k−2d(8πy)

+ C2

24(k − 2)!

∫ +∞

0

W (8πy, s− 1, s+ 1 − k)
Γ(s− 1) (4πy)s+1−ke−8πy(8πy)k−2d(8πy)

= C′0
(k − 2)! 2

s−2
∫ +∞

0
(8πy)k−se−8πyd(8πy)

+ C′′0
(k − 2)!

∫ +∞

0
(8πy)s+1−ke−8πyd(8πy)

+ C1

(k − 2)!

×
∫ +∞

0

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
(4πy)k−1−s−i

Γ(s− 1 − i) (4πy)s+1−ke−8πy(8πy)k−2d(8πy)

+ C2

24(k − 2)!

×
∫ +∞

0

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
(8πy)k−1−s−i

Γ(s− 1 − i) (4πy)s+1−ke−8πy(8πy)k−2d(8πy)

= Γ(k+1−s)
(k−2)! 2s−2C′0 + Γ(s)

(k−2)! 2
k−1−sC′′0 + C1

(k−2)!

k−1−s∑
i=0

2i
(−1)i

(
k−1−s
i

)
Γ(k−1− i)

Γ(s−1− i)

+ C2

24(k − 2)! 2
k−1−s

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
Γ(k − 1 − i)

Γ(s− 1 − i) .
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A3 = 4C′0
(k − 2)!

∫ +∞

0
(4πy)2−se−12πy(12πy)k−2d(12πy)

+ 4C′′0
(k − 2)!

∫ +∞

0
(4πy)s+1−ke−12πy(12πy)k−2d(12πy)

+ C1

(k − 2)!

∫ +∞

0

W (4πy, s−1, s+1−k)
Γ(s−1) (4πy)s+1−ke−12πy(12πy)k−2d(12πy)

+ C2

(k − 2)!

∫ +∞

0

W (8πy, s−1, s+1−k)
Γ(s−1) (4πy)s+1−ke−12πy(12πy)k−2d(12πy)

+ C3

24(k − 2)!

∫ +∞

0

W (12πy, s−1, s+1−k)
Γ(s−1) (4πy)s+1−ke−12πy(12πy)k−2d(12πy)

= 4 · 3k−1−sC′0
(k − 2)!

∫ +∞

0
(12πy)k−se−12πyd(12πy)

+ 4 · 3k−1−sC′′0
(k − 2)!

∫ +∞

0
(12πy)s−1e−12πyd(12πy)

+ C1

(k − 2)!

×
∫ +∞

0

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
(4πy)k−1−s−i

Γ(s− 1 − i) (4πy)s+1−ke−12πy(12πy)k−2d(12πy)

+ C2

(k − 2)!

×
∫ +∞

0

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
(8πy)k−1−s−i

Γ(s− 1 − i) (4πy)s+1−ke−12πy(12πy)k−2d(12πy)

+ C3

24(k − 2)!

×
∫ +∞

0

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
(12πy)k−1−s−i

Γ(s− 1 − i) (4πy)s+1−ke−12πy(12πy)k−2d(12πy)

= Γ(k + 1 − s)
(k − 2)! 4 · 3s−2C′0 + Γ(s)

(k − 2)! 4 · 3k−1−sC′′0

+ C1

(k − 2)!

k−1−s∑
i=0

3i
(−1)i

(
k−1−s

i

)
Γ(k − 1 − i)

Γ(s− 1 − i)

+ 2k−1−sC2

(k − 2)!

k−1−s∑
i=0

(3
2

)i (−1)i
(
k−1−s

i

)
Γ(k − 1 − i)

Γ(s− 1 − i)

+ 3k−1−sC3

24(k − 2)!

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
Γ(k − 1 − i)

Γ(s− 1 − i) .
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A4 = C′0
(k − 2)!

∫ +∞

0
(4πy)2−se−16πy(16πy)k−2d(16πy)

+ C′′0
(k − 2)!

∫ +∞

0
(4πy)s+1−ke−16πy(16πy)k−2d(16πy)

+ 4C1

(k − 2)!

∫ +∞

0

W (4πy, s−1, s+1−k)
Γ(s−1) (4πy)s+1−ke−16πy(16πy)k−2d(16πy)

+ C2

(k − 2)!

∫ +∞

0

W (8πy, s−1, s+1−k)
Γ(s−1) (4πy)s+1−ke−16πy(16πy)k−2d(16πy)

+ C3

(k − 2)!

∫ +∞

0

W (12πy, s−1, s+1−k)
Γ(s−1) (4πy)s+1−ke−16πy(16πy)k−2d(16πy)

+ C4

24(k − 2)!

∫ +∞

0

W (16πy, s−1, s+1−k)
Γ(s−1) (4πy)s+1−ke−16πy(16πy)k−2d(16πy)

= 4s−2C′0
(k − 2)!

∫ +∞

0
(16πy)k−se−16πyd(16πy)

+ 4k−1−sC′′0
(k − 2)!

∫ +∞

0
(16πy)s−1e−16πyd(16πy)

+ 4C1

(k − 2)!

×
∫ +∞

0

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
(4πy)k−1−s−i

Γ(s− 1 − i) (4πy)s+1−ke−16πy(16πy)k−2d(16πy)

+ C2

(k − 2)!

×
∫ +∞

0

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
(8πy)k−1−s−i

Γ(s− 1 − i) (4πy)s+1−ke−16πy(16πy)k−2d(16πy)

+ C3

(k − 2)!

×
∫ +∞

0

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
(12πy)k−1−s−i

Γ(s− 1 − i) (4πy)s+1−ke−16πy(16πy)k−2d(16πy)

+ C4

24(k − 2)!

×
∫ +∞

0

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
(16πy)k−1−s−i

Γ(s− 1 − i) (4πy)s+1−ke−16πy(16πy)k−2d(16πy)

= Γ(k+1−s)
(k−2)! 22s−4C′0 + Γ(s)

(k−2)! 2
2(k−1−s)C′′0 + 4C1

(k−2)!

k−1−s∑
i=0

22i (−1)i
(
k−1−s
i

)
Γ(k−1−i)

Γ(s−1−i)

+ 2k−1−sC2

(k − 2)!

k−1−s∑
i=0

2i
(−1)i

(
k−1−s

i

)
Γ(k − 1 − i)

Γ(s− 1 − i)

+ 3k−1−sC3

(k − 2)!

k−1−s∑
i=0

(4
3

)i (−1)i
(
k−1−s

i

)
Γ(k − 1 − i)

Γ(s− 1 − i)

+ 22(k−1−s)C4

24(k − 2)!

k−1−s∑
i=0

(−1)i
(
k−1−s

i

)
Γ(k − 1 − i)

Γ(s− 1 − i) .
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Next, we give explicit values for coefficients C from expression (11) of
the main article with π power being factored out for brevity. All these coef-
ficients share the same power of π, namely π2(s+10)−k = π2s (the coefficient
C ′′0 has an implicit factor of π through ζ function).

Note, we need to take into account that the formulas were deduced for
L(s, g20)L(s− 1, g20) where the π factor has the form π2s−k while we need
the values for L(s+ 10, g20)L(s+ 9, g20), i.e. s 7→ s+ 10.

s C′0 C′′0 C1 C2 C3 C4 π∗

−8 43867
7182 0 2 131071

65536
258280328
129140163

17179738111
8589934592 π−16

−6 35
2 0 2 8191

4096
3188648
1594323

67100671
33554432 π−12

−4 65
6 0 2 511

256
39368
19683

261631
131072 π−8

−2 11
3 0 2 31

16
488
243

991
512 π−4

0 3
2 0 2 1 8

3
1
2 π0

1 0 1
4 2 -2 8 -10 π2

3 0 1
480 2 -62 488 -2110 π6

5 0 31
1451520 2 -1022 39368 -525310 π10

7 0 5461
24908083200 2 -16382 3188648 -134234110 π14

9 0 3202291
1422749712384000 2 -262142 258280328 -34360000510 π18
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Substituting these values into the formulas for coefficients A we obtain
their explicit values at each point s. The common π factor is the same as
for coefficients C.

s A1 A2 A3 A4

−8 88931
14364

157008449
14364

39586640915
3591

24277850760593
14364

−6 71
1224

8387
306

447871
34

131485894
153

−4 1
6528

173
3672

5103
544

9380
17

−2 1
3144960

1
8568

23801
4455360

11015
41769

0 1
784143360

23
49008960

4997
196035840

421
2042040

1 1
5292967680

53
1323241920

27
5445440

−23
33081048

3 199
1270312243200

49
5671036800

2059
3207859200

−10529
4962157200

5 19
65330343936

1277
285820254720

8167
63515612160

−6631
10508097600

7 286703
400148356608000

28267
10003708915200

633
15247232000

−8745697
6252318072000

9 4803437
2134124568576000

4737913
2134124568576000

20552747
533531142144000

−7037087527
2134124568576000
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Finally, we list the explicit values for the coefficients K computed by
expression (13) of the main article. The common π factor is the same as
for coefficients C and A above. Since the coefficients K3 and K4 do not
contribute to the final expression, we do ommit them here.

s K1 K2

−8 −435883731901
495673344

3045934023523439
1177224192

−6 −217211831
585169920

100968174943
73146240

−4 −255571
1404407808

156430715
175550976

−2 45173
1369297612800

74862131
171162201600

0 36097
56232488632320

3748999
7029061079040

1 23831
210871832371200

876017
26358979046400

3 4553
69773768064000

−1256
105304870125

5 424061
3881958732288000

−1672
55749637125

7 923549
3483809118720000

−66896
850539335625

9 8127882069959
9794709827950215168000

−304138734083887
1224338728493776896000
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3. Explicit values of the product L(s + 10, g20) L(s + 9, g20)

s R
(g20)
s π

(g20)
s

−8 −479626345744384
1177605 π3

−6 38107606016
155601 π7

−4 802883584
1526175 π11

−2 1965682688
4426469775 π15

0 1479424
3447969525 π19

1 2323456
175846445775 π21

3 8388608
145073317764375 π25

5 16777216
34367988873684375 π29

7 2097152
436209089550609375 π33

9 63842269963
1305893808013068186412500 π37

4. Numerical computation of the Petersson inner product

To compute numerically the Petersson inner product of ∆ by itself and
g20 by itself we use the classical result by Rankin (see [3], Theorem 5) :

〈fk, fk〉 = (4π)1−k(k − 2)!
ζ(l)

αr
αl + αr − αk

L(k − 1, fk)L(l, fk),

where fk is the cusp form of weight k = {12, 14, 16, 18, 20} of the form

fk(z) = Ek−12(z)∆(z)
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and 4 ≤ r ≤ k/2− 2 ;
Ek denotes Eisenstein series

Ek(z) =
∞∑
n=0

αk(n)qn, αk(0) = 1, αk = αk(1) = − 2k
Bk

,

Bk is a Bernoulli number.
For fk = ∆ we are able to use only one choice of critical value l = 8. To
compute the numerical values L(11,∆) and L(8,∆) we use Dokchitser’s L-
function Calculator [1]. With the default precision in SAGE [4] the obtained
value is

〈∆,∆〉 ≈ 0.000001035362056205680432094820996804,

which coincides with the values given by Zagier up to 11 digit.
We used again Rankin’s theorem to compute the Petersson inner product
of g20 by itself. For the modular form of weight 20 there are three choices of
l = 12, 14, 16. For each choice of l we computed the special value of L(l, g20)
using Dokchitser’s L-function Calculator. The obtained values are

l = 12, 〈g20, g20〉 ≈ 0.000008265541531659702744699575969,
l = 14, 〈g20, g20〉 ≈ 0.000008265541531659703390644766954,
l = 16, 〈g20, g20〉 ≈ 0.000008265541531659703069998511729.
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